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correlations in going from Ca to Ca44. This
could decrease the transition rates to the 3
and 5 states in Ca4' and Ca44 relative to Ca"
in approximately the same way. At the present
time there is evidence for an effect of this type
from stripping reactions. " This implies that
more complicated particle -hole configurations
mill have to be taken into account in future cal-
culations.
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It is shown that the isospin dependence of the shell-model potential gives rise to the ex-
perimentally observed anomalous isotopic shift of nuclear charge radii. The charge
radii calculated from a Woods-Saxon potential are in qualitative agreement with experi-
mental determinations from electron scattering and from muonic x rays.

The purpose of the present note is to point
out that the isospin-dependent term in the op-
tical potential' naturally brings about anoma-
lies in the isotopic shift of the nuclear charge
distribution, of the type that have been observed

in a series of recent experiments on muonic
x rays" and electron scattering as well as
in earlier results on the optical isotope shift. '
This anomaly consists in the experimental ob-
servation that within the isotopes of one element
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the charge radius does not increase as rapid-
ly as A'" but at a rate which is considerably
smaller. This seems to imply that the charge
distribution does not follow this most simple
expectation on a microscopic scale, even though
throughout the periodic table it does follow the
A'" pattern. We wish to point out that such
a behavior of the charge distribution is to be
expected when computed from wave functions
of single-particle states in a Woods-Saxon po-
tential including an isospin-dependent term.

It is well known that proton binding energies
vary among isotopes of the same element and,
in particular, that the binding energy tends to
increase with neutron excess. Lane noted that
there should be an isospin-dependent term in
the average potential that the nucleus presents
to a proton (or neutron). ' In the shell-model
potential, this term explains the general trend
in proton binding energies as the neutron ex-
cess increases in isotopes of the same element.
The increase in binding energy will cause the
wave function of the more tightly bound protons
to penetrate less far into the negative-energy
region of larger radii and will give rise to a
smaller average radius. Also, in a diffuse
potential, the radius will get smaller because
of the slope in the sides of the potential-ener-
gy well.

In the investigation reported here, the cal-
culations started with a proton potential which
fits the scattering of protons from many nuclei
and which contains a dependence on neutron
excess. ' For a Woods-Saxon shape, the param-
eters of this potential are R =1.25A'" F and
a =0.65 F. A recent experiment on the elastic
scattering of 12-MeV protons by Ca isotopes~
yields optical potentials whose parameters are
consistent with the isospin dependence of the

potential of Ref. 6. We, however, chose to de-
termine the well depth required for calculating
the charge distribution by requiring that the
binding energy of a 1f», proton be correctly
given. These energies are, in fact, the diff er-
ences between the ground-state energies in
the pairs Sc -Ca~, Sc -Ca", etc. ' The po-
tentials resulting from such a search were then
used to bind the filled proton states. Mean-
square radii were computed for each state and
averaged with proper weights to give root-mean-
square radii of the total proton distribution.

The results of such calculations are given
in Table I together with similar results for the
even Ca and Ni isotopes. The fractional dif-
ference in charge radii [R~(Ca44)-R~(Ca~)]/
Rc(Ca~) is calculated as -1.55%, to be com-
pared with the +3.23'%% change in A' ' and the
average experimental value' of (+1.1+ 0.3)%.
In Table II, the parameters for the charge dis-
tribution obtained from electron scattering on
Ca isotopes~ are compared with the present
calculations. The changes in radius and diffuse-
ness were obtained by fitting the Fermi shape
to the calculated charge distribution. It is ap-
parent that the increased binding causes the
deviation from g~ 0-A "and the decrease in
the diffuseness of the charge distribution.

Another source of experimental charge radii
for Ca isotopes is the measured value of Cou-
lomb energies, obtained from the positions of
isobaric-analog states. These energies have
been used to extract radii' of Ca isotopes by
assuming a uniform spherical charge distri-
bution; the results are summarized in Table III.
It is clear that all the experimental data bear
out the predictions from our model qualitative-
ly'. The charge radii increase less rapidly than
A'" and the diffuseness decreases with neutron

Table I. Charge radii calculated by matching known binding energies.

Nucleus
(R 2)&I2

(F)

percent differ-
ence from

lightest isotope

Equivalent B~A
for uniformly

charged sphere
(F)

Ca40

Ca"
Ca44
Ca48
Ni58

N162

Ni

3.319
3.287
3.268
3.293
3.685
3.685
3.726
3.716

-0.97
-1.55
-0.78

0.0
1.11
0.82

1.253
1.221
1.195
1.170
1.229
1.215
1.216
1.199
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excess. Some deviations, such as occur in
Ca" and Ca44, may well have their source in
more specific nuclear-structure effects not
included in our calculation. The difference
between Ca ' and Ca~, the two closed-shell
nuclei for which perhaps our model should work
best, is described remarkably well.

Hahn, Hofstadter, and Ravenhall' studied
the elastic scattering of 183-MeV electrons
from Ni" and Ni" and observed a difference
which was consistent with an increase in the
charge radius. But since they could not obtain
absolute cross sections, they could not posi-
tively identify the source of the difference in
the charge distributions. In the present cal-

Charge radius
Obs. Calc.

Diffuseness
Obs. C ale.

C z
(F) (F)

Ca 3.60 +0.043 3.617 0.576 +0.029 0.506
t)C/C &2/s

(Vo)

2.18 +0.07 -1.66 +0.82 -10.0
4.1 + O. la -12.4 + 1.0a -13.0

aaecause of the use of an additional parameter in the
shape of the charge distribution, the values of &rp 5/

rp p
and &t/t are given

Ca44

Ca4'
1.55
3.62

Table III. Charge radii from Coulomb energies in
analog states.

From
Coulomb

Isotope energies

From
present

calculation
From

C CD

Ca4'

Ca"
Ca44

Ca4'

4.189

+2.5
-0.1
-1.4

Rc
(F)

4.285
[Rc(A) —Rc (40)) /Rq (40)

(%)
-0.97
-1.55
-0.78

+1.64
+3.23
+6.27

aSee Ref. 7. The uncertainties in these radii are
+0.5 Vo, from experimental uncertainties only.

Table II. Parameters describing the charge distribu-
tion in Ca isotopes. The values from the present calcu-
lation are compared with the ones derived from elec-
tron scattering in Ref. 4. The parameters c and r 0 5

are radii, andt andZ are measures of the diffuseness,
all defined in Ref. 4.

culation, in which the radius of the potential
well increases as A'", the effect of the increased
binding in Ni" exactly cancels the effect of the
increase in size of the well, so that the rms
radii are the same.

A similar calculation carried out for the Ca
isotopes matched the binding energies of the
last d3/2 proton. These energies are obtained
from the differences in ground-state energies
of K"-Ca~, K"-Ca", etc. Such a calculation
indicates that the change in charge radius in
going from Ca to Ca is —1.74/~, which is
not very different from the -1.55 /~ ca.lculated
from the binding energies of the next proton.
Also, the same degree of difference in charge
radii is obtained when one varies the geomet-
rical parameters of the Woods-Saxon potential
in the vicinity of the established values.

In the above calculations, the isospin term
of the potential was assumed to have the same
Woods-Saxon shape as the rest of the potential
(i.e., the scalar part). The increase in radius,
which is kept proportional to A'", is supposed
to represent the increase in the scalar part
of the potential. There is no a priori reason to
believe that the two parts of the potential should
have the same radial distribution, and some
other radial form for the symmetry term should
be investigated. Another convenient shape for
the form factor is the derivative of the Woods-
Saxon shape (the symmetry term peaked at the
surface of the nucleus). Then, to first order,
the effect of the added isospin term is just to
increase the radius of the well. It has long
been known that the elastic scattering is rather
insensitive to an increase in the radius of the
optical-model potential if it is compensated
by a decrease in the potential depth. Because
of the well-known VR' ambiguity in optical po-
tentials, the results of Ref. 6 could just as well
be interpreted in terms of a radius change as
a function of (N-Z)/A instead of an increase
in well depth. The analysis of direct (P, n) re-
actions to analog states" does, in fact, indi-
cate a preference that an isospin term in the
potential should be concentrated near the sur-
face. One may then expect that the mean neu-
tron radius will be larger than the proton radi-
us in heavy nuclei. "

To match the single-particle energies, we
may therefore adjust the radius of the poten-
tial well of Ca ' with respect to the one for Ca~
by more than the usual A "dependence. In the
calculation summarized in Table I, the depth
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of the Woods-Saxon potential for Ca~ was in-
creased by 3.83 MeV to give the observed bind-
ing energy in Ca 4. The observed binding en-
ergy can also be matched by keeping the well
depth fixed at the Ca~ value and increasing
the radius parameter from 1.25A'" F for Ca
to 1.3125A'" F for Ca44. Instead of -1.74%
for the change in the radius of the charge dis-
tribution for Ca ~, one now obtains +3.24/&.
This result is interesting since it may consti-
tute evidence that the form factor for the iso-
spin term is not entirely peaked at the surface
of the nucleus, a result which may well be con-
sistent with Ref. 11.

It is difficult to estimate how good a quanti-
tative agreement one should expect from such
studies since many of the implicit assumptions
in the calculations are not completely justified.
The binding energy of the next (or last) proton
is not a very good measure of the potential be-
cause of the rearrangement energy, ' and the
Woods-Saxon shape is an approximation in any
case. Furthermore, the potential is expected
to be velocity dependent (or nonlocal). This
last point, may not be too serious since a study"
of the spacing of single-particle states near
the top of the Fermi sea seems to indicate an
effective mass of approximately unity. This
is in apparent contradiction with many calcu-
lations on infinite nuclear matter and the known

energy dependence of the optical-model poten-
tial. We have also neglected the finite size of
the proton charge in our calculations.

In view of the above reservations as to the
justification of such calculations, it is inter-
esting to compare the general trend of calcu-
lated results for the equivalent charge radii
with their experimentally determined values
from electron scattering and muonic x-ray da-
ta. The charge radii shown in Fig. 1 were de-
termined by an empirical fit to the electron-
scattering data by Elton' and from muonic x
rays. " The theoretical curve was obtained
from a Woods-Saxon potential with R = 1.25A'"
F and a = 0.65 F, with the well depth adjusted
to give the last-proton binding energy, and with
the spin-orbit potential 25 times the Thomas
strength (using the pion mass). The trend as
a function of atomic weight is clearly reproduced.
Similar calculations, but much more restricted
in scope, have been previously reported. "

For heavier nuclei it may be difficult, if not
impossible, to detect the slight variations of
the density that such calculations predict in
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the interior of the nucleus. But it is quite pos-
sible that the large changes in the central den-
sity associated with the filling-in of the 2s»,
proton shell between Si and S and the 3sy(2 shell
between Au and Pb could be detected. Figure 2

shows the magnitude of the effect for closure
of the 3s„,shell. The analysis of the electron-
scattering data for gold and mercury shows,
as calculated, that a central depression in the
charge-density distribution is slightly favored
by the data. It is not known whether or not the
Pb data indicate the filling in of the central
depression observed in Au, as obtained from
this calculation.

To conclude, it seems that the charge den-
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FIG. 2. Distribution of charge density as a function
of radius near the filling of the Bs&&2 proton single-par-
ticle state.

FIG. 1. Equivalent charge radius [rms radius times
(5/3)i~2] as a function of mass number. The crosses,
dots, and square are the muonic x-ray data of the three
papers mentioned in Ref. 15 in that order. The dashed
line represents Elton's empirical curve for electron
scattering. The solid line represents the trend in pres-
ent calculations.
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sity calculated from a Woods-Saxon potential
which is in agreement with the optical model
and reproduces the last-particle binding ener-
gy agrees with the experimental determinations.
In particular, it explains the experimental ob-
servation that charge radii do not increase as
rapidly as A'" within the isotopes of one ele-
ment.

Some of the calculations reported in this study
were performed with the ABACUS II program.
One of the authors (FGP) would like to thank
Professor G. E. Brown and Dr. P. Gould for
communicating results of their calculations
before publication. We are indebted to Pro-
fessor G. Ravenhall for several interesting
discussions.
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