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It is shown that for both the Hartree-Fock and Bogoliubov models of interacting bosons
associated with the disappearance of the Bose-Einstein condensation at a temperature T,
the specific heat Cy has a square root singularity, Cy ~A(T, ~T)=Y2 and the superfluid
density pg is discontinuous, with Ps (T)—ps (Tc -0) NB(TC -T)¥? for temperatures T — TC
—0. Except near Tc =T, the theoretical and experimental results for pg are in good agree-

ment.

It is well known that in an ideal (Bose-Ein-
stein) gas of He* atoms, the specific heat Cy
is continuous but 8Cy /8T is discontinuous at
Tr=3.13°K.' By contrast, the measured spe-
cific heat of liquid He* is logarithmically sin-
gular at T) =2.18°K.? Because of calculation-
al difficulties inherent in studies of phase tran-
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sitions, little progress has been made in show-
ing that the introduction of interactions between
atoms leads to agreement between the predict-
ed and observed values of Cy.*”® We report
here that for both the Hartree-Fock and Bogo-
liubov models of a system of bosons interact-
ing via repulsive two-body potentials, Cy has
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a square-root singularity, Cy ~A (To-T)" Y2,
as T is raised to a transition temperature T,.
Further, for the Hartree-Fock model, we have
calculated the superfluid mass density, pg,

as a function of temperature, and it is in good
agreement with the experimental results, when
T.=T,, except for temperatures in the imme-
diate vicinity of T).

Consider a system of N bosons in a cubic
container of volume V, where the particle den-
sity is #(He?) = (3.58 A)~2 and each particle has
mass m(He*)=6.64X1072* g. We assume that
the particles interact via a central, repulsive,
two-body potential possessing a Fourier trans-
form v(p). In the following,® it suffices to spec-
ify the form of v(p) for small p:

v@)=v [1-(0%/p ), v, >0. (1)

In the Hartree-Fock approximation the Ham-
iltonian of the system is (we choose units so
that 7Z=1)

- p*
Cp= 2 <2_m"“>N
b

+(2V)—t 3 [v0+v(ﬁ—'§’)]N..N*,
P, 0’ (#p) PP
+(@2V)~tv 27 .N.2 2
()70 N (2)

where p is the chemical potential, and Nf):aﬁTaI*)

is the number operator for the single-particle
state V~Y2exp(ip-T) satisfying periodic bound-
ary conditions with respect to V. As shown
elsewhere,” for temperatures below some crit-
ical value T, it is possible to choose u so that
in the volume limit [N,V =, N/V =n(He*)],
the excitation energy of the p=0 single-parti-
cle state vanishes, and thus the thermal equi-
librium occupation number, (a,fa)=nV, of
this state is O(N) (Bose-Einstein condensation).
With this choice for yu, and v(p) as given in
(1), the excitation energy for a state p(#0) is
e.ﬁ=(p2/2m*)+novo, (3)
where

m*:m(l-—ZmnvO/pcz)‘1>m. (4)

The equilibrium occupation number of this state
is

<N§>: [exp(Bef))—I]“, (5)

where 1/8=kpgT.

The condition that the total number of parti-
cles is N yields an implicit equation for =,

n0=n—>\"3F3,2(Bnovo)

F0- @),

o /2
= (mﬁ : (6)

exp x+z) 1

We have solved Eq. (6) analytically for those
cases where a =m*nvg(mkgT) ™" < 1,8 and a

210, as well as numerically for intermediate
values. In all cases studied, the curve of n,/

n vs T displays the same general behavior as

is shown in Fig. 1. As the temperature is raised
form T =0, the quantity » /z slowly decreases
from unity; and at a temperature 7., which
depends upon m*/m and nvg/(kBT]), no/n drops
discontinuously to zero. Furthermore, ng(T)
nQ(T¢=0)xD(Te=T)V2 for 0<T¢-T << T¢. To
obtain the curve in Fig. 1 we have chosen v
=4mna/m, the Fermi pseudopotential for a hard
sphere of diameter a =2.2 f&,g and p, so that
To=T) (m*/m=5.52). Also shown in Fig. 1

are graphs of the superfluid fraction pg /p, where
ps is the superfluid mass density and p=mn,

as obtained experimentally'® and by the formu-
lall

Pg (T)/p=mno(T)[m*n—(m*—m)nO(T)]-l. (1)

The theoretical curve has a discontinuity at

T, and, as for ny(T), pg (T)—pS(T)\—O)OCB(TA
T)¥2 just below T). This power-law behav-

ior for pg may be compared with the recent

finding of Clow and Reppy'? whereby pg(T)~ C(T)

-T)Y, ¥y=0.67+0.03. Except near T the two

curves are in moderately good agreement.
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FIG. 1. Experimental results for the superfluid
fraction Pg /p, and Pg /p and Bose-Einstein condensa-
tion fraction n,/% versus temperature for the Hartree-
Fock model when m*/m =5.52 and nvg(kgTA)~1=3.5.
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The internal energy of the system can be
obtained by replacing the operator Np in the
expression for 3y _F by its thermal average,

Np) of (5), and by omitting the terms K2 3N
Usmg Eq. (1) for v(p), the internal energy per
unit volume is

U/V=3BN)"Fy,Bnp )+ 2-m i,  (8)

Because of the appearance of the terms con-
taining #,, the dominant behavior of Cy = (3U/
8T)y N for 0< T.-T < T, is given by
Cy~ AL oBr=m)(on /AT), o (TC—T)“”Z. 9)
In Figs. 2(a) and 2(b) we have plotted the re-
sults of the numerical evaluation of the com-
plete expression for Cy as a function of T for
the same choice of parameters v, and pcz as
were used to obtain pg /p of Fig. 1.

We have extended the above calculations to
a generalized version of the Bogoliubov mod-
el*® described by

T
50 =3¢ +2n 2 v@)asa - +a *a*), (10)
B H- 0
p(*0) wP

where n,=(a OTaO)/V, the ensemble average be-
ing taken with respect to 3(g. For this model
when nvg <«<kgTy, we find that T./T;=1+0.15nv
X (k BTI)_J' and

no(T =0)/n=0.23w /(T ),

nO(T)—nO(TC—O)

1/2 _ /2
1.17n(nvo/kBTI) [(Tc T)/TI] ,  (11)
for temperatures 0<T¢=T < T¢.** To obtain
this result we have used the relation®

Toy_u Lo y_
(a-ﬁ a—§>— 2[(f-§/€-§) COth(2B€_ﬁ) 1],

p2 pz 12
T5=am " o €f)=|:2m(2m+n000):l ,» (12)

and, for simplicity, we have assumed v(p)=v,,
so that m*=m. The similar temperature be-
havior of #,/n for both the Hartree-Fock and
Bogoliubov models also applies to Cy just be-
low T. In particular, for the Bogoliubov mod-
el Cy«T? and (T¢-T)~Y2 for T < T¢ and 0<T¢
-T <« T., respectively.

The present results for Cy and pg, although
obtained for two simplified models of a system
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FIG. 2. (a) Specific heat Cy as a function of temper-

ature for the Hartree-Fock model with the same pa-
rameters as used in Fig. 1. (b) Log(Cy,) vs log(T'\~T)
for 0 <T)—-T < T showing that Cy< (T;\—T)_”2 in this
region. The dashed straight line has slope —%.

of interacting bosons, give new impetus to Lon-
don’s idea’ that the condensation of a macroscop-
ic number of particles into a single quantum
state plays a primary role in effecting the un-
usual properties of HeIl.
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