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qualitative features of collisional and Landau
damping. Using derived experimental param-
eters (f& and Te), there is quantitative agree-
ment with the predicted dispersion.

The results reported provide a previously
unavailable empirical foundation for the study
of idealized electrostatic plasma waves. These
experiments are under continuing developments,
but it is felt that the measurements described
here form a basis for further study of the damp-
ing constants and nonlinear effects which de-
pend closely on phase velocity.
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In 1933 Thomson and Thomson' predicted that
the electrostatic plasma oscillations observed
by Tonks and Langmuir' would propagate be-
cause of the finite temperature of plasma elec-
trons.

Introducing the formalism of the linearized
Boltzmann equation, Vlasov' showed that in
a plasma mith a velocity distribution function
f, (v), frequency &u and wave number k are re-
lated by the dispersion relation

, |+~sf„(v) dv

p g-oo Bv v-(d jk
Landau~ pointed out an error in Vlasov's inter-

pretation of this integra1, and he predicted that
electrostatic waves are damped. Neglecting
damping, Bohm and Gross, ' as well as Landau,
obtained the dispersion relation

(u'=(u '+ (3~x/m)k'

which is valid for large phase velocities. To
our knowledge, the dispersion characteristics
of these electrostatic plasma waves have, until
nom, never been measured experimentally.
Though Malmberg and %harton' in a notable
experiment 'established the effect of Landau
damping, their measurements mere done be-
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FIG. 1. Diagram of. the sodium plasma tube shouting
the probe arrangement.

low plasma frequency on a narrow column with-
in a magnetic field. As such they verified damp-
ing of Trivelpiece' modes rather than Bohm
and Gross waves.

We report here preliminary measurements
of the dispersion characteristics of electrostat-
ic waves in a one-dimensional plasma in the
absence of a magnetic field. The observed waves
exhibit all the features of the dispersion rela-
tion (1) for a Maxwellian plasma including Lan-
dau damping.

A sodium plasma in thermodynamical equilib-
rium is produced by resonance ionization be-
tween two 4.5-em diam tantalum buttons which
are spaced 2.5 cm apart as depicted in Fig. 1.
The entire tube is immersed in an oil bath to
regulate the sodium vapor pressure. This tube
produces a tenuous, virtually collision-free
plasma with an electron-rich, thus stable, '
sheath at the incandescent emitters. As such,
it is ideally suited as a carrier for Bohm and

Gross waves. Specifically, we used a cathode
temperature of 2040'K as measured with an
optical pyrometer and an oil-bath temperature
of 80'C. The resulting plasma had a density
of 2x 10' electrons jcm' and a temperature of
2200'K as measured by a planar guard-ring
Langmuir probe. The Debye length was thus

0.7 mm. Since the background pressure was

only 2x10 ' mm Hg, collisional effects are
completely negligible.

Electrostatic waves are excited in the plas-
ma by the parallel plane grids' shown in Fig. 1.
Direct coupling between grids is reduced to

FIG. 2. Interferometer output at 95 Mc/sec as a
function of grid separation.

less than -80 dB by completely enclosing the
transmitting grid. The -,'-,-in. diameter grids
are fabricated from 0.005-in. etched molybde-
num mesh having 20 lines per inch. Both grids
are attached to mechanical drive mechanisms
with 50-0 molybdenum rf coaxial systems.
Typically the grids are biased to plasma po-
tential (+0.5 V above ground) to eliminate the
dc plasma sheath around the grid wires. Elec-
trons are thus allowed to pass through the grid
assembly very much like in a microwave kly-
stron.

An interferometer having a sensitivity of -90
dB (reference level 1 mW) detects the phase
of the received signal. A cw oscillator provides
both the local oscillator for the receiving mix-
er and the rf input to a 1-kc/sec modulator
whose output is applied to the transmitting grid.
The received signal is detected by the mixer
which drives a coherent detector operated by
the 1-kc/sec generator. At a fixed frequency,
as the transmitting grid is moved, the output
of the interferometer is recorded as a function
of position on an g -y recorder.

Figure 2 shows a typical curve of the inter-
ferometer output when a 400-mV, 95-Mc/sec
signal was applied to the transmitting grid.
The received signal is down 50 dB at 4 mm.
Reducing the input to 40 mV changed only the
amplitude of the received signal. From a set
of such data taken at various frequencies, the
wave numbers kr (2v/wavelength) and the volt-
age damping constants k; have been determined
as shown in Fig. 3. Confidence limits indicate
the uncertainty in interpreting the raw data.
We show for reference the thermal velocity
3x 10' mm/sec (2040'K). The two curves la-
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FIG. 3. Dispersion diagram: Circles vrith bars
through them, experimental measurements; kz and k~

Landau Eq. (1); dotted curves, thermal speed ~ jk
=~3KT'/m; and dash-dotted curves, Bohm and Gross,
Eq. (2).

in our interferometer traces such as shown

in Fig. 2. Having established that surface waves

are absent we conclude that the cut-off frequen-

cy in our experiment is indeed the plasma fre-
quency &u and not &e~/W2. This statement is
further corroborated by the close agreement
between the cut-off frequency (30 Mc/sec) and

the experimental plasma frequency (34 Mc/sec).
Theoretical studies show that higher order

Landau modes become important whenever +
»u&p and x»AD. In this case Landau damping

increases somewhat less than exponential like

I E i
~ exp'[-';(u&x/(u & )"'l.

becomes independent of the electron thermal
velocity U~ = (2~T/m)'". Consequently, they

obey the approximate dispersion relation, "
(~ /(u)'=2+21n '(a/b)(k b) (4)

where a =2.22 in. and 5 = 1 in. are the wall and

plasma radii, respectively. With the geomet-

beled kz and k; are the real and imaginary com-
ponents of the wave numbers as computed from

the dispersion relation (1) using a. Maxwell dis-
tribution of electron velocities. " The plasma
frequency used in computation was 30 Mc/sec,
while Langmuir probe data. give 34 Mc/sec when

the grids are immersed in the plasma. Because
of the limited size of the plasma, the longest
measurable wavelength was 15 mm at 37 Mc/
sec. No waves were observed below this fre-
quency or above 115 Mc/sec.

An interpretation of these experimental re-
sults requires discrimination between Landau

waves and surface waves, the only other modes
which may exist in the absence of an applied
magnetic field. The wave number parallel to
the electric field k'=0&'+kz' vanishes for sur-
face waves'" so that the associated plasma
conductivity"

o=-i(ue ((u /v k)'Z'(~/v k)= —iu)c ((u /(u)' (3)0

This seems to be borne out by our experimen-
tal data, Fig. 3, for &u& 3&up. The techniques

of our measurements are currently being re-
fined considerably to allow a quantitative in-
vestigation of these secondary effects. The
preliminary results presented here do, how-

ever, exhibit all the features of Landau waves
with reasonable quantitative agreement between
the experimental data and the predominant so-
lution of Landau's dispersion relation.

We gratefully acknowledge the assistance of
M. Omura in performing the probe measure-
ments and the help of %. Holmes and J. Schick
in designing and constructing the experimental
tube. Finally, we are pleased that similar re-
sults have been obtained concurrently by our
colleague G. Van Hoven using a reflex excita-
tion scheme in an entirely different type of
plasma.

*This research was supported by the U. S. Air Force
under Contract No. AF33(615)-1504.

J. J. Thomson and G. P. Thomson, Conduction of
Electricity through Gases (Cambridge University
Press, Cambridge, 1933}, p, 353.

L. Tonks and l. Langmuir, Phys. Rev. 33, 195
(1929).

A. A. Vlasov, Zh. Eksperim. i Teor. Fiz. 8, 291
(1938).

L, Landau, J. Phys. 10, 45 (1946}.



VOLUME 17, NUMBER 4 PHYSICAL REVIEW LjEYTKRS 25 JULY 1966

D. Bohm and E. P. Gross, Phys. Rev. 75, 1851
(1949).

6J. H. Malmberg and C. B. %harton, Phys. Rev. Let-
ters l3, 184 (l964).

A. W. Trivelpiece and R. %. Gould, J. Appl. Phys.
30, 1784 (1959).

P. Burger, to be published.
~H. Derfler, in Proceedings of the Fifth International

Conference on Ionization Phenomena in Gases, Munich,
1961, edited by H. Maeckner (North-Holland Publish-
ing Company, Amsterdam, 1962), p. 1423; and in Pro-
ceedings of the Seventh International Conference on Ion-
ization Phenomena in Gases, Belgrade, 1965 (Gradjev-

inska Knjiga Publishing House, Beograd, 1966), p. 282;
T. C. Simonen and H. Derfler, 7th Annual Meeting,
Div. Plasma Phys. , A. P. S., San Francisco, Califor-
nia, Nov. 8-11, 1965.

H. Derfler and T. C. Simonen, Stanford University
Electronics Laboratories Final Documentary Report,
Contract No. AF33(615)1504, 1965 (unpublished).

H. Derfler, Stanford Electronics Laboratories, Stan-
ford, California, Electron Devices Research Labora-
tory Quarterly Status Report No. 12, 1959 (unpublished),
p. 13.

B. D. Fried and S. D. Conte, The Plasma Disper-
sion Function (Academic Press, Inc. , New York, 1961).

DISPERSION OF ELECTRON PLASMA WAVES*

J. H. Malmberg and C. B. Wharton
John Jay Hopkins Laboratory for Pure and Applied Science,

General Atomic Division of General Dynamics Corporation, San Diego, California
(Received 31 May 1966)

The effect of plasma temperature on the dis-
persion of electron-plasma waves is an old
problem. Shortly after the plasma oscillations
in an infinite, cold plasma were described by
Langmuir and Tonks, ' the effect of random ther-
mal motion on their dispersion relation was
calculated by Thomson and Thomson. ' They
assumed a resonance distribution for the elec-
tron velocities and obtained a result differing
from that of later work by a numerical coeffi-
cient. Vlasov3 studied the problem using a
Maxwellian velocity distribution and obtained,
for the long wavelength limit, the dispersion
relation

(u' = (u [1+3(kX )2]

where ~ is the wave frequency, &up =(4~ne'/
me)'" is the plasma frequency, k is the wave
number and ~D is the Debye length. However,
his work has been severely criticized' because
of the rather cavalier manner with which he
dealt with a divergent integral in the derivation.
A generally accepted derivation of the disper-
sion relation has been given by Landau. ~ Lan-
dau also found that the waves were damped,
even in the absence of collisions, and this part
of the theory has been verified in detail exper-
imentally. ' The physical mechanism respon-
sible for the dispersion and damping of the waves
has been elucidated by Bohm and Gross. ' All
these calculations were made for an infinite,
uniform collisionless plasma.

In this Letter we report an experiment designed
to measure the effect of plasma temperature
on the dispersion of electron plasma waves.
When the theory is modified to include the ef-
fects of finite size of the system and spatial
variation in plasma density, it accurately pre-
dicts the observed dispersion.

The geometry to be considered is a long col-
umn of plasma bounded in the radial direction
by a good conductor. The plasma is immersed
in a uniform finite magnetic field parallel to
the axis of the plasma column. The plasma
density is a function of radius, but its temper-
ature is not. We specify the properties of the
plasma by the dielectric tensor relating the

displacement to the electric field (D = e E).'
In the limit of waves with phase velocity small
compared with the velocity of light, V'&E may
be neglected and the electric field calculated
from a scalar potential, 4. When the plasma
is regarded as a dielectric, there are no free
charges and

V D= V (e ~ E) = -V ~ (e ~ V4) =0.

The frequency is sufficiently high that the mo-
tion of ions may be ignored. The electron gy-
roradius is assumed small compared with

4'(d4'/dr) ' and n(dn/dr) ', where n is the elec-
tron density, so the dielectric tensor is a lo-
cal quantity. Since n is a function of radial
position, e is also. In addition e is a function
of the wave frequency and the magnetic field.
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