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Recently, superconductivity has been discov-
ered in' SrTiO, and in mixed titanates' which
can be denoted as pseudoferroelectrics, since
their static dielectric constant E is large and
temperature dependent, and since a low-ener-
gy optical mode has been observed which shifts
with temperature as [e(T)]'~2 in accordance
with Cochran's theory of ferroelectricity.
The occurrence of superconductivity in these
compounds has been explained with the help
of Cohen's theory of superconductivity in semi-
conductors. This theory stresses the impor-
tance of intervalley electron transitions involv-
ing large momentum transfers and giving rise
to a phonon-induced electron-electron interac-
tion which is weakly screened, compared with
the direct Coulomb interaction. Cohen's the-
ory has led to the discovery and accounted for
the explanation of superconductivity in germa-
nium tellurides with carrier concentrations
as small as 8.5 X10" cm

It is the purpose of this note to point out that
intervalley transitions must not necessarily
be invoked to explain the occurrence of super-
conductivity in SrTi03 and similar polar sub-
stances. Instead, we shall find that the con-
temporary theory of electron-phonon interac-
tions in isotropic superconductors, ' based on
the dynamic dielectric constant of the electron-
phonon system for a polar substance, can ac-
count for the observed values of the transition
temperature. The physical point is based on
the observation that (1) the phonon spectrum
of polar substances consists of one acoustical
branch and of one or more optical branches,
and that (2) the dielectric constant exhibits
dispersion at the frequencies of the optical
branches. Therefore, at frequencies smaller
than those of the lowest optical branch, the
acoustical phonons provide an attractive elec-
tron-electron interaction, whereas the direct
Coulomb repulsion is small because of the large
static dielectric constant, & -1000. In other
words, in the important low-frequency range
of acoustic phonons the Coulomb repulsion is
small, since the displacement polarization can
follow a conduction electron. This qualifies
a comment by Keldysh. v
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FIG. 1. Schematic diagram of Dyson's equation for
the effective electron-electron interaction in a polar
substance.

For the quantitative discussion let us pre-
sume a simple electron-phonon model for a
polar substance, namely, that the conduction
electrons interact only with longitudinal pho-
nons of an acoustical branch with maximum
frequency ~~ and of an optical branch with
maximum frequency ~0 &~~. This model can
be applied to SrTi03 where the real part of
the longitudinal dielectric constant changes
from its "static" value -103 to a value of the
order of 8 (which is close to the optical dielec-
tric constant e = 5.2), after going through the
first dispersion at the frequencies of the low-
est optical branch. For larger frequencies
only a small fraction of the displacement po-
larization follows the electron, this fraction
is accounted for in the low-frequency disper-
sion. Then, for our model of a polar substance,
the Dyson equation for the effective electron-
electron interaction is shown in Fig. 1.' Here
D((d, q) stands for an optical phonon or an acous-
tical phonon Green's function,
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where k' —k=q. Here Qo(q) and Qa(q) are the
bare phonon frequencies in the absence of elec-
tron-phonon interactions, e = Frohlich's cou-
pling constant, i*=rigid lattice mass of an
electron, N~ =number of unit cells per cm~,

Mc ——ionic mass per unit cell, U= U(r-p&) is
the potential of ion i at equilibrium site p, , 2nd

eq(i) is the polarization vector of a longitudi-
nal phonon (defined in Ref. 6). In the equation

for the effective electron-electron interaction
(Fig. 1) occurs the free-electron polarizabil-
ity m(u), q) which, in the random phase approxi-
mation (RPA), can be written in terms of Lind-
hard's dielectric constant o.f a free-electron
g'as fRPA(Q) q) = vq~RPA(&u, q), where vq = 4me'/
q' occurs in the equation for the effective elec-
tron-electron interaction (Fig. 1). The solu-
tion for the effective interaction is given by

v v / 1 1 ) u; '(q) 2Q (q)Ig (q)t' 1
q q +v I +

0 a a
2 2 2e (&u, q) e +v m(v, q) q(e +v n'(v, q) e+v m(v, q)) v'-&u '(q) (1+v m(v, q)/e )' &u'-cu '(q)'

eff ' ~ q 00 q
' 0 q

' oo

where m = m RPA, and where cu, (q) and era(q) are the renormalized phonon frequencies. The first term
of Eq. (5) represents the direct Coulomb interaction between electrons screened by the rigid ionic
lattice and by conduction electrons. The second term corresponds to the optical-phonon-induced
electron-electron interaction; it is caused by the screened displacement polarization. The last term
accounts for the interaction induced by acoustical phonons. Using Eq. (5) we can write down the in-
teraction kernel in Eliashberg's gap equation,

Qf
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where 6« = &(e = boo) is the zero-temperature gap parameter and where Z (ru) is the renormalization
parameter. The phonon part of the kernel is &0+K, where

K (cu, (u') =, qdq P~(q)l', . +
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and where Ka is given by a corresponding expression. The coupling parameters are
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Here n(q) is Frohlich's coupling constant modified by screening effects. Equation (6) has been de-
rived by Eliashberg under the assumption that the Fermi energy is larger than the maximum phonon
frequency. This condition requires that in SrTiO, the electron concentration n ) 1020 cm 3 (m*/m
=5). Then one can take ~=0 in m(~, q). With vqw(0, q) =kTF'/q', where kTF

' is the Thomas-Fer-
mi screening distance, and ignoring the dispersion of optical phonons, wo(q) = &@0, we find

KO((d ) (d ) = A.o . i+1 1
2 (d+ &d + (do-XO N-(d +(do-$0 j

where
1) s ( e

X, =a'lnl 1+—,I- a'lnl 1+
a 6~a

with a' = kTF'/4e kF'. Since short-wavelength phonons play a dominant role, Ka(&u, &u') can also be
rewritten in the form of Eq. (10), assuming an Einstein distribution centered at &ua(2kF). '0 The cou-
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pling constant is given by

~(0) 2kF K (q) t'

qdqa kF' 0 (u (q)' (12)

An ab initio calculation of Aa has not been performed. As for the q dependence of ga(q), it is deter-
mined by the matrix element in Eq. (4). The ionic potentials are of the Coulomb form; then

lim g(k'IVV(r-p. )Ik). e (i)exp(iq p. ) '=
i qq-0 i

With the fair assumption that this q dependence
is approximately valid for all values of q, one
finds

C a'
A.
a 21+a 2'

where C-1. With C =1, Eq. (10) goes into the
expression derived by Anderson and Morel"
for metals, except that kTF is replaced by
kTF/(e )' . The interaction kernel of Eq. (6)
contains the pseudo- Coulomb potential,

1+ p, in(g/0) )' 2 a
(14)

We are interested in electron concentrations
n at least one order of magnitude smaller than
in metals. However, Eliashberg's calculation
presumes that the Fermi energy 0 )(dc(=8~0).
The corresponding concentration range is 10

n 5 x10 ' cm . For this range the denom-
inator in Eq. (14) is approximately equal to
one. Only if f»(da is the Coulomb potential

p reduced by an amount significant for super-
conductivity in polar substances, as pointed
out by Gurevich, Larkin, and Firsov. " This
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FIG. 2. Comparison between experimental and theo-
retical values of the transition temperature T~ for
SrTi03. The experimental values are taken from
Schooley, Hosier, Ambler, Becker, Cohen, and
Koonce.

reduction is clearly not responsible for the
occurrence of superconductivity in SrTio„
since transitions to the superconducting state
have been observed for n & 10"cm ' (f & 0)a).
With U= p, , Eq. (6) has been solved for SrTiO,
with n as a variable parameter and with m*/
yn =5, ~ =10, ~ =5.2, an

0)a =0)a(2kF) is read from an experimental dis-
persion curve. " In solving the gap equation
we make the weak-coupling approximation,
4(0)') =h«under the square root; renormali-
zation is taken into account. The result for
T, found from the BCS relation for weak-cou-
pling superconductors 3.5kBT~ = 2600, is shown
in Fig. 2. For Xa

——0.4aa/(1+a2) there is good
agreement between theory and experiment.
A semiempirical determination of Aa using
Morel's" relation between electrical resistiv-
ity p and A.a and the experimental results of

Frederikse, Thurber, and Hosier' is not fea-
sible, since pexptl T ' at low temperatures,
whereas for acoustical phonon scattering ptheor
~T '; however, at 78'K, Pexptl and Ptheor
are of comparable magnitude. Finally, let us
mention that the validity of our calculation,
but not that of the physical argument, is restrict-
ed to 10"&n&5 ~10" cm '. For smaller con-
centrations the Eliashberg theory does not ap-
ply in its present form, since P «ea. For larger
concentrations, the interactions between elec-
trons have a shorter range, and the dielectric
constants E and & must be replaced by q-de-
pendent functions.

It is a pleasure to thank Professor W. Kohn
for several stimulating discussions.

~J. F. Schooley, W. R. Hosier, and M. L. Cohen,
Phys. Rev. Letters 12, 474 (1964); J. F. Schooley,
%. R. Hosier, A. Ambler, J. H. Becker, M. L. Cohen,
and C. S. Koonce, ibid. 14, 305 (1965).

2H. P. R. Frederikse, J. F. Schooley, W. R. Thurber,
and W. R. Hosier, Phys. Rev. Letters 16, 579 (1966).

1047



VOLUME 17, NUMBER 20 PHYSICAL REVIEW LETTERS 14 NovEMBER 1966

3A. S. Barker, Phys. Rev. 145, 391 (1966).
4M. L. Cohen, Phys. Rev. 134, A511 (1964).
R. A. Hein, J. W. Gibson, R. Mazelsky, R. C. Mill-

er, and J. K. Hulm, Phys. Rev. Letters 12, 320 (1964).
6G. M. Eliashberg, Zh. Eksperim. i Teor. Fiz. 38,

966 (1960) [translation: Soviet Phys. —JETP 11, 696
(1960)]; J. R. Schrieffer, Theory of Superconductivity
(W. A. Benjamin, Inc. , New York, 1964).

~L. V. Keldysh, Usp. Fiz. Nauk 86, 327 (1965) [trans-
lation: Soviet Phys. -Usp. 8, 496 (1965)].

For nonpolar substances jeff has been derived by
D. Pines, The Many Bodv Problem (W. A. Benjamin,

Inc. , New York, 1961), p. 82.
9H. Ehrenreich, J. Phys. Chem. Solids 8, 130 (1959).
P. W. Anderson and P. Morel, Phys. Rev. 125, 1263

(1962).
~~V. L. Gurevich, A. I. Larkin, and Yu. A. Firsov,

Fiz. Tverd. Tela 4, 185 (1962) [translation: Soviet
Phys. —Solid State 4, 131 (1962)].

R. A. Cowley, Phys. Rev. 134, A981 (1964), see
Fig. 4.

~3P. Morel, J. Phys. Chem. Solids 10, 227 (1959).
4H. P. R. Frederikse, W. R. Thurber, and W. R.

Hosier, Phys. Rev. 134, A442 (1964).

SINGLE-PARTICLE AND EQUILIBRIUM COLLECTIVE EFFECTS
OF HYDROXYL IMPURITIES IN KC1
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Quantum-mechanical polarizability data for OH in KCl are combined with calculated
equilibrium dipole-ordering data for a dilute system of dipoles in an NaCl-type lattice,
and a comparison is made with low-temperature dielectric measurements on KCl:OH at
102 cps.

The low-temperature behavior of certain
substitutional impurities in alkali halides has
attracted considerable recent attention. The-
oretical studies of the low-temperature dielec-
tric properties of OH -doped KCl have been
concerned either with the quantum-mechani-
cal polarizability of a single dipole neglecting
collective effects, ' or with the collective dipole
ordering using the classical polarizability re-
lation. ' ~ There are now sufficient experimen-
tal and calculated data available on the KC1:OH
system to include both the single-particle and
equilibrium collective effects in the same treat-
ment, and the purpose of this Letter is to car-
ry out such a treatment.

Starting with the Frbhlich theory' for a dielec-
tric that does not display a spontaneous polar-
ization, the following expression is obtained~:

g-1 q -1 4m

+—Va(r) 1+(P Ty ix.),
m j&1

where e and e are the dielectric constants
of the doped and pure crystal, N is the impur-
ity dipole concentration, a(T) is the polariza-
bility of a single impurity in the crystal, and
the average () is the dipole ordering term,
the o& being unit dipoles (dipole No. 1 is select-
ed as the reference dipole). We will next con-

sider the single-particle term, n( T), and the
collective term, (), individually, and then re-
turn to Eq. (1) for comparison with experimen-
tal data.

The energy-level scheme of a dipole in an
octahedral crystal field (see Fig. 1) consists
of a ground-state singlet with energy -2b, (AIg),
a triplet with 0 energy (Tlu), and a doublet
with energy b. (Fg); and the recently measured'
zero-field splitting is

b, /k = 0.30+ 0.03'K.

The polarizability of a dipole with this level
scheme is given by'

2(l- -2gb,
)+2p 2( -2j36 -3j ~) (2)
-2A -3 b,

b (1+3e +2e )

j3 =1/kT,

where p., and p., are the dipole transition ma-
trix elements between the levels Aig-Tiu and
Tyu-Eg, respectively. For later comparison
with experimental data it will be convenient
to express Eq. (2) in a form that displays the
high-temperature (classical) limit, jJ.'/3kT,
where p. '= p.,'+ p, 2'. To do this, the linear term
of the Taylor expansion of each exponential
in the numerator of Eq. (2) is added and sub-

1048


