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The theory of an optical maser due to Lamb' '
is generally accepted as giving a realistic ac-
count of laser oscillation. The laser radiation
was described by means of classical electro-
dynamics while the atoms were treated quan-
tum mechanically. In this way, phenomena
such as frequency pulling, variation of inten-
sity with cavity tuning, mode competition, etc. ,
were successfully described. There has been
considerable interest recently in a quantum
theory of laser behavior. It is the purpose of
this Letter to give an account of such a theory.

To simplify the presentation we consider on-
ly single-mode oscillation and ignore the effects
of atomic motion and spatial variation of the
cavity mode. We consider4 the change in the
density matrix for the radiation field which
occurs due to the injection at time t, of a pump-
ing atom in the upper state a of the two states
a and b involved in the laser interaction. Work-
ing in the n representation this change is giv-
en by

where T is a time which is long compared with
the atomic lifetime, but short compared to the
time characterizing the growth or decay of the

laser radiation.
The states a and b of the atom are assumed

to decay as in the Wigner-Weisskopf theory
of radiation damping. For the state a, we in-
troduce a group of states c, s where c is a lev-
el to which the atom decays with the emission
of (nonlaser) radiation of type s. Similarly b

decays to d, o; the decay constants are denot-
ed by y and y&, respectively.

To obtain pn nr(to + T) we must follow the
time development of the combined atom-field
system until the atom has decayed, and then
trace over the states c, s and d, o. We may
obtain the rate of change of the density matrix
due to many atoms, injected at random times
to, by multiplying the &p+ z ~ resulting from
one atom by the rate of injection xa. To rep-
resent the effects of dissipation (finite cavity
Q), we inject a different type of atom which
is initially in the lower state b' and can make
transitions to a higher state a'. These states
are given very lar ge damping constants in or-
der to have a nonresonant dissipation mecha-
nism.

Combining the effects of interaction with the
active and dissipative atoms we are led to the
following equations of motion for the laser ra-
diation (written in the Schrodinger picture):

p, = -i(n-n')Ap, -[(n+1)R,+ (n'+ 1)R, +]p,+tR, ~R, +]
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where 0 is the cavity normal mode frequency,

y (y +in)+g'(n-n )abR, =x g'
n, n' a y y&(y &'+ 6')+ 2y 'g'(n+ 1+n'+ 1)+g'(n'-n)[g'(n'-n)+id(y -y )]'

g is a frequency which measures the coupling between the pumping atom and the laser radiation,
& = &u —v is the difference between the atomic transition frequency and the laser frequency, '

yaf, = 2(y
+yf, ), and v/Q is the cavity decay constant. The (n n'—)0 term represents the free-field dynamics,
while the Rn n' and v/Q terms represent the active and dissipative interactions.

When n =n', Eqs. (2) become (for simplicity, we here take & = 0)

p = -A(n+ 1)[1+(n+1)(B/A)] 'p +An[1+n(B/A)]-'p Cnp-+C(n+ 1)pn n n) n n-l, n-1 n, n n+ 1,n+ 1'

A=2r g'/(y y ), B=8r g4/(y 'y y ), C=v/Q,

(4)

i.e., A, 8, and C are the linear gain, satura-
tion, and cavity bandwidth parameters, respec-
tively. Equations (4) may be interpreted phys-
ically as a flow of probability between the nth
level of the radiation oscillator and the (n-1)th
and the (n+ 1)th levels, due to stimulated emis-
sion and finite cavity Q.

In a steady state the probability distribution
for finding n protons in the laser cavity is then

[A /(BC)]
n, n [(A/B) +n J!

& exp(-(n-n')'[-, '(v/Q)/(n&+ -',B]t]. (7)

The line shape of the laser radiation may be
obtained by calculating the expectation value
of the electric field,

&E(t)&

(8)

From this we find that the average photon num-
ber is (n&= [A'/(BC)][(A —C)/A], apart from
terms which vanish rapidly with increasing
(n&. This is the quantum transcription of the
intensity obtained in the classical treatment. '
The variance of the distribution (6) is 0' = (n'&
—(n&2=A2/(BC) which in general is appreciably
larger than the variance v'= (n& for a Poisson
distribution.

The growth of the laser oscillations from
some initial condition, such as the quantum
vacuum, to a steady state has been obtained'
by numerical integration of Eqs. (4). For a
typical laser, except at the very lowest levels,
the energy builds up in the manner expected
from the classical theory. '

In a steady state all the off-diagonal elements
of the density matrix are zero. Assuming that
we are concerned with large n values, these
elements decay exponentially to zero for large

the Fourier transform E( )[dof this, and the
spectral profile IE(~) I', where E, in Eq. (8)
is a constant having the dimensions of an elec-
tric field. We find a linewidth (full width at
half-height in circular frequency units) of D
= 2(v/Q)/(n&. This linewidth applies when the
pumping atoms are all injected in their upper
state (at a temperature = -0), and the damping
atoms are all injected in their lower state (tem-
perature =+0) More generally we find'~" a
linewidth

D = g([(N +N )/(N -N )]

+.[1+e )/(1-e )B(v/0)/&n&,

except for some small terms representing the
effect of saturation, where x=kv/k8, and 0=pas-
sive cavity temperature.

It would be misleading to assume from the
vanishing of (E& in a steady state that the elec-
tric field in a laser has little significance.
It was shown' that a similar exponential decay
occurs in the semiclassical theory and is there
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associated with phase diffusion brought about

by a random noise perturbation due to thermal
fluctuations. In the quantum theory, the pro-
cess of contraction of the density matrix after
the decay of each injected atom would convert
even a pure case into a mixture, so that Eqs. (2)
really describe an ensemble of lasers for which
phase information is gradually lost. The den-
sity matrix does not describe the laser but
rather our state of knowledge of the ensemble
of lasers under consideration. If we knew in-
itially that a single laser had a nonvanishing
electric field, a density matrix with nonzero
off-diagonal elements would be required for
the initial description, and the average elec-
tric field would only decay with the very long
mean life of 1/D.
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This Letter reports preliminary results of transfers in order to obtain both detailed infor-
a study of inelastic proton-proton scattering mation and a qualitative understanding of the

at incident momenta of 6, 10, 15, 20, and 30 behavior of inelastic channels at high energy.
BeV/c and squared four-momentum transfers Differential cross sections were obtained for
It I of 0.04 to 5 (BeV/c)'. The experiment was the following processes
carried out at the Brookhaven alternating-grad- p +p -p +N3/2 3/2*(1.238),
ient synchrotron (AGS). Similar studies have
have been made at incident momenta up to 3.7 -p+N * 1.4,'p 7

BeV/c at the Cosmotron, ' up to 7 BeV/c at the p +Ny/2 g/2*(1 52)&

Bevatron, ' and up to 26 BeV/c at CERN. ' This
experiment extends these studies over a very

—p+N * 1.691/2y 5/2

wide range of incident momenta and momentum p +Ng/2 v*(2, 19) &
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