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The purpose of this Letter is to show that
besides the well-known condition Trp' -1, the
spin-one density matrix has to satisfy also the
condition 2 Trp'-3 Trp'+1 - 0 which is more
restrictive than the first one. This second
condition, just as the first one, is shown to
be easily expressed in terms of conditions on
the multipole parameters.

In the la,st few years extensive use has been
made of the moments method for determination
of spin of particles and resonances. Owing
to large experimental errors in determination
of multipole parameters, one cannot always
decide the spin of the studied particle (:., Y,
:-*). One of the most effective tools to elimi-
nate ambiguities is the theoretical limitation
imposed on multipole parameters by the con-
dition Trp -1, deduced from the positivity
of the density matrix p. Up to now it is the
only condition one takes into account. In fact,
for spin j & —,', further conditions, more restric-
tive than the usual one, can be obtained from

the positivity of p. It is hoped that these sup-
plementary theoretical limitations on multipole
parameters will be useful to remove some of
the remaining ambiguities. General results
for any spin will be given in a forthcoming pub-
lication. The aim of this Letter is to exhaust
the positivity condition in the case of spin-one
particles.

The transformation properties of the spin-
density operator allows one to write it as a
sum of irreducible tensoriaj. operations' T~

2j +L
p=(2j+1) P P (2L+1)t T

L* L

L=O I=-L
The t~ are the so-called multipole param-L

eters. ' The general properties of the density
operator prescribe some conditions on these
parameters. The Hermiticity of p implies t~L*=(-) t ~, the property Trp=l implies t,o

=1, and the positivity property together with
the property Trp =1 lead to the condition (2j+1)
- Trp' &1 or

2j +I
2(2j+1) ' ~ (2j+1) P P (21 +1) It [ ~1.

I =0 M=-L M (2)

c» =A.»+A.2+A.3
= Trp,

c, = X,X, + X,X, + X,A., = —,
' [-Trp'+ (Trp)'],

(4a)

(4b)

c, =A.,A.,A, = -', [2 Trp' 3Trp' Trp-+ (Trp)']. (4c)

The matrix p will be positive if its proper val-
ues are non-negative (X~ ~ 0). It is obvious from
the above relations that a, necessary and suffi-
cient condition for p to be positive is c, - 0,

(The equality on the right corresponds to a
pure state, and the equality on the left corre-
sponds to a completely unpolarized state. )

The spin-one density matrix is a, 3x3 matrix.
Its characteristic polynomial is

~(X) =Z'-c,X'+c,Z-c, =(X-Z,)(Z-X,)(X-X,). (3)

The coefficients c„c„c,are connected with
the proper values At (by Newton formulas) and
with Trp, Trp', Trp'. It is easy to check the

following relations:

!
c2 0 c3 0 ~ p being a density matrix c, = Trp
=1, and the remaining conditions are as fol-
lows:

-Trp'+1 ~ 0

2 Trp'-3 Trp'+1 & 0.
(5)
(5b)

Condition (5a.) is nothing but the well-known
condition (2) (Trp' ~1). Condition (5b) is not
so well known and has never been used, although,
as we shall see in a moment, it is more restric-
tive than condition (5a). To obtain conditions
on the multipole parameters, one has to cal-
culate Trp' and Trp' as functions of the tM
This can be easily done by application of Racah
calculus to the multipole expansion of the ma-
trix p. General results including all t~ are
not too complicated; however, to simplify the
expressions one can take advantage of some
restrictions imposed on tML by symmetry prop-
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FIG. 1. Domains of variation of the parameters tM

FIG. 2. Domains of variation of toi and to for ~t2 ~

= 0. The shaded region corresponds to the part of the
domain which is ruled out by the supplementary con-
dition.

erties of the production process. ~ If the spin-
one particle is produced in a parity-conserv-
ing two-body reaction, if we choose the axis
of quantization along the normal to the produc-
tion plane, if the initial particles are unpolar-
ized, and if we average over spin and direction
of the other produced particle, then tM =0
for odd M. Thus we remain only with t,'=1,

to and t,', and we have

Trp = —,'[3(to ) +5(to ) +101t2 I +1],

troduce a degree of polarizations 5 (0 ~ 5 ~1)
defined by

5' =(2j) '[(2j+1)Trp2-1].

For spin-one particle, we find

Trp' = (25'+ 1)/3.

Consequently, the representative points of a
given degree of polarization 5 are on an ellip-
soid similar to ellipsoid (E). Its equation is

(8)

TrPs = —,'(3(to') [1+(—,'v10)to ]+5(to ) [1-(~s/10)to ]
(10)

Now, the second positivity condition (5b) gives

The positivity condition (5a) gives

3(t ~)2 y 5(t 2)2 y 10 ( t 2
~

2 ~ 0,

(sb)

(7)

3(t ')' —(5/3)(t + 2/v'10)'+ 10 i t

~( Q for t 2 ( $0 1/2

) 0 for t 2)yo —1/2

If we represent this in a three-dimensional
space, we see that the first positivity condition
enforces the representative point whose coor-
dinates are to', to, lt, ~ to be inside an ellip-
soid (E) (Fig. 1). When the representative point
is on the surface of the ellipsoid, we have Trp'
=1, i.e., we have a pure state. For a repre-
sentative point inside the ellipsoid, we can in-

This condition enforces the representative point
to be inside a frustrum of a cone inscribed in
ellipsoid (E) as shown in Fig. 1. The cone has
its vertex (V) on the ellipsoid and it intersects
the ellipsoid along an ellipse (B). Thus we see
that the supplementary condition is more re-
strictive than the first one. The range of vari-
ation of the parameters is reduced, and what
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6 =Trp (13)

Experimentally one measures t,' and tt, 'I
by means of the angular distribution of decay
products of spin-one particles. The parameter
to cannot be measured in a parity-conserving
decay into spin-0 particles [E*(891)-R+v,
p-n+w, ~ ~ ~ ]; however, formula (11) provides

is more important, we see that the represen-
tative point for a pure state cannot vary over
a whole surface as was supposed previously,
but has to be either at the vertex (V) of the cone,
or on the ellipse (B), i.e., we ca,n only have a
pure state for two values of the parameter t,'
(see Fig. 2):

(V) t 'o=-2/V'10; then to'=0, ~t,2~=0;

(8) f,' =1/v"10; then 3(t,')2+10
~ t, ' ~'- —,= 0. (12)

On the cone the degree of polarization has a
simple expression. We have, from (5b), 2 Trp'
-3 Trp2+1 =0, and from (9), -3 Trp +1 = —252,
thus on the cone

an upper limit on values of to' and formula (13)
an upper limit on the degree of the polarization 5.

%e are grateful to Dr. E. de Rafael for bring-
ing this problem to our attention, and to Pro-
fessor Louis Michel for continuous encourage-
ment.

Note added in proof. —After this Letter was
written we learned from Professor R. H. Dalitz
that he had given similar results in his lectures
at the International School of Physics held at
Varenna in July 1964 (lecture notes to be pub-
lished).
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