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In the usual formulation, the dispersion of
helicon waves is independent of quantum con-
tributions as well as of the form of the distri-
bution function. Helicon absorption, on the
other hand, is quite sensitive to both, and in
the degenerate quantum limit should display
oscillations of the Shubnikov-de Haas type.
Such quantum phenomena have been experimen-
tally observed under "local" conditions in met-
als by Grimes' and have also been considered
theoretically for the "nonlocal" region in both
semiconductors and metals by Quinn and Mil-
ler. This Letter reports for the first time
the observation and quantitative interpretation
of very pronounced quantum oscillations in
the damping of helicons propagating through
highly degenerate semiconductor plasmas in
the presence of quantizing magnetic fields.
The observed oscillatory behavior of the hel-
icon amplitude is accompanied by weak but
measurable quantum oscillations in the phase
of the transmitted helicon waves, possibly as-
sociated with variations of the carrier densi-
ty. The experiments, carried out at liquid-
helium temperatures on several highly degen-
erate samples of n-type InSb and InAs, were
performed by transmitting circularly polarized
microwaves at 35 Gc/sec in the presence of

magnetic fields up to 100 kG. At fields corre-
sponding to the threshold of the "quantum lim-
it, " the effect of spin splitting of the first Lan-
dau level can be readily resolved in the InSb
data. At fields exceeding the oscillatory region
(i.e. , in the "extreme quantum limit"') damp-
ing out of the helicon amplitude is observed,
in marked contrast with helicon behavior in
other media.

For circularly polarized waves propagating
along an applied dc magnetic field through a
conductor characterized by a spherical constant-
energy surface, the solutions of the wave equa-
tion k~

—= (n++iP+)'=&@ got+ are related to the
conductivity tensor as follows:

+ (o' "k (7 )/(d,
l xx xg

E "= ((T '+ 0 ")/(0,
XX XP

where k is the complex propagation constant,
z the direction of the dc magnetic field 8, E~

the lattice dielectric constant, v the angular
frequency, and p, , the permeability of free space.
Here the single and double primes denote real
and imaginary parts, respectively, and the
subscript (+) and (—) signs refer to the two
senses of polarization. The helicon mode of
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P=- (2u ~/o ')"'o
0 xy xx (4)

Equations (3) and (4) are valid for the local
approximation, but are otherwise independent
of the semiconductor model. The latter enters
through the explicit form of the conductivity
tensor itself. Under conditions describing the
helicon approximation, particularly ~c» &,
the tensor components appearing in Eqs. (3)
and (4) are practically frequency independent,
and may therefore be satisfactorily replaced
by the corresponding dc expressions. Thus
the behavior of n and P in the degenerate quan-
tum region can be expressed in terms of the
known dc properties of axx' and Oxy' correspond-
ing to this region.

In the strongly degenerate quantum region
considered in this Letter, the inequalities r. »kT
(where f is the Fermi energy) and 8'ee»kT
are satisfied in addition to the condition ~c&»1
implicit in the helicon approximation. It is well
known for dc transport theory that even under
these conditions oxy will remain independent
of quantum effects as long as the carrier den-
sity is conserved, while oxx', which depends
directly on carrier scattering, with display
an oscillatory character. Thus, under conser-
vation of total carrier density, the helicon dis-
persion will remain insensitive to quantum ef-
fects (except through small second-order con-
tributions), while the transmitted helicon am-
plitude will oscillate strongly as a function of
the applied magnetic field. The maxima in
diagonal conductivity, and thus the minima
in the transmitted helicon amplitude, corre-
spond to the singularities in the density of states,
i.e. , to magnetic fields satisfying the condition'

0=(N+ 2)kru + —,'SIg I p,c B (5)

where N is an integer, p, B the Bohr magneton,

propagation corresponds to the (+) solution
under the conditions ((op /4u)»(o&»M, w

' which
leads to the inequalities o»' »Oxx', oxx", axx'
»cr~&", and v~&'»&uef, where &up and &ue are
the plasma and cyclotron frequencies and 7
is the effective relaxation time. Since in this
Letter only the helicon mode will be considered,
the (+) subscript will henceforth be dropped.
It is easily shown that under the above condi-
tions a and P, i.e. , the dispersive and absorp-
tive parts of k, respectively, become

o =(p, vo ')' ',
0 xy

g the g factor for the conduction electrons,
and S takes the values +1 and -1 for the two
spin orientations. It must be remembered that
f is itself magnetic-field dependent and that
in materials with moderate carrier concentra-
tion this variation is exceedingly important
in the high-field limit, i.e. , where S~c =(.
It is easily seen from Ref. 5 that magnetic fields
satisfying condition (5) are given by the expres-
sions

( , &].. —2~3

8 + —— P k"'+Ik+, (6)N e m'n ( m
sp

) X/2 -2/3a-=—" g k"'+k l, (7)
Sp

where Eqs. (6) and (7) correspond to the spin
states S=+1 and -1, respectively, and vlsp
is the spin mass 2m, /IgI. The effect of the
splitting of Landau levels on the helicon ampli-
tude, if experimentally resolvable, provides
a measure of the g factor, much as in dc mag-
netoresistance experiments. ' The position of
the extremum 8,+ corresponding to the last
quantum oscillation also depends strongly on
the value of the g factor.

Helicon wave transmission was investigated
at 35 Gc/sec in a series of highly degenerate
samples of n-type InSb and InAs with the con-
centration n ranging from 10"to 10" cm
Lower concentrations were not investigated
to avoid complications arising from the prox-
imity of the magnetoplasma edge and from car-
rier freeze-out. The experiments were per-
formed at 4.2 and 1.5'K, in magnetic fields up
to 100 kG, i.e. , extending into the "quantum
limit" in these materials. A Rayleigh-type
interferometer bridge, described elsewhere, '
was used in the experiments with minor modi-
fications adapting the arrangement to measure-
ments at liquid-helium temperatures. The
samples were thick compared to the skin depth
to minimize amplitude distortion due to Fabry-
Perot-type dimensional resonances. The sam-
ple holders were so constructed that microwave
leakage around the sample was negligible com-
pared with the transmitted helicon amplitude.

A typical transmission spectrum, obtained
with an InSb sample of relatively low doping
(n=1.1X10"cm 3), is shown in Fig. 1. Curve A

represents the magnetic-field dependence of
the helicon amplitude at 4.2'K, observed for
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longitudinal propagation and incident circular
polarization. Curve B is obtained under con-
ditions corresponding to A. , with reversed mag-
netic field, showing unambiguously the nonre-
ciprocal nature of the phenomenon. Curves C
and D are Rayleigh patterns showing interfer-
ence between the transmitted helicon waves
at 4.2 and 77'K, respectively, and a constant
reference signal which considerably exceeds
the helicon amplitude. Note that, while mag-
netic-field dependence of helicon dispersion
does not depend markedly on temperature, the

FIG. 1. X-F recorder data showing transmission of
circularly polarized microwaves versus magnetic
field for yg-type InSb with g =1.1&& 10~8 cm 3. Curve A.

represents the magnetic-field dependence of the heli-
con amplitude at 4.2'K. Trace B, obtained under con-
ditions similar to 4 with magnetic field reversed,
illustrates the nonreciprocal nature of the helicon phe-
nomenon. Curves Q and D are Rayleigh interference
patterns obtained, respectively, at 4.2 and 77'K.
Note the striking contrast in the behavior of the heli-
con amplitudes (envelopes of the Rayleigh patterns)
at the two temperatures, and, in particular, the van-
ishing of the helicon transmission at high fields in
curve C. The arrow indicates the theoretical value of
Bo obtained via Eq. (6).

difference in the amplitude behavior at the two
temperatures is quite striking. A curve such
as C provides simultaneously the measurement
of concentration (obtained from the periodicity
of the interference pattern on I3 '" scale) and

the microwave Shubnikov-de Haas effect (ob-
tained from the envelope of the interference
pattern).

An integer plot of the phase variation at 4.2 K
as a function of B ' ' does, in fact, show a
weak but reproducible oscillation in the helicon
dispersion, particularly at lower concentrations.
No systematic analysis of this feature has as
yet been carried out, but the initial calculations
indicate that the effect cannot be entirely ex-
plained by the oscillatory higher order terms
present in the complete dispersion relation.
As recently suggested, ' it is possible that the
carrier density itself varies appreciably at the
threshold of the quantum limit. It should be
mentioned that, since the contribution of high-
er order oscillatory terms to helicon phase
variation and to the conventional Hall effect'
are different, the two quantities can be used
simultaneously to eliminate this contribution
and thus to isolate the actual variation of car-
rier concentration at high fields.

The positions of the observed amplitude min-
ima corresponding to quantum numbers 1 to
4 (the latter observed in the most highly doped
sample by the Rayleigh method) are in good
agreement with the fields calculated via Eqs. (6)
and (7), using the values of the effective mass"
and the g factor" for the respective carrier
concentrations. The calculated fields are in-
dicated by arrows in the figures. The observed
field for the last singularity, B,+, is system-
atically lower than that given by Eq. (6), as
shown in Fig. 1. Recently the problem of the
departure of B,+ from Eq. (6) was considered
in connection with dc experiments. Although
no rigorous theory is as yet available, it is
shown that there exist several mechanisms,
particularly carrier collisions and variation
of carrier concentration in this region, which
tend to lower the theoretical value of Bo+.

In the high-field limit, beyond the oscillatory
region, Fig. 1 illustrates the damping out of
the helicon waves at 4.2'K, in marked contrast
with the higher temperature data and with hel-
icon experiments involving other systems.
This behavior is consistent with the magnetic-
field dependence of diagonal conductivity in
the "extreme quantum limit" in strongly degen-
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crate plasmas characterized by dominant ion-
ized impurity scattering, where o~~ increases
as B, leading to a B'"variation of p. It is
significant in this connection, as well as in
connection with determining 80+, that the func-
tion measured through p in the helicon exper-
iment, o~~o~&

' ', differs in form from the
conventional magnetoresistanee, oz~o~&
since the positions of the extrema, particular-
ly Bo+ and the last maximum, can be consider-
ably shifted by the rapidly varying denomina-
tor.

Figure 2 illustrates the effect of spin split-
ting of the X=1 Landau level on the helicon
amplitude transmitted through a sample with
n = 1.6X 10"cm '. The calculated values of
B,+ and B, , obtained via Egs. (6) and (7) (in-
dicated by the arrows), are in good agreement
with the observed behavior. The effect of spin
splitting was confirmed in samples with sev-
eral doping levels. In general, care must be
exercised in measuring structure of this type
by helicon propagation, since multiple-reflec-
tion phenomena and leakage interference', can
produce features which are qualitatively com-

FIG. 2. Helicon transmission data versus magnetic
field obtained with g -type InSb, g = 1.6 & 10 ~ cm
The lower curve represents helicon amplitude. The
upper curves are two Rayj.eigh interference patterns
obtained at two phase-shifter settings 180' apart. The
dashed line indicates the envelope obtained with these,
and two other patterns phase shifted by 90'. Note the
spin splitting of the first Landau level„clearly pre-
sent in both sets of data.

FIG. 3. Typical helicon amplitude and Rayleigh inter-
ference data versus magnetic field obtained for z-type
InAs, n = 2.5&& 10 cm . Note the qualitative similar-
ity to the behavior observed for degenerate InSb. The
sharpness of the quantum oscillations, lower than in
InSb, increases slightly as the temperature is de-
creased. The theoretical field corresponding to the
last quantum oscillation, obtained using g = 16, ex-
ceeds the last minimum even more than in the case of
InSb.

parable. Such errors of geometric nature have
been ruled out in the present investigation by
repeating the measurements on several sam-
ples of varying thickness.

Similar measurements were carried out on
samples of n-type InAs. Figure 3 shows typ-
ical transmission data obtained on an InAs sam-
ple with =2. +10 cm ~ The obser ed 0

occurs even lower relative to the calculated
values than in the case of InSb. The position
of B„observed clearly in another sample of
higher doping, is in satisfactory agreement
with the calculated field. Spin splitting was
not resolved in the InAs experiments. The
dispersion in InAs displays an oscillation which
in the preliminary data appears to be somewhat
more pronounced than in InSb. High-field hel-
icon damping is again observed beyond the os-
cillatory region.

Preliminary experiments have shown simi-
lar effects in HgTe and HgSe. A further exper-
iment investigation of these effects and a de-
tailed quantitative analysis of the data, partic-
ularly the weak oscillation of helicon disper-
sion, the shift of 8,+, and the amplitude satur-
ation at high fields, are in progress and will

.. be presented in full in a future publication.
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We wish to report a technique for determin-
ing the single-ion contribution to the magneto-
elastic constants of magnetic insulators, with
particular reference to the contribution of Gd'+
to the magnetostriction constants of gadolinium
iron garnet (GdIG). We proceed by relating
the macroscopic magnetoelastic constants of
the crystal to the microscopic magnetoelastic
constants of the constituent ions, and then de-
termining the relevant microscopic constants
from the variation of the EPR spectra of the
ions under uniaxial pressure.

The linear magnetostriction of ferromagnetic
or ferrimagnetic crystals arises from the strain
dependence of the magnetic anisotropy. For a
cubic crystal, the magnetoelastic energy is
usually written'

cubic

zjkE

2 ~ 2 2
=& [(a -&)s + (a -3)s +(a -k)s ]1 1 xg 2 yy 3 zz

+8 [a a s +a a s +a a s ]. (1)
2 1 2 gg 2 3 gz 3 i zg

We note first that the cubic magnetoelastic ten-
sor Fzjp &

" c has only two independent constants,

B, and B„closely related to the magnetostric-
tion constants X„,and X», . We note secondly
that the magnetoelastic tensor involves terms
quadratic in the spin coordinates (the direction
cosines of the magnetization) rather than biquad-
ratic in the spin coordinates as is the case for
the magnetic anisotropy. It therefore follows
that effects involving energies quadratic in the
spin coordinates (required by symmetry to can-
cel out in first order in the total anisotropy
energy) will dominate the magnetoelastic ener-
gy, and that the success of the single-ion model
of magnetic anisotropy' 4 in the magnetic in-
sulators does not imply the success of a single-
ion model of magnetoelastic effects.

In the (cubic) rare-earth garnets, the rare-
earth ions occupy six magnetically inequival-
ent sites each of orthorhombic symmetry. For
the 8-state ion Gd'+, we write the magnetic
Hamiltonian

«0' ~0' (T ~0' 4 6
X =Q MRS H +Q S D S +terms in S,S

M a
' eff cr

+terms involving more than one ion, (2)

where the summation in 0 is over the six in-
equivalent sites. For the iron garnets, Hef f
will be the molecular field arising from the
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