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0.258
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—0.152

given in Table II.
The simplicity of the (1s)' cores of carbon

have inspired orthogonalized plane-wave" band
calculations, but it was not obvious a priori
that the EPM method would be successful for
diamond. The success of this method presum-
ably relies on the applicability of the Phillips
cancellation theorem. " However, the absence
of P core states mea. ns that the kinetic energy
of the valence P electrons is not cancelled. "
The apparent success of the EPM method for
diamond probably arises from the fact that the
valence P states have small probability of be-
ing in the core because of the form of the p
wave function, and therefore complete cancel-
lation is not imperative for these states.

One of us (MLC) benefitted from conversa. -
tions with Dr. Frank Herman and Professor
J. C. Phillips.
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Table II. The change of the principal energy gaps in
eV for a change in form factor of +0.01 Ry.
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RICHARDSON-SCHOTTKY EFFECT IN INSULATORS*
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The Richardson-Schottky formula for therm-
ionic emission from a metallic cathode into
the conduction band of an insulator is frequent-
ly' stated as

4vem(aT)' -(y, ay)/aT—J, e

field strength immediately in front of the cath-
ode. It has recently been pointed out by Sim-
mons' that this expression is invalid when the
mobility of the electrons in the dielectric is
low, for if one determines the density of cur-
rent carriers in the insulator, n, from the
relationship

In this expression yo is the work function, and
the Schottky term is given by

ay =(e'I' /e)'",
C

where e is the dielectric constant, and F~ the

J =ne pI', (3)

one may then find that n becomes so large that
back-diffusion from the dielectric to the metal
will occur. Unfortunately Simmons's discus-
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sion omits mention of the relative importance
of space-charge effects and of diffusion cur-
rents, and of the cases in which we should ex-
pect one effect or the other to dominate.

The model under consideration is an insula-
tor free of trapping centers, uncharged, and
containing no conduction electrons in its nor-
mal state; the only space-charge effects that
occur are associated with injected conduction
electrons. We propose to show that, under
these circumstances, it is usually possible
to consider effects that occur near the cath-
ode separately from effects that occur in the
bulk of the dielectric.

(a) Bulk effects. —For the moment we suppose
that the emission characteristics of the cath-
ode-dielectric system are known, the current
density being written

J=J(E, y'), (4)

where cpo is the metal dielectric work function.
The standard treatment of space-charge limit-
ed emission'&4 is to suppose that diffusion cur-
rents are negligible, and to use Poisson's equa-
tion

of the cathode an electron has a potential energy

e y = e y -eE x-e'/4ex,
0 c (lo)

the term e2/4ex being due to image forces.
This function is sketched in Fig. 1. The poten-
tial reaches a maximum value y, -Ay at a dis-
tance xo from the interface, where Ay is given
by Eq. (2) and where

x =(e/4E e)'".
0 c

one finds, from Eqs. (9), (8), and (7),

J . /J=0.01,
diff

space charge small if d & 1500 A,

I.=3000 A,

while from Eqs. (2) and (11) we obtain

Ay=0. 05 eV, x =25 A.

It is now of interest to consider some typical
figur es. Suppose that

E =10' V/cm, 6=6, n =10' /cm, T=300'K'

SE/ex = 4~me/e,

which, together with (3), yields

E = (E 2 + 8n Jx /e p)"2,
A characteristic length I. defining the rate of
change of carrier density and electric field
may be found,

From Eq. (6) we see that the condition that
space-charge effects shall be negligible is

8vJd/e p, ccE, or E»8vned/e.
c c

(6)

(8)

The value of n chosen here is very large,
corresponding to a work function of only 0.2
eV, and Schottky emission is not normally ob-
served for fields less than 10' V/cm. We may
therefore feel confident that the ratio Jdiff/J
will be small, provided that the metal-insula-
tor contact is a non-Ohmic contact, and that
the characteristic length associated with the
variation of the space charge will be at least
several thousands of angstrom units. However,
since the rapid va.riations in the potential (10)
take place within 50 A in front of the cathode,
the field Ec in (10) may be regarded as being
nearly. constant, and space-charge effects can
be ignored altogether in the calculation of the

These results hold only if the diffusion current,
Jdiff =AT@&/&x, is much, less than the field
current. The ratio of these currents is readily
found to be

diff

=4nkTn /eE '
0 c

= —', (carrier thermal energy density)/

(electrostatic field energy density). (9)

(b) The cathode current. -In the neighborhood

IIIIIIIIIIIIII

FIG„1. Potential energy of an electron near the
cathode surface.
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cathode characteristics.
When the mobility is low, diffusion currents

control the total cathode current; we therefore
write

J=n'e p By/Bx +k TpBn/Bx,

with y the potential given by (10). On taking
J and p, to be constant, and solving for n, we

obtain

-e /erTkJ e '* e erkrT

k TP. op

with the boundary condition

N = 2(2~mk T/k2)'"

(12)

(14)

being the density of electrons at x =0. To cal-
culate the integral in (13) with the potential (10)
we require the following results:

Equation (19) gives the current for the extreme
case in which the current in the insulator is
diffusion controlled, while the Schottky current,
Eq. (1), represents the greatest current that
can flow across the interface when no scatter-
ing occurs in the insulator. The ratio of these
two currents is

J /J =e/2 pm'i2(eF e)'
S C

(20)

The cathode current is diffusion controlled
when this ratio is greater than unity, and Eq. (19)
should then be used; when the ratio is less than
unity the Richardson-Schottky equation will hold.
The ratio may be set in a more perspicuous,
though less useful, form by expressing the
mobility in terms of the electron mean free
path, A. , and velocity, v,

~ -(ax+b/x)
e dx

p

(b /a )
1/2 „,exp[-(ab)'"y] dy

p, =ey/mv.

One then finds, from Eqs. (2), (11), and (20)

J /J=(mv'/ay)'"x /Z.

=1/a if (ab)'" «1,
= w' '(b/a')" exp[-2(ab)'"]

(15)

Q p

if (ab)'"»1. (16)

—(ax + b/x)
~

—(ax + b/x) 1 —ax
e dx —

~

e dx — e
4 p a

(17)if x» (b/a)'".

Using (15) and (17) in (13) we obtain the low-
field approximation

The appropriate value of v in this expression
is doubtful, but clearly the ratio of energies
is of the order of unity. We therefore reach
the intuitively obvious result that diffusion ef-
fects become important when the mean free
path of the electrons is comparable with the
distance from the cathode to the potential max-
imum.

In practical units, Eq. (20) shows that diffu-
sion limiting becomes important when the in-
equality

n(x) = J/e elF+exp(eFx/kT) ~+3/4 g 5 (21)

x(N exp(-ego/k T)-J/e pF). '

To avoid divergences the coefficient of the ex-
ponential term must vanish and

J=N exp( —ep /k 0T)e p.F,

is satisfied, p, being in units of cm' V/sec, and
F in MV/cm.

We have not been able to find any unambig-
uous evidence of the existence of diffusion-
limited Schottky emission in the literature.

which is the usual result for low fields.
For the high-field case we use (16) and (17)

in (13) to obtain, for large values of x,

x(x) = er'e pP e exp(ePx/k T)Ikr exp(-e rp /k T)

J (wk T)ii2
+ (, )„,exp(-ay/kT)),
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from which

n = J/e p,F.

yT»2J=N p, (4eF'e)'" exp[ e(y, Arp)/k T], (1—9)—
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