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y =csin(x-y), (2)

where y = 2w f(4w N)1/H, a = 2mf—(4m N)I, /H', —
and x=2wf/H. Since Eq. (2) for y becomes
multivalued for a & 1, Pippard has predicted
on this model that the magnetization would
make a step change once during every cycle
in the region x = 2nv (n is an integer) and thus
would appear as a saw-tooth function in the
dHvA effect. The magnitude of the step in I
is expected to vary from zero at a = 1 to (&H)/
4w at a= ~ where &H =H /f is the field sepa-
ration of the oscillations.

Irrespective of the validity of using B for
H as the field acting on the electrons, a sim-

Since the observation by Shoenberg' of an
unexpectedly large harmonic content in the
de Haas-van Alphen (dHvA) effect in the noble
metals and the explanation of the phenomenon
by Shoenber g and Pippard' in terms of mag-
netic interaction among the electrons, there
has been considerable interest in the nature
of the dHvA effect when the magnitude of the
oscillatory magnetization becomes compara-
ble to the field spacing of the oscillations.
Pippard has shown by a thermodynamic argu-
ment that if the field acting on an electron is
taken to be & within the metal rather than the
applied field H, then the expression for the
oscillatory magnetization is obtained by re-
placing H by B in the relation derived neglect-
ing interactions. For a metal having a Fermi
surface with a single extremal cross-section-
al area, the magnetization can be written as

I = I, sin(2~f/8),

where f is the dHvA frequency. We have ne-
glected here the influence of the nonsinusoidal
nature of the dHvA effect in the absence of
magnetic interaction, which results when the
thermal energy is comparable to or less than
the spacing of the Landau levels. Such com-
plications do not appreciably affect the discus-
sion to follow.

Using B = H+ (4m N)I for the fi—eld within a
sample of regular shape having a demagne-
tizing coefficient N in the direction of the ap-
plied field, Eq. (1) can be written, for (4m

N)I/H «I, a-s

pie thermodynamic argument requires that
the variation in the magnetization be no larger
than H'/4mf. If the magnitude of the change
in I were to become larger than this value,
then for some field region in every oscillation
sB/aH&0, that is, more diamagnetic than a
perfect diamagnet.

The basic premise in the treatment of Pip-
pard is the assumption that the effect of elec-
tron-electron interactions can be described
macroscopically by an effective field, the elec-
tron experiencing the field B within the metal
rather than H. The interesting effects arise
from the interactions among electrons in the
same highly degenerate Landau level as it
passes through an extremal area of the Fermi
surface. Electrons on other parts of the sur-
face interact with an electron having an ex-
tremal orbit but presumably the net result
of such interactions is a temperature-indepen-
dent, nonoscillatory Landau diamagnetism,
which is of no consequence to this discussion.
Also, the large steady internal field in a fe'. —

romagnet such as iron'& resulting from local-
ized, unpaired intrinsic spins is a different
case than we are considering here of the in-
teraction among electrons in the same orbital
state.

Influenced by the observations of Plummer
and Gordon' and Halloran and Hsu, ' we have
made a study of dHvA magnetization oscilla-
tions and magnetother mal oseillations'& in
carefully shaped samples of beryllium at
very low temperatures to determine if the
simple substitution of & for H is sufficient
to describe the effect of the electron interac-
tions. Measurements on three different sam-
ples will be reported, a cylinder having length-
to-diameter ratio of 1.6:1, an ellipsoid of rev-
olution with axial ratio 1.6:1, and a circular
disk having a thickness-to-diameter ratio of
1:40.

Beryllium is particularly suited for an in-
vestigation of magnetic interactions. Its Fer-
mi surface' '" consists in part of electron
"cigars" that are slightly pinched in the mid-
dle, resulting in two extremal cross sections,
"waists" and "hips, " for the magneti ": field
parallel to the I0001] axis of the hexagonal
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crysta . ance1. S' the two extremal areas differ
b approximately 3 /o, the dHvA pattern in
the absence of appreciable interaction appears
at low fields as a single frequency, amplitude
mo uae ad 1 t d at the difference frequency, —,).

f BIThis is illustrated by measurements o ( /
BH)& of the ellipsoid in Fig. 1(a). The curva-
ture of the cigar surface with respect to 0&

is very small at the extremals. Thus, the
number of electrons having extremal orbits
and the interaction among them becomes large
at low temperature. The modulation at f,—f,
is no longer sinusoidal; the maximum ampli-
tude of &I/&H saturates [see Fig. 1(b)], in that
't is independent of the phase of the two beat-
ing oscillations, except very close to the re-
gion of a node.

The magnitude of the measured va ulue of dI

~H is not in agreement with the simple pre-
dict' that in the absence of eddy currents

nd dII makes a discontinuous step change and
~H becomes infinite. The data illustrated in

~ ~f tl slow field sweep, and sufi'. cogentlyancien y
low-frequency modulation of small amp i u e,
that changing the magnitude of any experimen-
tal parame er i nt d'd not affect the measurements.
The question then arises as to the reason for
the broadening of the step change in I. Elec-
tron scattering in the usual sense is nonot the
cause as that has already been included in the
calcula con ol t f I in the absence of interactions,
if important. Two possible explanations come
to mind: (1) field inhomogeneity in the metal
result' f om imperfect sample geometry,
or (2) an intrinsic broadening by the electron
interaction. The following discussion zs di-
rected to showing that possibility (1) is unten-
able and that (2) is likely to exist.

A simple extension of Pippard's analysis
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of the consequences of replacing H by B to
include the effects of two extremal orbits of
almost equal cross section can be obtained
by starting from the equation

2~f, . 2~f,I =I0 sin +I02 sin (3)

This relation is more conveniently expressed
as

y = a sin(x —y + 5),

where & =2m(f, +f,)/2H, y = 2&(f, +f2)(4& N)I/-
2H',

I„, I„, —2w( f,—f )6 = arctan "'- "-'- tan
-01 02

and

v(f, + f,)(4n N)—a—

2w(f, —f,)
+ o2 + I01 02cos (5)

The condition (4w —N)I«H has been used.
The coefficient a of Eq. (4) as given by Eq. (5)

can be varied in either of two ways: (1) by
changing the temperature and hence the mag-
nitude of the magnetization amplitudes I01 and

Io, in the absence of interactions, or (2) by
varying the applied field from one region of
the beat envelope to another. For the ellipsoid
at H = 20 kG and cos[2m(f, —f,)/H] =1, the value
of & was estimated at high temperature from
measurements and calculated at low temper-
atures to range from @=0.06 at T =4'K to
a=3 at T =2'K, @=6 at T =1.2'K, and &=7
at T =0.35'K, in reasonable agreement with
the value quoted by Plummer and Gordon at
2'K.

Returning to Fig. 1(b) it can be seen that
the magnitude &I/BH at T =0.35'K is indepen-
dent of the value of the coefficient a as it var-
ies from a = 7 at cos [2m(f, —f,)/H] = 1 to a = 3

at cos[2w(f, -f2)/H J= —1/2. However, the mag-
nitude of &I/&H measured at T = 1.2'K, while
still showing strong saturation in the sense
discussed above, is almost 40% less than at
0.35'K. Thus, the magnitude of SI/BH or I
does not depend only upon a as the analysis
assuming an effective field would lead one to
believe. A broadening of the step change in

the I-vs-H curve caused by field inhomogene-
ity within the sample should be only dependent
upon the sample shape and the magnitude of
a, not on the parameters giving rise to a. It
appears that there exists, therefore, a tem-
perature-dependent mechanism within the
electron-electron interaction which causes
a broadening of the I-vs-H curve.

To observe the dependence of the field B
within the ellipsoid of beryllium as a function
of applied field, a thin cut was made in the
sample and a magnetoresistance probe of bis-
muth inserted. The field experienced by the
probe, which is very nearly B within the ma-
terial for this configuration, is plotted against
H at T =0.35'K in Fig. 2. This plot very clear-
ly shows the deviation of 8 from the behavior
predicted on the basis that the electron inter-
actions are completely describable in terms
of an effective field.

The temperature dependence of the magne-
tization was further studied by performing
magnetothermal measurements using a field-
derivative technique. ' The quantity measured,
the field dependence of the temperature at con-
stant entropy, is related to the magnetization
by the expression

(BT/BH) = (T/C )(BI/—BT)
s H H'

where C is the specific heat. Measurements
of (BT/BH)~ on the cylindrical sample are plot-
ted in Fig. 3 at several different temperatures
for H close to the hexagonal axis. At T = 2.9'K,
where there is little magnetic interaction, the

FIG. 2. Measurement of B vs B for ellipsoid at
0.35'K. Dashed curve indicates expected behavior
for g=7 of Eq. (4) in text.
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FIG. 3. Plot of (BT/BH)z ve H for cylinder at th diffree erent temperatures.

envelope is sinusoidal, but at low temperatmpera ures
ecomes the very odd-looking pattern first

observed by Halloran and Hsu. This pattern
derives its shape from the fact that I tends
to saturate in what would normally be the an-
tinodal region of the beat envelo, , fnve ope, l.e. , for
cos[2w(f, —f,)/II]=1; and, consequently, &I/
'dT is less in that region than for other values
of cos[2v(f, —f,)/&]. As discussed above, I
is still temperature dependent at the lowest
temperatures obtained in these experiments,
but the dependence is not that which is predict-
ed either in the absence of interactions or by
the simple substitution of & for H.

Additional magnetothermal measurements
were performed on a very thin disk, 0.0048 in.
thick and 0.20 in. in diameter. The hexagonal
axis and the magnetic field were both less than
:t' from the nnormal. For this configuration the
field B within the metal is approximatel le y equa
o e applied external field. Assuming the

disk to be an oblate ellipsoid and thus having
a demagnetizing coefficient of N=0. 96(4m)
the predicted value of the coefficient a in the
antinodal region of the beat envelope at 20 ko
and 0.35'K 'is a =0.3. The measured magne-
tothermal oscillations are shown in F' 1( )
and 1~d~. The degree of saturation of I as ex-
hibited by the decrease in BI/&T in the anti-

th
nodal region at T = 0.35'K is comparabl te o
hat observed in the cylinder at T =1.2'K where

a = 6. The deviation of the disk geometry from
that of a regular ellipsoid or the quality of
the surface finish are not considered to be

likely causes of this discrepancy.
In conclusion, these measurements ind t~ln lca e
a the interaction among electrons on a high-

ly degenerate Landau level cannot be described
completely in terms of the field (4n-N)1 with-
in the metal. This would require that the in-
teraction shift all the levels exactly the same
amount. The measurements of the shape and
the temperature dependence of the &-vs-II
curve suggest that there must be a broadening,
not due to a spatial field inhomogeneity or nor-
mal scattering process, but due to the nature
of the interaction itself. In addition, the mea-
sur ements on a very thin disk indicate that
the field experienced by an electron averaged

f'
over an orbit is not simply the macrosco '

ield within the metal. It appears that a micro-
scopic calculation treating problems such as
electron-correlation effects must be consid-
ered.

A more lengthy paper will treat these mea-
surements in detail, as well as the observa-
tion of spin splitting of the hip orbits at high
fields, the influence of magnetic interaction

br
on this splitting, the observation of magnet'gne ic

reakdown between the electron cigar waists
and the hole coronet, and the measurement
of high-frequency dHvA oscillations associated
with the coronet.

We are grateful to J. Quinn for several help-
ful discussions.
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Recently, the periodic stress modulation
of the ref lectivity of semiconductors'~' and
metals'~'~' has been shown to provide useful
information about the band structure of solids.
In principle, if these data are taken over a
sufficiently wide energy range, they will yield,
after a Kramers-Kronig analysis, '~' all of the
information that may be obtained concerning
the changes in optical constants due to strain.
In practice, however, this ref lectivity technique
is sufficiently sensitive to detect only the
changes in the strong direct optical transitions.
The relatively weak phonon-assisted transitions
at the indirect edge of Ge, for example, are
not observed. ' This Letter reports the results
of an experiment where the stress modulation
of the optical properties is measured by means
of the transmitted beam. The results at room
temperature clearly show the phonon and exci-
ton structure associated with the indirect edge
of Ge. The allowed transitions are clearly dis-
tinguished from the forbidden ones, and the
indirect band gap, the dilatation and pure shear
deformation potentials, and the phonon ener-
gies at L can all be directly observed. ' This
experimental method should be generally use-
ful for studying the band structure and phonon
dispersion curves of less well-known indirect
semiconductors.

Figure 1 shows a schematic diagram of the
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FIG. 1. Schematic view of experimental apparatus.

apparatus used for the experiment. A. polarized
monochromatic beam, modulated at f„ is sent
through the sample onto a detector. The sa,m-
ple, which is the central leg of a three-post
yoke, undergoes a periodic strain at the fre-
quency f,. The sample is driven by two matched
lead-zirconate-titanate-type transducers which
comprise the other two legs of the yoke. The
signal received at the detector is analyzed for
both frequencies f, and f, by means of two phase-
sensitive lock-in amplifiers. A voltage propor-
tional to the amplitude of the signal at f„A(f,),
is fed back to a servo controlling the monochro-
mator which maintains a constant transmitted
intensity. To first order the ratio of the am-
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