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The partially conserved axial-vector current
hypothesis (PCAC)! has been successfully ap-
plied to the parity-nonconserving amplitudes
of the nonleptonic hyperon decays? and to the
nonleptonic K decays.® The AJ =3 rules are
proved for all the processes except for the =
decays in the approximation of putting the pion
four-momenta equal to zero.* In addition, the
branching ratio of K 34 /K 97 is calculated and
found to be in good agreement with experiment.

In the present paper we further apply the same
method to the leptonic K-meson decays. PCAC
for the strangeness-changing currents or SU(3)
is not assumed. We assume only charge inde-
pendence for the strong interactions. We cal-
culate here the branching ratios of the K9,
the K73, and the K74 decays. The ratio of Kg4/
K3 turns out to be in good agreement with ex-
periment if we make corrections due to the
momentum-transfer dependence of the form
factors and the final-state interactions of the
di-pion. The ratio K,3/K 2 is dependent on

(k* IS#(O)IN"):cfeiqx(D-u 2)<1r<‘“|[su(0),zr5o

the ratio of the two form factors in Kp,3. We
predict the value of the parameter £=f_/f,
by fitting the ratio to experiment.

We first write down the relations among these
three kinds of leptonic decays in the framework
of PCAC. The hadronic part of the Kj3* decay
matrix element is given by

(KIS “(0) [ 7°)

=i fe -y r{s (0), 0%, (1)

where S, is the strangeness-changing weak
current with /=4 having the transformation
property of ¢y Ll(l +7v5)¥ in the Lorentz space,
and state vectors are normalized as (@ 8)
= 2“’0‘:50165(15(1 -'f)B). By use of PCAC for the
pion,

3 g =(i/c

R (i/c)e, (2)

we replace the pion field ¢? by 8, 5I-1i and car-
ry out the partial integration to get

300)]_10)

X é(xo)d4x+icq0feiqx(D—u2)(K+ ! T{S“(O), 8’503(x)}l0>d4x. 3)

Let g go to zero and eliminate O by partial in-
tegration. Since the second term apart from
q, does not have a singularity like 1/q, we have

lim (kYIS (0)!7°)
q~0 H

=cu2<K+l[Su(0),F53(0)]_10>, (4)
with the definition

Fl0)= Ji*e5 [ &,0). (5)

The commutator (S, F5]_ gives 23S, since
F, is a generator of the chiral U(2)® U(2)* and
Sp has I=3. We can thus obtain the relation
between the K9 and the K;3 amplitudes.
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The relation between the K;3 and the K4 am-
plitudes can be obtained in the same manner;
contract either of the two pions in K4, use
PCAC to convert the T product into the equal-
time commutator, and let the four-momentum
of the contracted pion go to zero, keeping the
other on the physical mass shell. The only
difference from the case of K3 is that we must
be careful about the Bose statistics of the fi-
nal di-pion in the K74 decays. Since we are
not interested in the detailed shape of the spec-
trum, we suppose that the two pions are in
an s wave.%»® We symmetrize the Kj4 matrix
element with respect to the isospin indices
of the pions to recover the symmetry proper-
ty required by the Bose statistics. Otherwise
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the Bose statistics would be badly violated.
Then we get, in the limit of one of the pion
four-momenta equal to zero,’

lim (k*Is (0)l7'77)
g-o "

=(cu 2/2){(K+I[S“(0),F5i(0)]_ )

+K*1lS (0), st ©O)]_ 175, ©)

The right-hand side essentially reduces to the
K3 decay amplitude since the commutators
give back Su(O) with a different charge state,
in general. Interms of K'=°+!+v and K*
-at+7~ +1+v, for example, the above equa-
tion is rewritten as

lim (k*1s (0)Intn™)
g-0 "

= —i(cp?/2¢(K*1S O ), (7

where we have again used the fact that SM(O)
is the AI=3 current.

The hadronic parts of the leptonic K decays
are parametrized as

(k* ls“ 10)= (1/x/2‘)p“f, (8a)
(KT1S 179
n
=(1/\f2—)(17+Q)“f++(1/~/2_)(1>-q)#f_, (8b)
(KTIS Inta™)
i
=(1/\/'2_)(q++q_)ug1+(1/@_)?“32, (8c)

where p and g denote the four-momenta of the
kaon and the pion, respectively, and terms
responsible for the p- and d-wave di-pions

have been neglected in Eq. (8c) according to

our assumption. As far as the rate is concerned,
this is a sufficiently good approximation. Now
let either g or g_ go to zero, keeping the oth-
er on the physical mass shell. Since Eq. (8c)

is related to Eq. (8b) through Eq. (7) in this
limit, we get

g10= —(cuz/z)(f+—f_), (93.)
g°=~(cn?/2)(f, +f-), (9b)

where the superscript 0 means the value of
81,2 in which one of the pion four-momenta goes

to zero. In the same way,

fo+f0==(cn?/2)f

follows. The superscript 0 again means the
value of f, in which the pion four-momentum
goes to zero. We should notice that inK,3
and Kp4 (m, =0), Egs. (8b) and (8c) can be re-
written by use of Dirac equations into

(K+IS“ ) =\2p 1, (10a)
<K+|Su|7r+ﬂ_)=(1/\/§)p“(g1+g2). (10b)

We can, therefore, calculate the K,3/K,4 ra-
tio, if the energy and momentum-transfer de-
pendences of the form factors 81,2 and f, are
known. We shall continue the functions from
the vanishing pion four-momentum to the phys-
ical value.

The dependence on energy and momentum-
transfer is supposed to come from the final-
state interactions of the s-wave di-pion and
the p-wave K interaction. The former is a
consequence of a large scattering length of
the s -wave di-pion, which is often replaced
by the so-called 0 meson. The latter is due
to the K* resonance (890 MeV) and the lower
continuum state of K7. Having this in mind,
we make the following corrections to get the
physical form factors:

1=K (0-aV)/K . (mA)f 0 (11a)

ik (@, +a0)/K, uilg, 5 (11b)

81,2 1,27

where g1,2° still should contain the momentum-
transfer dependence due to K. They depend
on energy and momentum like

g, ,constxK (@, +q_ YK, ((6-9)%) (1lc)

1,2

b

in total. According to conventions, we adopt
a linear function of (p—¢)? for Kk,

K((p-9)))=1+(p-q)*/m*?, (12a)

while we adopt the one-pole approximation to
Ko,

K((@, +9-))=[1-(@, +q_)*/(m_+ziv)’]=*. (12b)

Since the proportional constant ¢ connecting
f, fy, and g, , is known from PCAC,

—_ 2
C—g,,KwN(O)/MNu 2y (13)

we can straightforwardly calculate the decay
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Table I. Estimated values of K,4/K,g for various
values of the parameters myand m*. The width y
has been chosen to be 100 MeV. The unit is 107>,

m*
My 44 5u 6u o Experiment
3u 1.5 14 1.3 1.1
4u 0.99 0.88 0.84 0.70
5u 0.73 0.65 0.62 0.52
© 0.54 0.48 0.46 0.38
Experiment 0.86 0,192

2A, H. Rosenfeld, A. Barbaro-Gartieri, W. H. Bar-
kas, P. L. Bastien, J. King, and M. Roos, Rev. Mod.
Phys. 37, 633 (1965).

rates. We have carried out numerical calcu-
lations® for a few values of the characteristic
masses, m* and my. The ratio K,4/K,3 (Ta-
ble I) is uniquely determined when m*, mg,

and y are fixed. In contrast, the ratio K,3/K 2
(Table II) is obtained as a function of £=f_/f,
for each each value of m*,

We find in Table I that the ratio K,4/K, 3 is
correctly reproduced if we choose m*=~5u and
mg= 4 with the width =100 MeV. If we com-
pletely neglect both the s-wave final-state in-
teraction and the momentum-transfer depen-
dence of the form factors, we would have a
value approximately half as large as the exper-
imental value. The values of m*, mqy, and
v which make our theory fit experiment are
of reasonable magnitudes. On the other hand,
the ratio K,3/K ;3 is not unique for a fixed
value of m*, Recent results of experiments
suggest that m* is around 700 MeV for Kp3+.
If we take this value seriously, £ is predicted
to be ~=0.1. The present experiment is, how-
ever, not so accurate as to give a conclusive

Table II. Estimated values of K e3/ K, for various
values of the parameter m*. The ratio £ =f_/f; has
been calculated in each case.

m* (Ke3/Ku) < (1+£)*  Ko3/Ky2 ¢

4u 0.050 -=0.23
54 0.066 —0.09
6u 0.078 0.01
o 0.130 0.23

Experiment 0.076 £0,004%

2A. H. Rosenfeld, A, Barbaro-Gartieri, W. H. Bar-
kas, P. L. Bastien, J. Kirz. and M. Roos, Rev. Mod.
Phys. 37, 633 (1965).
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value of £. Since the value of m* also has a
large ambiguity at present, our result onKp3/
K, 9 should be tested by future experiment.

In conclusion, our theory incorporating PCAC
of the pion can predict correct orders of mag-
nitudes for the ratios among K, 2, K¢3, and
Keg4. For reasonable values of the parameters
involved in the form factors, the experimental
values of the rates can be correctly reproduced.
The present discussions can be applied to the
electromagnetic and the strong decays with
minor modifications. Further applications will
be given elsewhere.
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“The AI=% rules can be proved only within the
charge independence of the strong interactions. See
Ref. 3.

5t can be shown that the p-wave configuration does
not change the rate of K,y very much. See L. B. Okun’
and E. P. Shablin, Zh. Eksperim. i Teor. Fiz. 37,
1775 (1959) [translation: Soviet Phys.—JETP 10,

1256 (1960)].

81f we take the asymmetric limit without caring

about Bose statistics, we would have

lim <K'S Irfr=)=0,
M
p,—~0
lim (&S IrTr—)=o0,
p_—o *

where p, and p_ denote the four-momenta of 7" and
m—, respectively. We could obtain some restrictions
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from the first relation, but the matrix element in
this limit seems to be a worse approximation to the
physical one as compared with the matrix element
given in the text, unless the continuation is made.
The limit taken in the text does not contradict with

s -wave configuration of the di-pion in contrast to the
limit given above. In our case, Kyy(ntm=)/Kyy(n'70)
=2 is implicitly predicted. In the case of K4 (n'1?)
decay, there does not occur such a problem, and so
our estimate of Kyq(1t7—)/Kgg should be translated

into Ky (1%1%)/K,g3, if one does not adopt explicit sym-
metrization.

If we use a symmetrized spatial wave function nor-
malized to unity for the di-pion, the factor cu?/2
should be replaced by cu?/V2, but accordingly the
phase-volume integral over final states must be re-
stricted to a hemisphere.

8The decay rates with constant form factors are
given in Ref. 4 and L. B. Okun’, Ann. Rev. Nucl. Sci.
9, 61 (1959).
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Some time ago, we obtained a set of relations
between the semileptonic amplitudes of mesons,
which gave an indication that the suppression
of AS=1 transitions relative to AS=0 decays
cannot be due to strong-interaction effects.!
These relations were obtained essentially on
the basis of the chiral U(3)® U(3) algebra of
hadron currents,? partially conserved axial-
vector currents (PCAC),% and the assumption
that the divergence of the axial-vector current
acts approximately like a creation or destruc-
tion operator for the corresponding pseudo-
scalar mesons.

In this note we show that the same relations
can be derived without the latter assumption,
provided we allow one of the meson mass var-
iables to be zero. Irrespective of this mass
extrapolation, we find that our formulas give
a very direct indication for the absence of spe-
cific strangeness-dependent renormalization
effects in matrix elements of axial-vector (and
vector) currents. Especially, we find that those
form factors which are relevant for the deter-
mination of the Cabibbo angle®* are essentially
uneffected by the large K7 mass splitting.

Let us write the matrix elements for semi-

(B | V,(0)=i Vo (0) I77)
i 4 —iK-x
g Jd xe
K K

leptonic K decays in the form

R N
(01A4a—zA5a]K ) zKaBK,

(n°| V4a—iV N K

5

= (1/\/'2_)F7TK{(K +7r)a + gﬂK(K—ﬂ)a}, (1)

with similar expressions for the correspond-
ing m decays. The invariant functions F;g and
£7k have the arguments (-72, -K?; —(K~m)?).
We can write the relations obtained in Ref. 1
in the form

FnK(l * gnK) - [F7TK(1-£7TK)]_1 =BK/Bn’

FM(O) = FKK(O) =1, (2)

with —m2=mg?%, -K®=mpg*®. As far as the mo-
mentum-transfer variable ¢%=(K-7)? is con-
cerned, we have assumed that Fpx and &3k
are slowly varying functions for (mg-my)?
< —g® <(mg+my).

In order to give a more direct derivation of
Egs. (2), we use the reduction formula and
PCAC. Then we have an equation like

@-m, 0 16(=x )6 {4, () +id, @)}V, @=iV @1, @)

)
o

and a corresponding one for the matrix element <1r°lV40—iV50|K+ ), where the dependence upon 7y is
exhibited. Taking the limit K, =0 (or 7y — 0, respectively), and using partial integration with vanish-
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