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for Kr, and for very low energies E (in eV),
we have

tan6(l = 2) = (w/105)(16. 6)(Ej13.6) +0(E'),

leading to values of 6(l = 2) much larger than
those obtained from Fig. 3 of Ref. 1.]

The basic argument, presupposing the ex-
istence of a bound state and considering only
that 0 for the given / and j, is a very special-
ized one and is not conclusive. It proves only
that regions of strong interaction need not lead
to significant R effects, not that they cannot.
It would be difficult to give a conclusive argu-
ment without getting closer to first principles
in discussing the equivalent one-body potential
to be used. Cowardice inhibits us from making

quick simple estimates of the R effects, while

sloth and the absence of more compelling rea-
sons for believing R effects to be really sig-
nificant keep us from making a serious theo-
retical analysis. The results of Rotenberg
and those presented here, combined with the

feeling that v&- V~ will be large orily in that

region, near the origin, where the valence
electron or the incident particle spend little
time because of the Pauli principle and (for
l g0) the centrifugal barrier, suggest that it
is highly unlikely that the S and D equations,
properly used, can really lead to results dif-
fering by a factor of 10. In fact, one suspects
that R effects are probably much smaller, in
general, than present uncertainties in NR cal-
culations.
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The phenomena of single and double ioniza-
tion of helium by electron impact have received
much recent interest both from the theroetical'
and experimental' ' points of view.

Perhaps a fruitful way of looking at the dou-
ble-ionization process is to say that it proceeds
via final- (initial-) state interactions between
the atomic electrons, following (preceding) a
single interaction with the projectile electron.
If we use exact initial- and final-state helium
wave functions in the Born approximation to
first order in the interaction between the pro-
jectile and the atom, we are essentially includ-
ing initial- and final-state interactions between
the two atomic electrons to all orders. Figure
1(a) shows a typical perturbation-theory diagram
which is important for double ionization while
Fig. 1(b) shows a diagram which, being of sec-
ond order in the interaction with the projectile
electron, is unimportant at high incident ener-
gies.

We consider the case where the incoming elec-
tron, although nonrelativistic, has sufficient-
ly high energy so that we may neglect exchange
between the incident and bound electrons. Then,
applying the first Born. approximation, we get

do nz'e4
n+ '~ f l(exp(ik ~ r )4 (rl, r2) l

2'

& Vlexp(ik. ~ r )4'.(r, r ))l' (n=1, 2), (1)i 0 i 1' 2

where ki and kf are the initial and final prop-
agation vectors of the projectile electron and

2 1-. 1V=-—+ +
+0 +0'f ' +02

is the interaction potenti. al. The coordinates
rp r y and r, denote the incoming and the two
atomic electrons, respectively. The function
4', (rl, r2) is the exact ground-state helium wave
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FIG. 1. Typical perturbation-theory diagrams for
ionization processes. Solid lines refer to electron
propagation in a central Coulomb field. Dashed lines
denote free-electron propagation. Wavy lines refer to
interelectronic interactions.

section for single ionization is nearly equal
to the total ionization cross section. In addi-
tion, because we assume that the incident elec-
tron energy is large, we may neglect kinemat-
ical restrictions in summing over final states.
We can therefore evaluate the single-ionization
cross section by making use of the closure the-
orem. This yields

0 =v [(@.1(r cos8 +r cos8 )'I+.)
+ 0 i 1 1 2 2 i

function while Cy(rl, r2) describes the final state
of the atomic system including in principle the
interaction between the two atomic electrons.

If we neglect completely the correlation' be-
tween the atomic electrons in both initial and

final states (i.e. , both 4'i and 'kf are products
of hydrogenic functions with Z = 2), then by or-
thogonality and Egs. (1) and (2) we have exact-
ly o++ ——0, showing that the double-ionization
process in first Born approximation is purely
a correlation effect. This is clearly not the
case for single ionization.

After integration over the r, coordinate it
is easily shown from Eg. (1) that the total cross
sections are given by

4mme k +k 1
(7 = ~ f

n+ 8 E. f i f

l(@.Ir cos8 +x cos8 I+ )I'],
1 2 2 n

n bound

where

o = (4~a 'lnE )/E. , .
2 i' (6)

cr+ = 0.516oo.

Using a more elaborate variational wave func-
tion for the helium ground state given by Eqs.
(10) and (ll) below, we find

o+ = 0.485oo.

E; being measured in Rydbergs. Using a Har-
tree-Pock wave function for the ground state
and simple Eckart-type wave functions' for
the relevant excited states, we get

x l(y (r, r )[exp(iZ rl)1' 2

+exp(iZ r2)]14'.(r, r )) I'dA,
2

where E2 is the incident projectile energy and
we have used the change of variable implied
by

b =k.—
2

(3)

(4)

This shows that the single-ionization cross
section at high energies is relatively insensi-
tive to correlation effects. The experimental
result is o+=0.489oo.

Next, we turn to the calculation of the dou-
ble-ionization process. In this case

0 =o P I(+.(r, r ) l(r cos8++ 0 2 1' 2

+r2cos82) IC (r, r )) I',

It is apparent from looking at Eti. (3) that the
dominant contribution to both single and dou-
ble ionization comes from electrons which are
ejected with low velocities (i.e. , ki —kf is small)
and from the term linear in & in the expansion
of exp(iZ r) for small b, .

Keeping this in mind we now calculate the
single-ionization process. Since the double-
ionization cross section is very small, the cross

where 4y(rl, r2) is a state of angular momen-
tum I- = 1, Ml -—0, with both electrons in the
continuum. %e have included increasing amounts
of correlation in the initial state by making
the following choices for the form of the ground-
state wave function +i.' (1) a one-parameter
Hylleraas wave function with effective charge
&*=27/16; (2) a Hartree-Pock wave function;
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(3) a, wave function of the form

where

+.(r, r ) = (1/«)[fl(rl, r2)+f2(rl, r2) cos~12],i 1' 2
(10)

m+n ~3
f.(r, r ) = Q A (r r +r r )exp[ &a-(r, +r,)] (i =1, 2),

(i) m n n m

i 1'2 mn. 1 2 1 2m&n

and where the parameters a and A n
' are determined variationally. One finds a=3.70. The values

of the 12 coefficients Amn t are given in Table I. These wave functions give, respectively, for the
ground-state energy of helium the values E, = -2.847 a.u. , F., = -2.862 a.u. , and F., = -2.898 a.u. Hence-
forth, the wave function given by Eq. (10) will be referred to as the "exact" wave function.

For the final state we use product wave functions of the form

4' (r, r )= —Q (I m l m 110)[y '(r )q '(r )F (& )& (& )+(r —r )],
gm p

in which ~, and Z, are the effective charges
seen by the outgoing atomic electrons and k,
and k are their propagation vectors. Using
this final-state wave function along with our
three approximations for the initial state, we
have evaluated a++ by using the closure theo-
rem on the single-particle states. This enables
us to reduce the integration over the double
continuum of final states to a discrete sum
which was readily evaluated numerically.

Figure 2 displays the quantity a++/vp ( in
the case Z, =Z, =Z) as a function of Z. The
three curves correspond to the three choices
of initial states discussed above. It can be
seen that the inclusion of increasing amounts
of correlation in the initial state significantly
modifies o~+/ap in the region of relevant Z,
which lies between ~ =1.5 and Z =2.0. This
latter choice corresponds to no correlation
in the final state, whereas Z =1.5 corresponds
to a model in which each outgoing electron shields
the other one half of the time. We feel that
the actual physical situation is closer to the

latter case than it is to the former. Experimen-
tal results "suggest a value of a~+/op = 2.5
&&10 ', i.e. , v+/a++ --200, which is obtained
from the "exact" initial-state wave function
with a reasonable choice of Z:—1.55 for the
final state. The striking difference in Fig. 2
between the Hartree-Fock and "exact" cases
is due primarily to the inclusion of angular
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Table I. The coefficients A~„of the "exact" wave
function.

10

(m, n)

(0, 0)
(0, 1)
(0, 2)
(0.'3)
(1,1)
(1 2)

(i)
&mn

8.77412
2.87912
4.27527

-0.22646
-3.78099

0.44706

&mn
(2)

0.10706
-1.96291

2.17677
-0.45481
-2.39768

0.60797
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FIG. 2. The ratio cr~+/a p vs Z.
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correlations through the relative P-wave term
in Eq. (10). Although this term is smaller in
magnitude than the relative s-wave term, its
effect is greatly magnified because of suppres-
sion (due to small overlap with the final state)
of the relative s wave in the region of interest-
ing Z.

Under the less realistic assumption Z, =1
and Z, = 2 and using a Hartree-Fock wave func-
tion for the initial state (it can be shown that
these assumptions are essentially equivalent
to those made in Ref. 1), one obtains after some
manipulation the ratio o+/o+~ =210 which is
very close to the value computed in Ref. 1 using
the sudden approximation. However, if we in-
clude angular correlation by using the wave

function given in Eq. (10), we find that the agree-
ment with experiment is considerably worsened:
o~/o+~ = 275.

It should be noted that the experimental ratio
o+/o'++ = 200 which we used above is inferred
from the work of Kistemaker et al. below an
incident electron energy of 1 keV. Beyond this
energy, a serious departure of 0++ from a
(log&;)/Ef dependence seems to appear. '" This
cannot be explained by the approach discussed
above. In fact, it is possible that higher terms
of the Born series, whose size will not be re-
duced because of small overlaps (which was
the case above for the first Born contribution
to o++) could contribute significantly to a++
up to rather large energies. Also to be consid-
ered are terms proportional to 1/E& coming
from the first Born approximation. Thus, al-
though we conclude that the asymptotic behavior
of cr++ at sufficiently high energy must be of

the form (logEf)/&f, it is difficult to ascertain
precisely how large this energy should be. In
view of the implications of these results for
the understanding of ionization phenomena and
multiparticle scattering theory, it is important
that further experimental studies at high ener-
gies be carried out.
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The Mn ' nmr of dilute impurities of Mn in
Fe exhibits a temperature dependence to the
frequency for resonance vT below T~ which
is distinctly different from the corresponding
behavior of the iron-host magnetization cry. '
This dependence has been interpreted' as di-
rect evidence for the existence of a localized
moment on the Mn ion of fixed magnitude S.
The behavior of the thermal average (S~), to

which vy is proportional, relative to gT indi-
cates that the Mn-Fe exchange coupling is sub-
stantially weaker than the Fe-Fe interaction.
Neutron scattering experiments~ appear to con-
tradict these results, suggesting instead that
a negligible spin magnetization, either "local"
or not, resides on the Mn site. The interpre-
tation and results af recent Mbssbauer studies'
of the Fe near neighbors to a given Mn seem

1142


