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trices 4&4 and 47&47, respectively, after due
reduction for rotational symmetry around the
cylinder). The small bump occurring around
p, /kT=3 for N =5 is readily changed into a high
narrow peak for N = 10 at p/k T = 3.6 with the
corresponding values p/kT =0.74 and p =0.175
(maximum density of this system is p = 0.20).
This clearly demonstrates that this system
will (in the limit N —~) display a phase tran-
sition. No definite conclusion about its exact
nature can be drawn here. It appears, how-
ever, that the peak of Fig. 2 is much sharper
than the corresponding one observed, by Run-
nelss for first-neighbor exclusions only', there-
fore, the transition reported here could well
be of the first-order type. This view is con-
firmed to some extent by approximate calcu-
lations for this same system based on the Rush-
brooke-Scoins theorem' (which is nearly equiv-
alent to the Kikuchi method): Including all con-
figurations based on groups of five sites and

less, we found a first-order phase transition
with the following features:

p . *=0.160, p . *=0.192, (p/kT)*=0. 738,fluid ' solid

(p, /kT)*=3.64, S . =0.78k,
fusion

in good agreement with the position of the peak
of Fig. 2.

A detailed account of this work will be pub-
lished soon. We are much indebted to Profes-
sor I. Prigogine for his constant interest in
this research.
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We wish to report some preliminary measure-
ments of the attenuation of ultrasound, n(&d, T),
in liquid He' at low temperatures and at fre-
quencies of 30, 90, and 150 Mc/sec, where
~ is the angular frequency and T the absolute
temperature. Interest in this work arose be-
cause of the disagreement among the va, rious
theoretical explanations advanced to explain
the attenuation and because the reported experi-
mental results failed to support any of the the-
ories.

Landau and Khalatnikov' made a power ser-
ies expansion of the dispersion relation, which
for small momenta can be written e(P) = cP(1
-yP'), where c is the velocity of sound. They
used the available experimental results to eval-
uate the constants and pointed out that y was
positive; consequently, energy and momentum
could not be conserved in a three-phonon pro-
cess. They concluded, therefore, that the low-
est order process that could contribute to the
attenuation was a four-phonon process. For
this latter mechanism, Khalatnikov' showed
that a varied as &T'. Others' ' assumed the
three-phonon process and found that e varies

as uT4. Kawasaki justified this assumption
by pointing out that if the energy uncertainty
(5e) arising from the finite lifetime (~) of the
thermal phonons satisfied the inequality 5e = k/
v ~ 3yPEh(d, then the three-phonon process
could take place. The average thermal phonon
momentum P is 3kT/c. Recently Kwok, Mar-
tin, and Miller and Pethick and ter Haar re-
calculated the attenuation arising from a three-
phonon mechanism by taking into account the
finite phonon lifetime and found'

w' (u+1)' ~(kT)'
60 p Vc'

& [are tancd ~—arctan( 2yp ~ T) ],

where p is the density and u = (p/c)&c/Bp. At
temperatures beldw 500 mdeg, +7» 1 for the
frequencies used in our experiments and one
can then replace arctanev by w/2. In the one
limit where —2yp(us& 1, one recovers the pre-
viously mentioned expression for the three-
phonon process, o. o=&T4; in the other limit
wllere 2yP (d7 & 1, OIle obtaills aII expressioI1
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for the attenuation which is independent of fre-
quency. Recently Khalatnikov and Cherniko-
va' derived an expression [Eq. (3) of their pa-
per] which agrees within a factor E/2 with Eq. (1)
in the limits y = 0, w~ » 1.

The experiments reported here show that
the attenuation varies nearly as 74 but that
the frequency dependence does not follow a
simple power law. In fact, the experimental
attenuation appears to become independent of
frequency at the higher frequencies. These
experiments are qualitatively explained by Eq. (1)
and support the three-phonon process as the
major contribution to the attenuation in the tem-
perature range 120-450 mdeg.

The copper sonic cell was constructed as
a bomb; it was filled at room temperature with
purified helium to a pressure of 500 psi and
sealed off. In this way all problems arising
from film flow or thermal conductivity through
bulk He II were avoided. The cell was thermal-
ly bonded to a potassium chrome alum refrig-
erator pill. Carbon resistance thermometers
were fastened to both the refrigerator and the
cell; in addition, a cerium magnesium nitrate
magnetic thermometer was fastened to the cell
only. The thermometers were calibrated in
situ against the vapor pressure of liquid He
over the temperature range 600-1600 mdeg
at the beginning and end of the experiment.
Within the error of the temperature measure-
ment (+2 mdeg) the calibration remained un-

changed. The low temperatures were reached
by adiabatic demagnetization from 500 mdeg,
obtained with a He' cryostat.

Freely vibrating, coaxially plated, 30-Mc/
sec transducers were employed for both the
transmitter and receiver. The transducers,
clamped only at the rim, were separated by
a fused-quartz spacer 1.022 cm in length. The
rise time of the pulse was about 10 psec and
the width about 30 p, sec, which is to be com-
pared with the one-way transit time through
the He of about 50 p, sec. No detectable change
in the warming rate (0.3 mdeg/min with no
applied rf power) was observed at the repeti-
tion rate of 10 cps used in this experiment.
The total insertion loss from transmitter to
receiver was 40 dB at 30 Mc/sec. With rf pulses
of 5 mW peak power, the signal-to-noise ra-
tio was 70 dB at the low temperatures. Even
at very low power levels, it was observed that
the attenuation became amplitude -dependent;
consequently, all measurements were careful-
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FIG. 1. Ultrasonic attenuation at 30 Mc/sec as a
function of temperature.

ly checked so as not to exceed the critical pow-
er level. The attenuation was measured rela-
tive to a comparison pulse which initially was
obtained from a separate oscillator. In the
later measurements a single oscillator was
used to eliminate any errors arising from rel-
ative amplitude drifts in the oscillators. A
"wave guide beyond cutoff" attenuator with an
accuracy of 0.01 dB was used for all measure-
ments.

After demagnetization the temperature of
the cell was followed for a period of about one
hour to be certain of temperature equilibrium.
During this time interval the temperature change
was never more than 6 mdeg; as a consequence
several measurements of the pulse height es-
tablished an accurate reference with which
to compare changes in attenuation. The cell
was then heated and after temperature equilib-
rium had been re-established the pulse height
was remeasured. This procedure was followed
until the signal disappeared into the noise or
until finite-amplitude effects precluded further
measurements.

Figures 1, 2, and 3 show the attenuation as

1040



VOLUME 16, NUMBER 23 PHYSlCAL REVIEW LETTERS 6 JUNs 1966

a function of temperature for 30, 90, and 150
Mc/sec, respectively. Between approximate-
ly 120 and 150 mdeg no change in pulse height
was observed for the 90- and 150-Mc/sec runs
within the reproducibility of the data (+0.1 dB).
This observation, coupled with the theoretical-
ly supported assumption that n o=T+, where
n ~ 4, allows us to assign to the lowest temper-
ature point a value of zero attenuation with an
error of at most 0.1 dB. Thus, the data plot-
ted in Figs. 2 and 3 can be considered as ab-
solute attenuation measurements. In the low-
temperature region where the data can be fit-
ted to n =AT, n equals 4.45 and 4.05 for 90-
and 150-Mc/sec data, respectively. The ref-
erence level for the 30-Mc/sec data was not
established as accurately as the level for the
other frequencies because of an experimental
mishap; however, these data are reliable with-
in the stated error (+0.1 dB) as relative atten-
uation measurements. By adding 0.6 dB to all
the data in Fig. 1, which is not an unreasonable
amount, the curvature exhibited at low temper-
atures would be removed and the data would
lie on a straight line with slope corresponding

to n = 3.99. The attenuation measured at the
minimum, ca. 2'K, is 5.5 dB/cm. If this val-
ue is scaled as (u' to 12 Mc/sec, one obtains
0.89 dB/cm. This value is 0.24 dB/cm high-
er than the value measured by Chase, ' but
is within the quoted combined experimental
errors.

Two additional high-temperature runs at
30 Mc/sec were also made. These runs were
normalized by adjusting the value at the min-
imum in the attenuation curve (T = 1.9'K) to
coincide with that for the low-temperature run.
One high-temperature run was made at 90 Mc/
sec and normalized to the low-temperature
run.

The maximum frequency used in this experi-
ment is a factor of 10 greater than any used
in previously reported ultrasonic studies in
liquid He and the minimum is a factor of 2

greater. Thus, it is not possible to make a
meaningful comparison between these results
and those of other workers, "~"particularly
those of Jeffers and whitney, "who find that
n cc v"'T' in the frequency range 1-12 Mc/sec.

In conclusion we can say that the temperature
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FIG. 2. Ultrasonic attenuation at g0 Mc/sec as a
function of temperature.

FIG. 3. Ultrasonic attenuation at 150 Mc/sec as a
function of temperature.
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dependence of the attenuation is close enough
to T' to support firmly the three-phonon pro-
cess as the principal attenuation mechanism
between 120-450 mdeg. The data are not yet
complete enough to draw detailed conclusions
about the frequency dependence except to say
that the attenuation is becoming independent
of frequency as the frequency is raised. This
observation is in qualitative agreement with

Eq. (I), which is based on the three-phonon
process.
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The electronic properties of an otherwise non-

magnetic metal into which has been dissolved
a dilute concentration of magnetic impurities
have been obtained starting from the Anderson
Hamiltonian':

then we shall consider the case U»A. Even
in this case, however, a perturbation expansion
in powers of b, /U is not valid for a» T. If we
define the Green's function for the d electron
by

X=+ g d d +Un n +5~ 8- C- C-

+Q- v-(d ~c- +c- ~d ),kg k g kg kg g '

where Vp = Vk, do't is a creation operator for
an electron in the single d orbital, Ck~f is a
creation operator for a conduction electron of
wave vector k, and where

h = 8 g(xH, —
dg

= 8--vH
kg k

G ((u)-=iJ e ([d (t), d ] )dt,

then for l&u —eFI«T, Gdo(&u) may be expanded
in the form

h (,(,—)l
m=0

(4)

In this work the interaction U is treated ex-
actly, in contrast to the more usual Hartree-
Fock approach. If we define 6 by

~ =7) V~ 'p(e ),
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where lng = 0.577 ~ ~ and where D, considered
to be of order U, is introduced as a lower bound

on the conduction-electron energies in order
to obtain convergent integrals when Vt, and p(eh, )
are treated as constants, and where n&=(de~do).
The function h (n ~, $, b. /U) may be expanded


