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Table I. Experimental tests of Egs. (4) and (5).2

E otot(PP)—0tot(pD) 5lotot(np)=0tot (1" p) (5/4)lotot(pn)—otot(pn)]
(BeV) (mb) (mb) (mb)
6 18.7+1.3 11.5%2.0 21.2% 5.5
8 16.4+1.0 12.0£2.0 19.4% 5.3
12 12.3£1.0 8.5+2.0 16.7+ 5.1
14 11.6+1.1 7.5%2.0 16.5% 5.1
16 10.5+1.0 8.5£2.0 15.6+ 5.1
18 11.6+4.1 7.5%2.0 6.5+11.5

2The data are taken from W. Galbraith, E. Jenkins, T. Kycia, B. Leontié, R. Phillips, A. Read, and R. Rubin-
stein, Phys. Rev. 138, B913 (1965). The numbers in the last column carry large errors and therefore the test of

Eq. (5) is less accurate than that of Eq. (4).

Note added in proof. -We would like to add
that upon inclusion of kineton corrections
[P. G. O. Freund, Phys. Rev. Letters 14, 803
(1965)], a small departure from unity of the
singlet-to-octet ratio in formula (2) can be ac-
counted for.

*Work partially supported by the Atomic Energy
Commission and National Science Foundation.
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5We do not make any assumptions concerning the
even charge-conjugation states, and thus about the
Pomeranchuk shrinking or nonshrinking of diffraction
peaks.

®In the limit in which only even charge-conjugation
SU(3) singlet exchange (in the { channel) is taken into
account, one obtains the relations atot(K"' p)= ctot(K-p)
=01t (17D) = Oyt (17p) = 010t (M B) and 0y (pP) = Otot (Bp)
= 0tot(BB) =010t (BB) [P. G. O. Freund, M. Ruegg,
A. Speiser, and A. Morales, Nuovo Cimento 25, 307
(1962)]. A universality for this C =+1 SU(3) singlet
exchange can be formulated [P. G. O. Freund, Phys.
Letters 2, 136 (1962)] in the form oyo M B) = (m /M)
X 040t (BB), where m and M are the central meson and
baryon masses. In view of the universality prediction
m/M =% (P. G. O. Freund, Phys. Rev. Letters 14, 1088
(1965); 15, 176(E) (1965); and to be published), this
relation takes the form oyo (M B) = 01,4 (BB) in reason-
able agreement with experiment.
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High-precision determinations of differences
in total cross sections for and 71i on protons
have recently been made for the momentum
interval 6 to 20 BeV/c.! Such data on total cross-
section differences, A p=04{AB)-04AB), at
high energy are particularly suitable for the
study of symmetry predictions since invariance
principles considerably simplify the dynamics
involved.

A phenomenological study of the A4 p is great-
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ly facilitated by the following factors:

(i) The A4 p are linearly related to the imag-
inary part of the elastic amplitudes by the op-
tical theorem. At high energy the elastic am-
plitudes are expected to be dominated by Regge
meson exchanges in the channel A +4 -~ B +B.2

(ii) Only trajectories of exchanged mesons
with odd charge-conjugation quantum number
C contribute to the A4 5. For meson-nucleon
scattering (Apzy), the exchanged meson must
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have natural parity P=(-1)Y (i.e., signature

7 =P) due to the coupling to the external pseudo-
scalar meson pair. In nucleon-nucleon and
nucleon-antinucleon scattering at high energy,
trajectories with 7 =~-P and P =+ make no con-
tribution to the Ayy.® Furthermore, since no
mesons with odd C, even J, and odd parity (1
=—P and P=-) have been established, the Ayy
should also be dominated by exchanges of me-
son states of natural parity and odd C.

(iii) The observed meson states of odd charge-
conjugation quantum number and natural parity
are satisfactorily classified as a single SU(3)
vector nonet (K*,p, w, ¢).

In this Letter we analyze the Ay, and Any
in terms of the Regge trajectories of the vec-
tor-meson nonet. The ratio of the p-meson
couplings to the conserved 77 and KK meson
currents is determined, and it agrees within
one standard deviation with the SU(3)-invariant
coupling prediction. From a statistical fit to
the data, the f/d ratio of the VBB charge cou-
pling, the ratio of the VNN to the VMM cou-
pling at zero momentum transfer, and the
trajectory intercepts oy, are evaluated.

The asymptotic contribution of the Regge
pole of a vector meson V to the total cross sec-
tion may be written in natural units (F=c =1)
as

ot(AB)
3 a2 2\%V
_Yav'Bv ﬂmF(aVu) S-My -Mp )
T Jl/2 ’
s qAB(s) F(aV+1) S,

where we have used the factorization theorem*
for the dimensionless residue y4g. In Eq. (1),
g4 p(s) denotes the center-of-mass momentum;
S, is an arbitrary scaling factor which we fix
at (1 BeV)? in our subsequent analysis. For
economy of notation we define

ZaV

Mo, +3) (s-M 2--M )

14 A B
Do, +1) s, (s)

R B(s)sn”2 . (2)

AV q AB
Through invariance under charge conjugation

and isotopic-spin rotations, we can isolate the

separate (I, G) meson exchange contributions

in terms of the A4 g. We find for the (1, +) con-

tribution

1

A =
284, YﬂpyppRnpp(s)’ (3)

1 - =

3l 1= (s). (5)

A -A R
pp”"pn' Tpp ppp
The corresponding results for the imaginary
part of the (0, =) amplitudes are slightly more
complicated due to the presence of both ¢ and
w exchanges:

%[AK+p+AK+n]

=YK¢YP¢RKW>(S) +7Kw7prKwp(S)’ (6)

]

—- 2
"o “oop
The signs of the residues in Eqgs. (3) to (7) are
the signs at the physical poles, ¢=-m .
The general SU(3)-invariant interaction La-
grangians for the vector-meson nonet® residues
at t=0 are

Ly =2y MV 0 M), (®)

1
oy, +ay,

(s) +ypw2Rpwp(S). (7

Lo zp =‘/77N(f<§yu[V#,B]>

+d(By “{V“, B} + B(V“)(By #B»’ (9)

where () denotes trace over SU(3) indices.

For our purposes the relevant members of the
nonet are V,'=(p°+w)/V2, V,2=(-p°+w)/V2,
and V,*=-¢. The residues of Egs. (3) to (7)
may be expressed in terms of the SU(3) param-
eters of Egs. (8) and (9):

e AL I Tt O (10)
YPp:(fﬂi))’N,
Vo= V2 U=d=Blyy,
Y=l vd+28Yy. (11)

We adopt the conventional normalization f+d=1.
The p-meson trajectory.—The contribution

of the p-meson trajectory to meson-nucleon

total cross sections serves as a test of exact

SU(3) symmetry for the residues. According

to Egs. (3) and (4), the cross-section ratio

[A@—AK+n]=2pr RKpp(s) 2
Arp 1o Rapp'®

is determined up to a known kinematic factor
by the couplings of the p meson to the conserved
pseudoscalar meson current at £=0. From
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Eq. (10) the exact SU(3) symmetry prediction
1

is vgp/vnp=3°

The measured values of A+, and [Ag+
-AK+n] were simultaneously used in Egs. (3)
and (4) to determine the three parameters y, ,
YKp» and a,. With 25 measurements®’’ the
least-squares fit gave

ypK/‘ypn=0.57iO.06, (13)
ap=0.481 0.05, (14)
ypKypﬂ=2.61i0.05, (15)

with ¥*=16. The ratio of the residues is in
good agreement with the exact SU(3) couplings.®
The cross-section second difference [A
‘Apn] appearing in Eq. (5) is valuable for eval-
uation of yN/yM independent of the parameters
associated with the (0, -) exchanges. Unfortu-
nately, this second difference is at present
not too well determined experimentally.® With
the available data for Egs. (3) to (5), we find

NG BESEA (16)

We note that Eq. (5) indicates that [APP—AP'I]
must be positive.

w, ¢, and p trajectories.—For the vector
meson nonet, the general mass-splitting Lagran-
gian has the form

m?=a(VV) +bQVV) +c(V)* +d(V)(A V), an

where the 3 X3 matrix ) is AaB=Ga3GB3' With
an “Ansatz” requiring the nonappearance of
(V) in the mass Lagrangian (i.e., ¢ =d=0),
Okubo obtained the mass formulas®

2_, 2
m, N (18)

2 _ 2 2
mgo —me* - (19)
The implication of Eqs. (18) and (19) for approx-
imately linear nonet trajectories is o, ~«a

and « @ <% As a working hypothesis we take
ay =ap. Nevertheless, we find that our solu-
tions are quite insensitive to the precise value
of o, for @y Sa, Sap.

The suggestion that nonet couplings should
also not include terms which involve (V) as a
factor!® implies that 8=0 in Eq. (9). We are
now in a position to investigate this speculation
about 8 in a simultaneous fit to Egs. (3) through
(n.

Since the coupling ratio of Eq. (13) is consis-
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tent with exact SU(3) symmetry, we henceforth
use the couplings of Egs. (10) and (11) in our
over-all statistical fit. Then Egs. (3) to (7)
contain six independent parameters: B, ypy,
yN» f/4d, ap, @y (aw=ap). We adopt the fol-
lowing procedure for the analysis. For a fixed
value of 3, we determine the remaining five
parameters by minimizing chi square. In order
to obtain a reasonable fit to the data, we find
that 8 must be constrained to the interval —1.0
<8 <1.0. In Fig. 1 the solutions for the param-
eters are plotted versus 3. We note the follow-
ing conclusions from the statistical fit to the
58 measurements!’?’1° in the momentum inter-
val 5 to 20 BeV/c:

(i) The f/d ratio of the VBB charge coupling
is insensitive to 8. The value is™

f/d==-2.0£0.4. (20)

This shows a significant deviation from the

prediction of universality? or SU(6) and U(12)?s
2.41
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FIG. 1. Plot of most likely solutions for the param-
eters vpryn, YN/ Y f/d, 1@ versus the parame-
ter B. Cf. Eqgs. (3)-(7) and Egs. (10)-(11). Representa-
tive errors are given for each parameter. The values
of x? for the fits are indicated on the right ordinate.
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FIG. 2. Experimental measurements!»"1 of the
cross-section differences Ap , ns AK+p: Agty, and
A,r+p, where Ayp = ct(ZB)—at(AB . The curves shown
were calculated using the parameters of Fig. 1 for

g=0.

which give d =0. Universality predicts in addi-
tion that ypr=yN.
(ii) The limits on yp/yys from the data are

Y
0.5<-Y<1.5.
"M
More precise data on the Ay are needed to
improve the value for this ratio. Similar con-
clusions apply to the determination of 3.
(iii) « o is unchanged for all choices of 8,

a =0.48+0.05.
p

In Fig. 2 we show the fit with 3=0 for the

AMN and ANN.

For the purpose of evaluating the Johnson-
Treiman SU(6) predictions'*!%
(21)

= = l
An+p Bptn ZAK+p’

we can regard our statistical fit as an interpola-
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FIG. 3. Evaluation of the Johnson-Treiman SU(6)
predictions Agty =Ag+, =38K*p. The error corridors
are the result of our statistical fit to the experimental
data., The ratios shown should equal one if the J-T re-
lations are satisfied.

tion formula for the Apsy. In Fig. 3 we com-
pare the fit to the Apsy with Eq. (21). It appears
that the SU(3) sum rule of Egs. (10) and (12)
gives a much better representation of the data.!®
This is consistent with the value of f/d found
in Eq. (20).
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Recently a series of articles!’? was published,
concerning the impossibility of explaining mass
splitting within the context of finite-order Lie
algebras, containing the Poincaré (inhomogen-
eous Lorentz) Lie algebra L. It is the aim of
this Letter to analyze the results of the quoted
articles, and to show that —lacking mathemati-
cal rigor —the author did not prove what he in-
tended to.

To begin with, let us discuss the problem
of mass differences.? The author claims that
if the operator P? representing P#P“ is self-
adjoint on the Hilbert space H on which a rep-
resentation of a Lie algebra E DL is defined,
and if its spectrum contains a (real) eigenval-
ue m?, then the (closed) eigenspace H,, of P
belonging to m? is invariant with respect to
the operators representing E. We remark that
all that is used about m? is the fact it is a point
in the discrete (also® called point) spectrum,
and it may, or may not, be isolated. Let us
analyze the demonstration. We shall denote
by D(X) the domain of the operator X on H;
obviously H,, C D(P?). Let e represent on H
any element of E, and H,,€ be the subspace
of those % in H,,M D(e) such that

N 2n
en€ N D(P™).
n=1
From the nilpotency of P “Pﬂ in the enveloping
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algebra of E, we know that adVP2=0. We can
then consider (P2-m2)Neh and, since (P2-m?)h
=0 for h€ H,,%, we have

(Pz-mz)Neh = (Pz-mz)N—l[Pz, eln,

from the definition of the commutator, an ex-
pression which is well defined (notice that we
cannot replace the commutator by its value
before checking that the obtained expression
is defined). Thus

(P2-m2)Neh = [(adNPz)e]h =0,

and therefore eH,,® CH,,. We can infer there-
from that the space H,, is invariant only if
Hme is dense in H,,, for every e in the repre-
sentation of E. Now, the set

N
H =€ H;hED(E),en€ N D(pz")}
n=1

is in general a dense subspace of H (not coin-
ciding with H), and H,,,° =H,,NH®. Instead
of all the Hé’s, we can also consider a dense
subspace D of H, on which all operators repre-
senting finite-order elements in the enveloping
algebra of E are defined (this is usually the
case?); if H,,’ =H,, 1D, we shall have eH,,’
CH,, for all the e’s.

But, in a Hilbert space H, the intersection
of a closed subspace F with a dense subspace



