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9For w and k in the helicon regime of interest here,
Doppler-shifted cyclotron resonance effects are negli-
gible.

Orhis dispersion relation is the same as that used in
references 1-3. It should be noted that the self-mag-
netic field of the dc current has not been included. It
may not be possible to neglect this field compared to
the applied magnetic field without simultaneously en-
dangering the one-dimensional assumption. This re-
quires further study.
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In this paper we report new information on
differences between the charge distributions
of Ca*® and of Ca*, obtained by means of elas-
tic scattering of 250-MeV electrons.! As is
the case with single isotopes, more detail can
be detected with this method than with muonic
or optical isotope shifts. An interesting result
was obtained recently, by the muonic-atom
method, that the equivalent radius R =[5(+%)/3 ]!/
increases by only about 0.8%, compared with
the A'/® prediction of 3.29%.2® We agree with
this result and find additionally that this 0.8%
increase of R arises from a 2.2% increase in
the half-radius of the charge distribution, to-
gether with a 1.6% decrease in the skin thick-
ness.

We recall that the A'/® dependence of the nu-
clear half-radius, ¢, deduced from electron
scattering, came from experiments on seven
nuclei, Ca to Bi, widely spread through the
periodic table.* It is thus measured only as
a gross property for large variations in A.
Either for simplicity, or to utilize the fact that
an A3 variation of ¢ with A, coupled with a
constant surface thickness, produces a central
nucleon density roughly independent of 4, the
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detailed A% dependence of ¢ has perhaps ac-
quired a more solid status than present exper-
iment warrants.’»® What the muonic x-ray mea-
surements obtained, and what our new electron
scattering results probe in greater detail, is
the modulation, possibly due to nuclear shell
structure, of the gross A'/® dependence of the
nuclear size.

The basic idea, suggested some time ago,’
is to measure experimentally and analyze the-
oretically not the differential cross sections
of the separate isotopes, but the isotopic dif-
ference in these quantities or, equivalently,
the ratio of the cross sections. Most of the
systematic experimental errors associated
with an absolute cross-section measurement
are eliminated by taking the ratio of the cross
sections. Theoretically, the connection with
the isotopic ratio of charge densities is also
made more directly.

We have carried out this comparative exper-
iment on Ca* and Ca* by alternating the tar-
gets and measuring the cross sections for both
isotopes under the same experimental condi-
tions. The basic method has been described
previously.? An improvement in technique has
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FIG. 1. Magnetically analyzed spectra of electrons
scattered at 250 MeV from Ca%’ and Ca*. The 100-
channel ladder was used to obtain the data. In all
cases studied the elastic peaks were well separated
from the inelastic structure.

been made since the earlier work by adding

a 100-channel “ladder” detector in the region
of the focal plane of the Stanford 72-in. spec-
trometer.® Figure 1 shows an example of the
spectra of scattered electrons observed with
each isotope. In this paper we shall concentrate
only on the elastic peak, and for the purposes
of this paper we form the quantity Deyp, = [o(40)
—0(44)]/[0(40) + 0(44)] by inserting the appro-
priate elastic cross sections for the two cal-
cium isotopes.

The targets employed were obtained through
the kindness of Dr. George L. Rogosa of the
U. S. Atomic Energy Commission. Actual tar-
get plates were fabricated at the Oak Ridge Na-
tional Laboratory by Mr. T. H. Kobisk who is
responsible for producing these targets of iso-
topically pure metallic Ca*® (99.97% purity)
and Ca* (98.6% purity).

Differential cross sections and muon energy
levels are calculated exactly using methods
described previously.!® Nuclear recoil, quite
significant in the muonic energy-level differ-
ence, is included in that problem by using the
reduced mass. For the electron scattering,
it is assumed that potential scattering describes
the problem best in the center-of-mass sys-
tem,!! so that cross sections are obtained in
that system and transformed to the laboratory

system. They are folded to allow for finite
angular resolution of the spectrometer.

The analysis reported here is restricted to
describing the charge density of each isotope
by the same functional form, i.e.,

o(r) = oo{exp[(rn =" /2" )+ 1}_1 )

where n =1 and n =2 give what are usually called
the Fermi and modified Gaussian shapes, re-
spectively.

The values for Ca* of the radius parameter
¢ and the surface parameter z have been de-
termined previously.® Taking for the values
in Ca** of these parameters ¢ +Ac and z + Az,
we calculate the theoretical quantity

D(Ac, Az) =|0(40)-0(44)]/[0(40) + 0(44) ].

A least-squares fit of D(Ac, Az) is made to the
measured Dexp to determine Ac, Az. The good-
ness of fit depends mainly on Az and Ac, and

is quite insensitive to variations of ¢ and z,

the Ca*® parameters, of a size allowed by the
earlier estimates of error.® A simplification
useful in qualitative examination of the data

and preliminary analysis is that at each angle
D(Ac, Az) depends approximately linearly on

Ac and Az for small Ac and Az. It is thus pos-
sible to separate and identify the contributions
to D of changes in radius and in skin thickness.
As Fig. 2 shows, Ac by itself (Az =0) produces
a characteristic oscillation of D. With Az alone
(ac =0), D decreases (for Az <0) more or less
steadily with 6. (These effects can be under-
stood in terms of the variation of the differen-
tial cross sections with ¢,z.) The property

of the experimental results which indicates a
negative Az is, qualitatively, the size of the
minimum at 60° compared with that of the max-
imum at 45°. With Az =0 the ratio would be
roughly 0.7, whereas experimentally it is about
1.0.

Numerical results for Ac/c, Az/z, and re-
lated quantities are given in Table I, for both
the Fermi and the modified Gaussian shapes.
The true half-radius, 7, , the value of » such
that p(»,_5) =0.50(0), is not the same as ¢ in
each of our shapes, because p, is not equal
to p(0). In the isotopic difference this distinc-
tion is magnified. We note the remarkable
similarity in the numerical values of A, s/7,.s
and At/t, where t is the 90-10% skin thickness,
obtained for the two theoretical shapes. The
isotopic difference in charge density, illustrated
by the product »2[p(40)-p(44)] is shown in the
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FIG. 2. Isotopic difference of electron scattering
from Ca?’ and Ca* at 250 MeV. The curves are for
a Fermi shape, with ¢ =3.602 F, z=0.576 F as the
Ca*® parameters, and with Ca% parameters changed
according to Ac/c=2.18%, Az/z=~-1.66%. In the in-
sets are the changes in charge density, times 7%, for
the Fermi and modified Gaussian model, and the com-
parison with experiment of the Fermi shape predic-
tions for the muonic K, x-ray energy difference.

inset to Fig. 2. The curves for the Fermi and
modified Gaussian fits are remarkably simi-
lar. This indicates to us that to some extent
the method is actually measuring the isotopic
difference in charge density, independent of
the density assumed for Ca*. More detailed
investigation of this model independence is un-
der way. As regards errors in the determina-
tion of these isotopic differences, the results
for the directly determined parameters Ac

and Az for the Fermi shape are

Ac/c =(2.18+0.07)%
Az/z =(~1.66x0.82)%.

Some of the error is the standard deviation due
to the statistical and other uncertainties of
each angular point. At the best fit, x* has the
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Table I. Isotopic changes in the charge distribution
parameters of ca't compared with ca%’, The quanti-
ties ¢ and z occur in the definition of p(»). Their val-
ues for Ca® are taken as in reference 7, ¢ =3.602 F,
2=0,576 F, Fermi; ¢=3.373 F, 2=2.20 F, modified
Gaussian. The changes in the true half-radius 7 s,
the 90-10% surface thickness t, and the equivalent
radius K, are obtained from Ac and Az. Errors on
these quantities are given in the text.

Ac/c  Az/z  Arys/rys Ot/t  AR/R
Shape (%) (%) (%) (%) (%)
Fermi 2,18 -—1.66 2.16 -1.58 0.78
Modified 3.36 —0.78 2.51 -2.01 0.85
Gaussian

value 15.6 (18 degrees of freedom). The major
part of the error in Az/z, however, comes
from the overall £+1% uncertainty in the origin
of the vertical scale of Dexp. The skin thick-
ness change Af has the same relative error

as Az, and Ar, , the same as Ac.

A confirmation of our results is provided
by the muonic x-ray energy difference, which
depends essentially on the relative change in
R. A graphical comparison of our prediction,
from electron scattering, with the Argonne-
Chicago® and Columbia® experiments is shown
in an inset to Fig. 2. The decrease in surface
thickness improves the agreement with those
experiments.

While Ca*, doubly magic, has its first strong-
ly excited state at 3.9 MeV, Ca* has a low-
lying E(2) state at 1.16 MeV which is excited
in electron scattering. To the extent that vir-
tual nuclear excitation contributes to the elas-
tic scattering, this is a possible source of dif-
ference between the isotopes. The only exper-
imental evidence adduced for such a possibil-
ity is by Peterson, Ziegler, and Clark.!? In
comparing scattering by Pb%’7 and Pb%*®, they
find an anomalous energy dependence of o(6)
at electron energies of 10 MeV. The implica-
tion of this result for our problem is not at
all clear, our energy being so much higher.
This feature of the theoretical analysis requires
further study.

Assuming that our results relate directly
to the nuclear ground state, the most straight-
forward nuclear-model calculation suggested
by this work would seem to be the independent-
particle shell model, with a realistic Woods-
Saxon effective potential for the nucleons, such
as has been applied with success to the Ca*
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elastic scattering by Elton, Swift, and Towner.'?
Calculations of the equivalent radii R of the
calcium isotopes with this model, by Perey
and Schiffer,!* show even a decrease in R from
Ca* to Ca*. A basic assumption for such cal-
culations is, of course, the isotopic variation
of the potential itself. Exploration of isotopic
variations in elastic scattering of protons or
alpha particles on Ca will yield information

on this point, to the extent that the effect of
the separate parameters in the optical poten-
tial can be disentangled. In this regard, we
tentatively suggest an approach like ours, in
which one focuses attention, experimentally
and theoretically, on the difference in scatter-
ing. It may be, as with our work, that some
of the possible ambiguities (in our case the
actual choice made for the Ca* parameters)
turn out to be unimportant.
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Epithermal neutron resonance scattering
measurements on Pu®*® have recently been
made, using the Livermore electron linear
accelerator as a pulsed neutron source for
a time-of-flight experiment. The goal of this
experiment was to obtain total spin values J
for as many resonances of Pu®* as possible,
and to confirm the prediction of Bohr! and
Wheeler? that the total spin and average fis-
sion width are correlated. Our method, a pre-
viously reported variation® of the “bright line”
technique,* eliminates the fission neutrons

and capture gamma rays which complicate

the analysis of an earlier scattering experi-
ment on Pu?*® by Fraser and Schwartz.® From
these measurements, we have assigned J val-
ues to 15 levels of Pu®® up to 75.2 eV. These
include seven levels (14.3, 15.5, 32.3, 35.3,
47.6, 52.6, and 75.2 eV) not determined by
Fraser and Schwartz and values for three lev-
els (14.7, 22.2, and 44.5 eV) which are in dis-
agreement with their reported values. In ad-
dition, we have determined values of gI',,?/T
for two other resonances (50.0 and 85.6 eV),
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