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rn yields

(10)

so that each pair is separated in angular fre-
quency by 8&v(2 —B')/m' r'. The modes having
even m are not separated to the first order of
approximation. As before, separate excitation
of these modes enables 2-B' to be determined
directly, and besides simplicity this method
has the advantage of giving the sign of 2-B'.
Snyder has obtained values of B and B' from
double-peaked resonance curves using combina-
tions of the m = 1 modes, and his formula for
the approximate separation is in agreement
with (10). Note that Lin's and Hall's systems
both give the same result when 8' =2 as expected.

It is interesting to record that this type of
problem also occurs in the theory of tides.
Lamb has calculated the separation of the de-
generate modes of surface water waves on cir-
cular and square rotating lakes of uniform deptn.
His result for the circular lake agrees with (8)
when powers of v/o' higher than the first are
ignored and his result for the I =1 mode of
a square lake agrees with (10). Later workers,
e.g., Corkan and Doodson, ' obtain similar re-
sults.

The author has performed experiments on
the n = 1,s = 2 modes of a cylindrical resonator
and finds tha. t application of (8) to the mode
separations observed leads to B' = 0.08 ~ 0.08
at 1.603'K and 8' =0.2+ 0.25 at 1.426'K which
are compatible with Snyder's square resona-
tor results using (10). Equation (8) gives con-
sistent values of B' for the (1, 1) modes as well,

but errors are larger for these modes as they
are more sensitive to geometrical imperfec-
tions of the resonator. It does not seem likely
that the error in measuring 2-B' can be reduced
much below 1% using this type of method be-
cause any such improvement requires an in-
creased resonator Q, and this is limited by
the attenuation factor ~B. Since the frequen-
cy separations are an order of magnitude small-
er for the modes where n =2, further experi-
mental checks on (8) await improvement of the

apparatus.
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critical review of the paper, and also wishes
to acknowledge financial assistance from the
Science Research Council in the form of a main-
tenance grant.

~H. E. Hall and W. F. Vinen, Proc. Roy. Soc. (London)
A238, 204, 215 (1956).

2H. A. Snyder, Phys. Fluids 6, 755 (1963); D. M.
Linekin and H. A. Snyder, Bull. Am. Phys. Soc. 9, 572
(1964).

K. A. Shapiro, Phys. Hev. Letters 14, 429 (1965).
4C. C. Lin, Liquid Helium, Proceedings of the Enrico

Fermi International School of Physics, Course XXI
(Academic Press, Inc. , Ne~ York, 1963), p. 120.

5H. E. Hall, ibid. , p. 329.
L. D. Landau and E. M. Lifschitz, Quantum Mechan-

ics (Pergamon Press, London, 1958), Chap. 6,
H. Lamb, Hydrodynamics (Cambridge University

Press, London, 1932), 6th ed. , Articles 209, 210,
212a.

R. M. Corkan and A. T. Doodson, Proc. Hoy. Soc.
(London) A215, 147 (1952).

OBSERVATION OF A NEW TYPE OF INSTABILITY IN A THERMAL PLASMA*
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Some years ago Bernstein et al. ' reported
an observation of a low-frequency instability
in the Project Matterhorn B-3 Stellarator. The
instability there described depended for its ex-
istence on electron drift. We wish to report
observation of an instability which occurs with-
out axial electron drift in a thermally ionized
potassium plasma and which may possibly be
related to that observed in the Stellarator.
However, the rf fields are only strong where
there is a radial gradient of density within the

plasma.
We have been working with both a one- and

two-ended potassium plasma system 10 cm long
with cathodes 1 cm in diameter operating in a
vapor mode. The cathodes are usually opera-
ted at a temperature of 2200'K. The temper-
ature of the oil bath surrounding the system
is usually kept at temperatures in the range
80 to 100'C to obtain vapor pressures yielding
maximum densities in the range 5 ~ 10' to 2
&10" cm '. Two movable probes within the
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FIG. 1. A schematic of the experimental apparatus.
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system shown in Fig. 1 may be used to detect
rf signals or as Langmuir probes. Guard rings
usually operated at floating potential are placed
around each cathode. These guard rings are
of great importance, for by changing their po-
tential it is possible to change the profile of
the plasma. At floating potential, the diffusion
rate is virtually ambipolar. If the guard rings
are missing from the system, or when present
and operated near plasma potential, the diffu-
sion rate is far greater. A typical profile of
the plasma with the guard rings floating is shown
in Fig. 2. With a probe at the center, positive
with respect to the plasma, ion cyclotron waves
are observed in the uniform plasma region if
the current drawn to the probe exceeds a cri-
tical value, such as reported previously by
Motley and D'Angelo. ' When there is an excess
of ions at the two cathodes and no current is
drawn from either cathode, universal instabil- Vl
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ities are observed with strong rf fields only

in the region where the density gradient is large.
These are similar to those observed previous-
ly in the Q device at Princetons~~ and predicted
theoretically by others. ~ Farther out radial-
ly, where the density is a few percent of that

in the middle and there is a weak density gra-
dient extending to three times the cathode ra-
dius, another type of instability is observed.
This we have called a "magnetoionic sound wave. "
It exists in both one- and two-ended systems
although most coherent in the latter one. The
rf oscillation observed is almost sinusoidal in
the two-ended system with amplitude of approx-
imately 0.2 V as measured on a floating probe.
The instability is observed whether there is
drift to the probe or not, and whether there is
an excess of ions or electrons at one or both
cathodes. The oscillations are present only
if the intensity of the magnetic field exceeds
a critical value of 420 G. A plot of the experi-
mentally measured frequency variation with
respect to magnetic field is given in Fig. 3.
It should be observed that the frequency increases
with magnetic field, unlike the universal insta-
bility. ' Phase measurements indicate m = 1

type flutelike instability propagating in the direc-
tion of ion rotation.

We have used a collisionless pressure theo-
ry in Cartesian coordinates to predict the prop-
erties of this mode. We assume the zero-or-
der electric field to be zero and neglect finite
resistivity, and the electrostatic approxima-
tion is used by taking E = -V'p„where p, is
the perturbed potential. The electron density

"0 R
f PLASMA RADIUS-r—

EDGE
OF

CATHODE

00
I 2

MAGNETIC FIELO INTENSITY -B (kG)

FIG. 2. A typical density profile of the potassium
plasma taken midway between the cathodes.

FIG. 3. Experimental and theoretical frequency vari-
ations of the magnetoionic sound wave instability with
respect to frequency.
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is assumed to be described by the Boltzman
distribution so that to first order eel/kTe
=n&/no, where n, is the perturbed density and

n, is the plasma density. Quasineutrality is
assumed by taking nle = n1i. For ions the equa-
tion of motion and the equation of continuity
are used. The viscosity tensor giving finite
Larmor radius effects' is neglected. With the
magnetic field along the z direction and the
density gradient along the x direction, pertur-

bation theory yields for the dc ion and electron-
drift velocities

V. =GV.'/~ .V =-GV '/&a&

iOy i ci e0y e ce'

where &ue; (&ace) is the ion (electron) cyclotron
frequency, G = (S/Bx)(lnno), Vf =kTf/mf, and
V =kTe/me. We find that for frequencies well
below the ion cyclotron frequency the perturbed
potential p, within the plasma obeys the follow-
ing wave equation:

g cf
(2)

where pz =Ct/r/n, "', where C is an arbitrary
constant. We have defined Vth'=k(Te+ T;)/m;,
rl' ——Vth'/ac&, Q~ = &@-k&V&0&, and y~ is tak-
en to vary as pl(x) exp[i(k&y+ ke z -&ut)]. For
simplicity it has been assumed that the gradi-
ent of density, G, is constant. As Eq. (2) is
an equation with constant coefficients, we take
the solution to be of the form P(x) - exp(ikxx)
and obtain the following dispersion relations".

Gk V
y th z th

i 2&v .(1+K'r ') (1+K r ') ~''
ci L

which for Te =T; (corresponding to our exper-
imental conditions) reduces to

Z'r ' V
z th

l K'r '
y zay (l+K'r ')""

(3)

where K' = kz'+ ky'+ 4G', it having been assumed,
in contrast to universal instability theory, that
keVth»k&Vth'G/&ref. Since the value of G is
small enough outside the edge of cathodes to
satisfy this approximation, the universal insta-
bility would not be expected to be present in
this region. On the other hand, for radii just
less than the radius of the cathodes, G is so
large that the foregoing inequality is not valid
and thus the universal instability will be present.

It will be seen that this dispersion relation-
ship yields an ion sound wave with u = Az~th
at large values of magnetic field, the frequen-
cy well below this at lower values of magnetic
field. Assuming then that in the region where
the oscillation is observed the boundary condi-
tion is such that kxl = n, where / is the width
of this low-density small-gradient region, the
dispersion relation of Eq. (4) has been plotted

in Fig. 3. It will be seen that there is fairly
good agreement between the experimental and
theoretical results, although the agreement
would be much better if it were assumed that
the ion temperature was approximately twice
that of the cathodes. Results indicating such
higher effective temperatures were also ob-
tained previously by others. ' It should be noted
that if k~ were not assumed to be finite, the
agreement would be far poorer in the low-fre-
quency region where ~ = +(kz/K)~c;+ k&Vfo&.
We may therefore conclude that there is some
type of instability whose real frequency is gov-
erned by a dispersion relationship of the type
of Eq. (3). The instability probably depends

for its existence on the fact that there is a den-
sity gradient.

An examination of the theory with collisions
between electrons and ions taken into account
has been undertaken. It can be shown that there
is a possible resistive instability also predict-
ed previously by others, ' but because the den-
sity is so low, this resistive instability would
be extremely weak. Consequently, we do not
feel that such an explanation of the effect is
satisfactory.

We would like to thank Mr. H. R. Andrews,
who constructed the experimental tube.
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In this Letter we report analytic results based
on an exact computer analysis of helicon-wave
instabilities in a drifted electron-hole plasma.
Previous analyses' ' have not distinguished
between absolute (nonconvective) instabilities,
which correspond to growth in time at every
point in space or an oscillator, and convective
instabilities, which correspond to spatial am-
plification over a range of real frequencies.
It has been tacitly assumed that in order to
have spatial amplification, it is sufficient for
the dispersion relation to yield complex A' s
for some real ~ provided that complex co's also
exist for some real k's; whereas, in fact, one
must in addition show that no absolute insta-
bilities exist, for otherwise oscillations will
occur at the frequency and wave number of the
absolute instability. In view of the consider-
able experimental work4 ' in this area, it would
seem most important to clarify the theoretical
picture. Our results, which are based on a
recently developed technique for determining
the nature of instabilities, ' show for example
that in InSb with equal electron and hole con-
centrations, an absolute instability should ap-
pear above a threshold magnetic field, at an
arbitrarily small electric field. Furthermore,
from our results we develop a physical picture
of the instabilities, radically different from
the one given by either Bok and Nozieres' or
Misawa, ' and show it to be correct in that it
predicts the exact computer results. This pic-

ture has the same basis as the one recently
and independently described by Hasegawa, '
who failed, however, to correctly identify the
nature of the instability.

We restrict our discussion here to isotropic
and nondegenerate semiconductors, and use
a hydrodynamic description of the free car-
riers. The dispersion relation for transverse
waves, exp(i&et-ikz), with k along the applied
magnetic field B„and electrons and holes
counterstreaming parallel to 80 with velocities
ve and vg, respectively, is'

(u (4'-kv )

(d -Ck Pe e
(~-kv -tv ~ ~ )e e ce

ph
(u „'((u+kv )

((d +kV -ZV + (d )'
ch

where c is the velocity of light, ('pe and &pg
the electron and hole plasma frequencies, ~ce
and ~cq the electron and hole cyclotron frequen-
cies, and ve and vt, the electron and hole col-
lision frequencies. The stability analysis con-
sists in first mapping from (1) the real k axis
into the complex u plane; if part of the real
k axis maps into the lower half co plane the sys-
tem may exhibit some kind of instability. Any
portion of the lower half of the & plane contain-
ing a mapping of part of the rea, l k axis is then
investigated by mapping lines of constant Re&
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