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The properties of superconductors with a small
concentration of randomly distributed, unpolar-
ized paramagnetic impurities have been discussed
in great detail in recent years. In all cases,
the conduction-electron-impurity-spin interac-
tion has been treated in the Born approximation
(or second order). Clearly it is of great inter-
est to see what changes occur in the classic
work of Abrikosov and Gor'kov' when the s-d
exchange interaction, of the form

N
V = (J/N) -Q S ~ v,

i=1

is included to all orders. In a normaL metal,
Suhl' (using dispersion theoretic techniques)
and Abrikosov' (using better known field theo-
retic perturbation techniques) have recently
shown that the s-d interaction may give rise
to a resonance in the e1.ectronic scattering am-
plitude (for antiferromagnetic coupling, Z &0).
Their work was inspired by the important ob-
servation of Kondo that, to third order in J,
the scattering cross section seems to diverge
logarithmically as the electronic energy ap-
proaches the Fermi energy EF.

In this Letter, we shall limit ourselves to
a study of how the transition temperature T~
of a superconducting paramagnetic alloy is af-
fected by the previously mentioned anomalous
scattering (which is sometimes referred to as
the "Kondo effect"). While the numerical cal-
culations which we discuss are based on some-
what arbitrary values of J, EF, and T~p, they
do indicate the sensitive dependence of T~ on
the magnitude and sign of 4, &F, and the ratio
T~/Tcp (Tz is the temperature corresponding
to the Suhl-Abrikosov resonance, and T~p is
the transition temperature of the pure super-
conductor). It must be emphasized that our work
is somewhat tentative, since we simply assume
that the additional unphysical complex poles
which are found in the scattering amplitude (for
Z &0) in all current calculations'&~" need not
be worried about. If they are not spurious (as
Nagaoka' has suggested), then obviously our
results are not valid for temperatures T ~Tz.
In any event, since this question is amenable

to an experimental test, it would seem worth-
while to have theoretical predictions for T~
&Tz (J &0) on the basis of the assumption that
no "phase transition" occurs. Moreover, our
work may be of qualitative interest as showing
how pair-breaking resonance scattering will
affect T~, quite apart from its origin.

By introducing impurity-spin Green's func-
tions g, in addition to the usual conduction-
electron Green's function G, Abrikosov has
been able to make use of the powerful techniques
of infinite-order perturbation theory (based on
Wick's theorem and summarized by Dyson's
equation). While the use of "fictitious" Fermi
particles in place of impurity spin S (whose
components do not commute) necessitated a
change in the normalization of the original ther-
mal averages, the extra factor caused little
complication in the diagrammatic expansion
if one neglects (as we shall) all interference
effects due to scattering from different para-
magnetic impurities. Now Abrikosov's type
of discussion may be easily generalized to a
superconductor —in precisely the same way as
when one limits oneself to the Born approxima-
tion. Formally, it is very convenient to intro-
duce a four-component electron field operator,
@~(x) =—I gi t (x), P&

t (x), g& (x), t/r
&

(x)], since then
Abrikosov's diagrams are unchanged, although
they now refer to 4&4 matrix equations. Of
course, the calculation of the matrix Green's
function G (the Gor'kov F function being the off-
diagonal element in the Nambu space) is con-
siderably more complicated than in a normal
metal due to the necessity of calculating the
s-d induced self-energy Z self-consistently
using the true G (this is crucial even in the Born
approximation'~'). However, for the purpose
of finding Tz, at which point the Gor'kov order
parameter b, -0 (assuming the phase transition
is second order), we only need the self-ener-
gy in the normal state.

Leaving out all algebraic manipulations, we
simply write down the final implicit equation
for T~ in a standard form:

1
Inl l =2

( T j 2n+ I 2n+ I+p (~ ),c n=0 s n
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where p (~ )=[w- (~ )T ] ', u, =(2n+1)wT,
and

r'"(&) '

8
7 (&u) ~ (4/N)

8

(2)

We have set both Boltzmann's constant (kB) and

h equal to unity; &zB is the usual Born approx-
imation for the exchange scattering time, and
I'"(m) is the exchange part of the vertex func-
tion [I'(ur) =- I' (~) + S ~ &zl'"(~)] discussed by
Abrikosov. The normal-state Green's function

G(p, v) has a self-energy [ni is the impurity
concentration and N(0) the density of states at
the Fermi surface]

Z(p, v) = is-gnawn. N(0) [ I I'"'(&u) I'+ S(S+ 1) I I""(v)P] (3)

due to the exchange part of the impurity interaction, in addition to the part from direct potential scat-
tering (in Abrikosov's analysis, nothing interesting happens when the latter is treated to all orders).
Implicit in some of the approximations leading to (3) is the result [p, = 2N(0)/N]

I (&u) = (J/N)[1+ p Jln(e /I ~!)] (4)

diagrams having been evaluated using a logarithmic approximation. We note that'i' I' (&u) has a reso-
nance, for J'(0, at &uz= &F exp(-I/&PI).

For a better approximation to I' (&u) than (4), we might try the crude solution of Suhl's scattering
equations, ' which gives

g 't2 Air"(~)i = —'
)

N& (A'(v)+ [—,'ma(S+ 1)]'][A'(&u)+ (2maS)'] ' (5)

where A(~) = I+a in(eF/test), a=—plZ. A study of some of the lowest order vertex diagrams summed
by Abrikosov suggests that (5) corresponds to doing the integrals one step better than the logarithmic
approximation. However, as Abrikosov has emphasized, the set of vertex diagrams he leaves out are
also intimately related to the broadening of the resonance given by (4). In any event, (5) is still not
good enough since now the self-energy vanishes at the resonance' Recently, Suhl' has been able to
solve his scattering equations exactly and (at least for pure exchange scattering) finds the result

t I'"((u) I' = (J/N)'[. 4'(&u) + (2wa)'S(S+ 1)]

The Born-approximation (BA) formula has
often been fitted to the experimentally deter-
mined slope, with the general conclusion that
the values of J (-0.15-0.30 eV) so found were
"reasonable. " However, our result for 7'c is
a very sensitive function of the sign and mag-
nitude of Z. One interesting feature of (7) may
be seen if one fixes 1 4I, &F, and S, and con-
siders the initial slope (dT /dn )as a function.
of 7' ~. For J &0, the slope decreases as T

pincreases, while the opposite holds for J &0.
For high impurity concentrations, (1) must

be solved by numerical or gr aphical means.
We note that in contrast to tI;e BA case, 7'c
=0 is not a solution of (1). However, Tc does
decrease to a very small value for large con-
centrations. Some results are plotted in Figs. 1
and 2. The curves in Fig. I indicate the gen-
eral behavior when viewed as functions of (T /
Tcf, ). The summation was cut off at n= 10',
although the upper limit is really nlrb

= (tuD/
2nT ), with cuD the maximum phonon energy.
Negligible error was introduced by this pro-

We shall use this in solving (1). While the Kondo effect will produce anomalies in many properties,
the superconducting transition temperature is particularly interesting since it is independent of I' '(v)
as well as ordinary potential scattering. '"

The initial decrease in 7'c as a function of impurity concentration n, is easily found to be

) ~-100( 1 )' ( 'F
T T=( — —) ( ( I

1+a ln I + (2')'S(S+ 1) (I)
~(2n+1)T

8 cP
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FIG. 1. Transition temper. '|ture T~ versus the im-
purity concentration {c, in per cent) for a fixed value
of J {(0}and varying values of T~p. We have normal-
ized both scales to the pure superconductor's transi-
tion temperature Tc {in 'K), with the result that the
Born approximation is a universal curve. The tem-
perature corresponding to the Suhl-Abrikosov reso-
nance energy is T~=2.64 K.
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FIG. 2. Transition temperature T versus the im-
purity concentration (c) for a fixed value of J ()0). See
Fig. 1 for further details.

cedure since a cutoff lower than 10' was found
to affect T only when the latter was small.
In the high-concentration region, the largest
deviation from the BA result for T occurs
when Tc& = Tr (J (0).

In a certain sense, the effect of the Suhl-
Abrikosov resonance on 7'~ is not as drastic
as one might expect, especially when T is close
to Tz. This is due to the fact that the determi-
nation of T [see (1)J involves a summation over
the electronic energies &u„=(2n+1)nTc We.
might note here that for small concentrations,
the most interesting changes in the supercon-
ducting characteristics of the Born-approxima-
tion theory' will probably occur just below T&.
As the temperature decreases, the energy gap
v, (T) will increase, and the Suhl-Abrikosov reso-
nance should take on added importance due to
the density-of-states peaking. However, if the
temperature becomes low enough (such that
&u0 )ur), the resonance will play a negligible
role.

We might remark that to third order in J (the
"Kondo" approximation), Liu's result" for Tc
agrees with (1). This seems to be somewhat
fortuitous, since there is no obvious reason
why I iu's use of Dyson s equation should make
any sense. "

At sufficiently low temperatures, there is the
possibility of ferromagnetic ordering in super-
conductors with paramagnetic impurities. In

principle, it is straightforward to generalize
Gor'kov and Rusinov's work ' on the phase
boundaries (which was based on the Born ap-
proximation), making use of Abrikosov's re-
cent discussion' for a normal metal. However,
one does require the G and F functions for the
paramagnetic phase in order to calculate the
effective value of constant exchange field. We
therefore defer any discussion to a future pub-
lication, where we hope to deal with G and F
for small values of ~.

Finally, we might make a general comment
on the reduction in T~ due to paramagnetic im-
purity scattering. In the Born or "classical"
approximation, one explains this result by not-
ing that the impurity spins are physically equiv-
alent to a random distribution of magnetic fields. "
The latter depair strongly because they effec-
tively destroy the single-particle state's degen-
eracy under time reversal. In contrast, the
higher order effects result from the quantum
mechanical nature of the impurity spin (as well
as of the electrons), and thus the relevance of
Anderson's theorem seems more obscure when
these effects are considered. However, in a
certain sense, one may still regard the elec-
trons as being scattered by random magnetic
fields, except that these fields now contain a
self -induced component.

It is a pleasure to acknowledge many discus-
sions with Professor H. Suhl, Mr. A. Jensen,
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In this Letter we want to report on experi-
ments concerning the buildup of ultrasonic noise
in bismuth subjected simultaneously to an elec-
tric and a magnetic field. As shown by Esaki, '~'

in a transverse magnetic field a kink occurs
in the current-voltage curve of a bismuth sam-
ple when the transverse carrier drift velocity
exceeds the sound velocity.

According to the acoustoelectric explanation
of the kink effect, '~4 the strong increase of cur-
rent beyond the kink point is due to an acousto-
electric current associated with acoustic noise
generated by the drifting carriers. Experimen-
tal evidence of the buildup of ultrasonic noise
in bismuth beyond the kink point was recently
presented by Toxen and Tansal, ' at current

densities of 800 to 1000 A/cm'. Their results,
however, are rather ambiguous since the time
for buildup and decay of the ultrasonic signal
was more than 10 times the length of the drift-
field pulse. The authors, ' therefore, do not
exclude the possibility that the effect observed
might have been of thermal origin. In our ex-
periments we observed an ultrasonic noise sig-
nal which (i) occured at much lower current
densities ((50 A/cm'), (ii) was strongly time-
correlated with the drift-field pulse, and (iii)
showed a marked directional effect indicating
the preferential excitation of sound waves con-
fluent with the carrier drift direction.

The present investigations were carried out
at temperatures around 1.8'K using a single
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