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trary units, the following values®2:%3:

lA(m*p~,%8)1=2.94+0.15,
|AK°K*®,%S)1=1.23+0.13,
lAK K*™,%8)1=1.11£0.11. (16)
The sum rule
A(rtp™,38)-AKK*,%S)-AKTK*™,%8) =0

seems well satisfied with experiment to with-
in 20 %. It thus appears that the sum rules ob-
tained in model (2) are compatible to the pres-
ent experimental data.

We are deeply grateful to Professor R. Oehme
for suggesting this problem, helpful discussions,
and guidance. We are also grateful to Profes-
sor N. Gelfand and Mr. S. Y. Lo for discussions
and to Dr. N. Barash for informing us about
experimental data.

*This work is supported in part by the U. S. Atomic
Energy Commission.

ly. Hara, Phys. Rev. Letters 14, 603 (1965); R. Del-
bourgo, Y. C. Leung, M. A. Rashid, and J. Strathdee,
Phys. Rev. Letters 14, 609 (1965); N. P. Chang and
J. M. Shpiz, Phys. Rev. Letters 14, 617 (1965).

’R. Oehme, Phys. Rev. Letters 14, 866 (1965);
R. Oehme, Enrico Fermi Institute for Nuclear Studies
Report No. EFINS 65-37, 1965 (to be published);

R. Oehme, Proceedings of the Seminar on High-Ener-
gy Physics and Elementary Particles, International
Atomic Energy Agency, Trieste, Italy, 1965 (to be pub-
lished).

5A. Salam, R. Delbourgo, and J. Strathdee, Proc.
Roy. Soc. (London) A284, 146 (1965); B. Sakita and
K. C. Wali, Phys. Rev. Letters 14, 404 (1965);

M. A. B. Bég and A. Pais, Phys. Rev. Letters 14, 267
(1965); W. Rilibl, Phys. Letters 14, 334 (1965).

‘R. Oehme, Phys. Rev. Letters 14, 664 (1965);

P. G. O. Freund, Phys. Rev. Letters 14, 803 (1965).
R. Delbourgo, private communication to R. Oehme;
F. Hussian and P. Rotelli, Phys. Letters 16, 183 (1965).

SR. Oehme, unpublished, private communication.

K. Tanaka, Phys. Rev. 135, B1186 (1964); M. Parkin-
son, Phys. Rev. Letters 13, 588 (1964).

8M. Konuma and E. Remiddi, Phys. Rev. Letters 14,
1082 (1965).

'W. Alles, E. Borchi, G. Martucci, and R. Gatto,
Phys. Letters 17, 328 (1965).

OR. Armento et al., in Proceedings of the Internation-
al Conference on High-Energy Nuclear Physics, Gene-
va, 1962, edited by J. Prentki (CERN Scientific Infor-
mation Service, Geneva, Switzerland, 1962), p. 351.

R Armenteros, D. N. Edwards, T. Jacobsen,

L. Montanet, J. Vandermeulen, Ch. D’Andlau, A. As-
tier, P. Baillon, J. Cohen-Ganouna, C. Defoix,
J. Siaud, and P. Rivet, Phys. Letters 17, 170 (1965).
2N, Barash, P. Franzini, L. Kirsh, D. Miller,
J. Steinberg, T. H. Tan, R. Plano, and R. Yaeger,
Phys. Rev. 139, B1659 (1965).
3] N. Ndili, Phys. Rev. 138, B460 (1965).

EXTRA RESTRICTION ON THE FORWARD SCATTERING AMPLITUDES

Tetsuo Sawada*

International Atomic Energy Agency, International Centre for Theoretical Physics, Trieste, Italy
(Received 25 August 1965)

One of the most remarkable properties of
the second-sheet function of the scattering am-
plitude, defined by the analytical continuation
through the elastic cut, is that we can compute
the value of the function itself in a small neigh-
borhood of certain points from the unitarity
condition alone without introducing any approx-
imation. This is not the case for the first-sheet
function, since, although in a small neighbor-
hood of s =m? the pole term g2%/(m?*~s) domi-
nates, there still remains finite background
contribution A(s, z)-g2/(m%-s) and we have
no way to compute it exactly. In this note, we
restrict ourselves to the case of pion-nucleon
scattering and neglect the spin of the nucleon
for the reason of simplicity. Our claim is that

in a small neighborhood of the point
s=s,=m?+2% (1)

where m and p are the masses of the nucleon
and pion, respectively, the second-sheet func-
tion of the forward scattering amplitude has
the form
11 g2 g%C
A 1) = 1
(s, 1) mi-u(z =1) * S+ =8

, S4=S
+£°C, +o(|1n :nz

_2), (2)

where C, and C, can be expressed in terms

of the u, m, and the coupling constant g2/4w
explicitly. [See Egs. (29), (30), (31), and (36).]
s =s, is the point where the existence of the
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logarithmic singularity has been known from
perturbation theory.!

Suppose that the total cross section of 7-N
scattering o;;(s), the coupling constant g2/4m,
and the subtraction constant a, (if necessary)
are given accurately; then from the dispersion
relation of the forward scattering amplitude,?
an analytic function A(s) is defined in the cut
s plane. It is convenient to introduce ¢ (the
magnitude of the momentum in the c.m. sys-
tem) as a new variable which is related to s
by

4q% = (1/s){s=(m + p)*Hs —(m - p)?},

and the point s =s, of the second sheet is

. 1-(u2/4m?) 2
1=49.= ‘“‘[1 +(2u2/m2):| (3)

in the ¢ plane. The function A[s(g)] is at first

defined in the upper half plane of ¢, but, how-
ever, we can make an analytical continuation
to the lower half plane of g. We shall denote
by A[s(g)] the over-all analytical function which
coincides with A[s(g)] in the upper half plane.
From Eq. (2), as in polology,® we obtain

i gz _ .2
[s4-s(@)] jA[S(q)]-mg tq:q =g%C, (4
+
and
re g2 gzcl — 2 ’
gA[s(q)]_mz—u(z =1) _s+—s(q)2| =8°Co’- (5)

q9=q,

It is evident that Eq. (4) gives rise to a restric-
tion on g?/47 and o, ,(s), and Eq. (5) gives a
relation among g2/4m, a,, and oy (s) [in the
case of no subtraction this also gives a rela-
tion between g?/47 and otot(s)].,

We shall give a brief proof of Eq. (2). Assum-
ing the spectral representation for A(s, ) to be*

A (s,u’)
u

g2 g2 t—t o (s,t) u-u oo
—— —_— t’ o
Als, )=t s thels) v fwd C—t)—0) 7 f a0 ©

the partial wave amplitudes q;(s) are given by

_ &2 m2+2u-s g2
Al(s)— 2qul(1+

24° Tm2=s 1,0

1 1

—_— —_— — —
2¢> 7 4,2 29%) 2¢% 7

If we fix s in the small neighborhood of s =s ,
the argument of the function €y in the first in-
tegral varies within

t 182

—°°<1+§?<—1—m50L (8)

and the second within

B (2m + p)(m?® + 2
0R=1+2 @+ 0

2 2_ 0
<1 +—————-—————2m +2252 “ s<°o, (9)

when we carry out the integrations. On the
other hand, in the neighborhood of s =s the
argument of the first @; function of Eq. (7) is
very close to 1, and so let us introduce a new
infinitesimal variable 7n by

m2+2u-s

1+ o =1 +17. (10)

At this point, we list three important proper-

568

>—0 +b0(s)6

o0 ’ 1 co
= A (t,s)Q, (1+ f > 11
(m + p)?

(m + p)?

(7

2 2_ 1
du’Au(u’, S)Ql (1 +_21n_+_2_u__u__s_> .

24>

ties® of the function @;(w) which are needed
in our proof.
(i) If w is real and |w|>1, then
-l
IQl(w) l<ce™®, (11)

where

a=cosh™|w]|>0 (12)

and C is a finite positive number independent
of I and w as long as w lies finitely outside of
the region [-1, +1].

(ii) For Il «1,

Ql(l +17)
=K (&) +(1+3)73{[-(1/24)£+(13/96) £*|K, (&)
+ [ 8+ HE KO} +O(1/1%), (13)
where
E=V2n(l +3) (14)
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and K(¢) is the Bessel function of nth order
and the third kind.
(iii) For small 17?1,

Ql(l +17)

= -In(n/V2)—y—yp(I +1) +0(In?1nn 11%), (15)

where
(x) = dinl(x) /dx

is the poly-gamma function and y =0.57721- -
is Euler’s constant.

Since the ! dependence of the first term of
the right-hand side of Eq. (7) is quite different
from that of the remaining terms, we shall
investigate them separately. Let us denote
the remaining terms as f;. Namely, write Eq. (7)
as

al(S) = —(g2/2qz)Ql(1 +17) +fp (16)

From Egs. (8) and (9) and from the property
of the function @; given in Eq. (11),

lfl|<Ce—al (17)

for all non-negative /, where
a=cosh‘lloLl>0 (18)

and C is a finite positive constant independent
of /. Here we assumed that the subtraction

function b,(s) in Eq. (6) is finite at s =s,. Con-
cerning the first term of Eq. (16), it does not
damp so fast as f; when ! increases, but it as-
sumes a finite value when / becomes of the or-
der of 1/|n! as we can see from Egs. (13) and
(14). For extremely large I, namely I >1/|n]l,
Q;(1 +7?) also damps. From Eq. (15), @;(1 +77)
is of the order of |Inn!| for 0 s/ <L, where L
is a positive integer which satisfies 1 <L

< Inl~tInnl~Y2, For example we can choose

L as
L=[InI""2]. (19)

From the unitarity condition of the partial-
wave amplitudes,

al(s)-alT(s) =igs ‘l/zal(s)alT(s), (20)

for
(m + p)? <s<(m+2p)?,

we can construct the second-sheet function

A% 2= Z(zm)

We restrict z to the region -1 <z <1, where
the series of Eq. (21) converges absolutely.
Putting Eq. (16) into Eq. (21) let us examine
the contribution of fl to AI (s,z). Dividing the
summation range into 0 s/ <L and L+1 sl<
by using L given in Eq. (19),

a (s)

—1/2a (s) Z

P.(z). (21)

a (S) Q (1+77) —al
Z @14 ) ey e Z @ +1) b _1Q 0™, e
I=L+1 I=L+1

since f7 is bounded by Ce~%, m Eq. (22) 1/a is defined by

1

a 2qs“2 23)
On the other hand,

a (s)
Z<21+1)1+zqs'“2 (s) l( 2)
(2l+1)Q 1 +7?) (2l+1f ( )

&
——Zq Z 1+a—-1Q (1+ 2) l(2)+2qs 1/22 {1+2qs—1/2 S)}{l +a—1Ql(1+,’72)};

=0

(24)

since @;(1 +77) and g;(s) are of the order of |lny| in this range of [, and 221 +1)f;P;(z) converges, the

second term on the right-hand side of Eq (24) is of the order of [lnn|~
QL +m)P (Z)

s z)—-— Z(2l 1)

'IQ (1+q

2, Combining Egs. (22) and (24),

! 5+ O(ilngy1732). (25)
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Thus, f7 cannot give rise to a finite contribution to the second-sheet function in the small neighbor-
hood of s =s_; this situation should be compared with the case of the first-sheet function

Als,2) =3 @0~ Eq e s e o), (26)
=0

where f; gives a finite contribution to A(s,z) at s =s .
Separating the u-pole term, Eq (25) becomes

[Q,(+m)F
Ak, z)— Z(zz+1)1+ N P () +0(11ng1 7). @7)

For Iyl <1 the I summation of Eq. (27) can be converted to an integral by using ¢ defined in Eq. (14)
as an integral variable. In particular, for z =1, the result is

[Qa+m)F 1 ( 1 )
Z(zzu) _lQ T~ 7 —C,+Cy+0 Tn?) (28)
where
1, EE(P
Cf Gy ik (29)
and oo
1] =, 1 1
CO:ZI: | d&E{G(a,g)——zzF(a, g)}+ZHZ]. (30)
1=0
In our case,
1/a=(g?/2 um)(1-u?/4m?) "2, (31)
In Eq. (30),
_ 1 1 48K (D F
re, 9 =208 [0~ 100 - ] et %2
K(£) 1 13 1., 3.4
Gla, &) = WW%( sattogt )K (&) + (—‘ﬁﬁ +64§)K0(§)‘, (33)
and
H,= =2a[(1 + Dy + 1) -{2In(1 +1/D) -3 + ) + (I + ) In(@ +1)}]; (34)
in particular,
H, = —ap(l)-da=aly-1), (35) It is worthwhile to point out here that the con-

version of the summation to the integral given
in Eq. (28) does not hold at the point of poles

where K,,(£) and ¥(x) are the same functions
e " n=n(l,a) which satisfies

as those appearing in Eqs. (13) and (15), re-
spectively. The convergence of the integrals
and summation in Eqgs. (29) and (30) can easily
be checked. From Egs. (28) and (27) we obtain
the final result: Eq. (2), where

1 1+24%/m?
202 1-p2/4m?

1 +(1/a)Ql[1 +177(L,a)]=0 (37)

and its extremely small neighborhood [circle
of radius I7(l,a)*2, for example] in the 7 plane.
In this note, we have developed a new method

’ = -
Co which may be used not only to obtain the rela-

Co- (36)
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tion between the total cross section and the
coupling constant, but also to compute the sub-
traction constant from the total cross section
without introducing any approximation. As is
well known, mathematically, the point s =5
is an essential singularity on the second sheet,
since it is an accumulation point of a series

of poles.® However, this does not raise any
difficulty in our method, as long as the total
cross section is known accurately. The tech-
nical problem as to how to apply this method
when the experimental data of the total cross
section are given with some ambiguity will be
discussed in the next paper, and the numerical
result for the case of pion-nucleon scattering
will also be given.
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