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Josephson tunneling! of coherent electron
pairs through an insulating barrier separating
two superconductors has attracted a great deal
of attention. This is doubtless because this
phenomenon is an especially clear example
of “macroscopic quantum mechanics,”? which
is the basis of all present ideas on superfluid
behavior. As the strength of the Josephson
tunneling current depends directly upon the
phase change in the pair wave function across
the barrier, it serves to dramatize the impor-
tance and significance of this quantum mechan-
ical variable.

The purpose of the present note is to point
out that there is a second important aspect to
Josephson tunneling; because of the sensitivity
of the phase to magnetic fields, Josephson tun-
neling is an excellent tool for the study of field
penetration in superconducting films. This
is already evident for thick films from the work
of Rowell,® who confirmed the prediction of
Josephson that the presence of an integral num-
ber of flux quanta in the tunneling junction would
reduce the total tunneling current to zero. As
the flux is proportional to the applied field times
the penetration depth, Rowell’s measurement
give a direct determination of the penetration
depth.

Not so well known is the case of films thin-
ner than the penetration depth, such as stud-
ied by Jaklevic, Lambe, Silver, and Mercereau?*
(which we abbreviate as JLSM). The electro-
dynamic properties of such films are complete-
ly specified now by two parameters, instead
of simply the one parameter relevant for thick
films. Using Schrieffer’s® coordinate notation
for a film of thickness 7 filling the region be-
tween the planes z =0 and z =7, we impose the
boundary condition of a vanishing magnetic
field at z =7. With a tangential field in the y
direction at z =0, the vector potential A(z) and
the currents will have only x components. With
differentiation indicated by a prime, the two
electromagnetic parameters of the film are
the ordinary penetration length

=-A(0)/A"(0), 1)

and a different ratio which we can call the “trans-

fer length,”

Ap=—A (r)/A"(0). (2)
Other situations involving different boundary
conditions can be described in terms of A and
AT. For example, it is easy to show that if
the fields are equal at the two surfaces, the
actual negative reciprocal logarithmic deriva-
tive of the vector potential at the surface is

Aot “A A 3)
and the diamagnetic susceptibility is
=—(1/417)(1-2Aeff/7). (4)

Equations (1) and (2) are written in a gauge
such that the Gor’kov function in the current-
carrying superconducting film is a constant,
i.e., the mean pairing momentum vanishes.
In the JLSM experiment the other film of the
Josephson junction is in a field-free region.
As already discussed in a similar context by
the author,® the fact that this film is carrying
no current permits us to write down immedi-
ately in terms of A(7) an expression for the
difference in phase at two points separated
by the distance L:

A ==(2eL/lic)A(r) = (2eLAT/7Zc)A’(0), (5)

where e, ¢, and 277 are the electron charge,
velocity of light, and Planck’s constant, respec-
tively. We have substituted from Eq. (2) and
can now eliminate the magnetic field A’(0) in
terms of the film width W and the incremental
current AJ required to increase A by 2r.

Thus we obtain

AJ=CW§>0/4TILX (6)

T’
where &, =hc/2e =2.07 G cm? is the basic flux
quantum.

Equation (6) replaces the JLSM Eq. (3) which
is based upon the approximation of uniform
distribution of supercurrent in the film. (Our
AJ is equal to their J; times 7W.) The improve-
ment represented by Eq. (6) can be illustrated
by a calculation of A7 based upon London’s
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electrodynamics. This approximation neglects
the Pippard nonlocal effects and yields an ex-
pression for A(z) proportional to cosh(r—z)/
A, where xy is London’s temperature-depen-
dent penetration depth. Consequently, accord-
ing to Eq. (2), the penetration and transfer
lengths are

A =ALcoth(7/AL), (7)

AT=ALcsch(T/AL). 8)
Substituted into Egs. (3) and (4), these expres-
sions reproduce London’s result for the sus-
ceptibility of the film,

=--%[1—(-r/2)‘1‘)—1 tanh(T/ZAL)]. 9)
We also note in passing that when Eq. (7) is
substituted into Eq. (12) of reference 6, the
Josephson penetration depth is considerably
reduced for films thinner than Ay,. The self-
limiting effect is therefore enhanced. (As the
A of reference 6 is the mean of the penetration
lengths, only one of the two films of the Joseph-
son junction need be thin for this enhancement
to occur.) Note further that A > 7 in this case.”
Returning now to the JLSM experiment, we
follow JLSM in assuming a temperature depen-
dence of the Gorter-Casimir type,

A @) =2 @) 1=t9727, (10)

where the best fit to the JLSM data® shown in
Fig. 1 is achieved with the value A1,(0) =783 A
and is shown as a solid line (¢ is the reduced
temperature). The dashed line results from
the approximation
2

A:;AT:AL /T (11)
to Eq. (7) and corresponds to the JLSM assump-
tion of uniform current distribution. Compari-
son of the two curves makes evident the desir-
ability of taking into account the nonuniformity
of the current distribution in films as thick
as that used by JLSM.

As the thickness of the film is further in-
creased, the London treatment which yielded
Eq. (8) can be expected to become increasing-
ly inaccurate. According to nonlocal anomalous
skin-depth theory for a pure metal with a long
electron mean free path, Ap should pass through
zero and exhibit a sign reversal. This sign
reversal has been found in a radiofrequency
experiment to fall between 3.4 and 2.88°K for

528

a tin film 18700 A thick.® This will result in
a striking temperature dependence in the JLSM
experiment. The expected behavior has been
sketched in roughly (curve labeled “REVERSAL”)
in Fig. 1 for a rather smaller thickness such
that the transfer length passes through zero
at 2.4°K (which requires a sufficiently long
mean free path). Although only the absolute
value of AJ has been drawn, the sign could be
determined by admitting a small amount of mag-
netic flux between the two superconducting films.
In conclusion, we wish to point out that the
discussion given by JLSM of their experiment
employs the term “drift current,” which does
not have a meaning independent of the gauge
used. In the present treatment the phase of
the electron pairs in the current-carrying film
is constant throughout the film. The current
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FIG. 1. Superconducting current versus temperature.
AdJ is the current needed to produce a phase difference
of 2m for points in the tin film L =8 mm apart. The
width and thickness of the film are W=3 mm and 7
=1100 A, respectively. The data are from JLSM (re-
ference 4) and are fitted by the present theory (solid
line), which takes into account the nonuniform distri-
bution of the superconducting current across the thick-
ness of the film, for both the Abrikosov-Gor’kov (A-G)
and the Casimir-Gorter (C-G) temperature depen-
dences. The approximate theory of uniform distribu-
tion yields the dashed curve, for the same value of
zero-temperature London penetration depth [A1,(0)
=783 A]. The curve labeled “REVERSAL” illustrates
roughly the predicted singularity and sign reversal for
a thicker film of sufficiently long mean free path.
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flows entirely because of the London term pro-
portional to the vector potential—the “drift cur-
rent” referred to by JLSM is absent in this
gauge. But the other film of the Josephson junc-
tion has a “drift” term of just the right size

to cancel the London term (in order to produce
zero current), and this is where the relative
phase difference of the two films arises. Use
of gauge-noninvariant terminology is probably
not dangerous, but it would seem wise to as-
cribe physical significance only to gauge-in-
variant relationships such as Eq. (6). “Phase
is phase,” and the origin of the phase difference
measured by JLSM is really no different from
that in their earlier experiments.!® The main
point of the present paper is that the quantum
mechanical phase question arising in the JLSM
experiment is answered completely by Eq. (6).
This equation expresses the gauge-invariant
connection between the current AJ which pro-
duces a phase shift of 2r and the new gauge-
invariant parameter Ap. It is necessary to
supplement the conventional penetration length
with this new parameter, the “transfer length,”
in order to have a complete description of the
electrodynamics of a metallic film.
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[A (0)]2 A(T) A(T)
L tanh
XL(T)

“A0) 26T’
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The dynamic collective theory'~ which treats the coupling of dipole oscillations and surface vibra-
tions was originally formulated for deformed nuclei. It has been extended in a systematic fashion to
spherical nuclei. There the Hamiltonian, H, in the laboratory system has the form

H= _é\/g{u/Bl)ﬁmx T*T[u] o) , Cl[& 11y (';[n] CH N {(1/32)[;[25( ;[z]] o3, Cz[amx a,’[z]] [°]}+K1[Em>< o Wx (‘y’m][o]

+K [meam] ©1[ WIx &’m] [0)+K22[[&’[2]X Zy’[zJ] 121y [&’[nxa’m] el .. (1)
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