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calculated from Kasuya’s formula for the most
pure samples above 3.0°K and the dependence
of H, and J,/A, on carrier concentration, are
under investigation.
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It is the purpose of this note to point out a
new mechanism which provides an instability
against Cooper-pair formation. We find that
a weakly interacting system of fermions can-
not remain normal down to the absolute zero
of temperature, no matter what the form of
the interaction. This mechanism has nothing
to do with the conventional electron-phonon
attractive interaction in metals, or the long-
range attractive van der Waals forces in Hed.
It is present even in the case of purely repul-
sive forces between the particles, and is due
to the sharpness of the Fermi surface for the
normal system.

To understand what is involved, we first take
an over-simplified view of the effect. It has
long been known® that if a charge is placed in
a metal, the screening is such that there re-
mains a long-range oscillatory potential of
the form cos(2k g7+ ¢)/¥® (kp is the Fermi mo-
mentum). This leads to a long-range interac-
tion between charges. Formally, the source
of this long-range force is the singularity of
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the dielectric constant as a function of the mo-
mentum transfer §, when ¢g=2kg.! This sin-
gularity in the Fourier transform of the inter-
action gives rise to a long-ranged oscillatory
force in ordinary space. All that is necessary
for this effect is a sharp Fermi surface; a
rounding of the Fermi surface due to (say)
finite temperature or impurities will give rise
to an interaction which drops off exponential-
ly at very large distances.

It is plausible to suppose that, similarly,
the effective interaction between the fermions
themselves will have a long-range oscillatory
part. By taking advantage of the attractive
regions, Cooper pairs can form thus giving
rise to superconductivity.

To investigate this possibility more system-
atically we consider the following model: an
isotropic system of spin-; fermions with weak
short-range forces between them. The crite-
rion we use for the onset of superconductivity
is that the scattering amplitude for pairs of
quasiparticles of equal and opposite momenta
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and total energy corresponding to two particles
on the Fermi surface has a pole at a certain
temperature 7..% It can be shown that this
criterion is exactly the same as one would
obtain from the general theory of Cooper-pair
formation,® in the limit as the gap approaches
zero. This criterion leads to the following
equation:

x(p)———TK(p,p')G(p')G(—p'>x(p'), (1)
pl

where K(p, p’) is derived by summation over
spin variables from the irreducible vertex*
Iyy, a'y'(p, =p3p’, =p’'). a,y are spin indices,
p represents the momentum and (discrete)
energy variables. The diagrams contributing
to K up to second order are given in Fig. 1.
Figure 1(a) represents the direct interaction;
Fig. 1(b) represents the effect we have dis-
cussed in the general introduction, i.e., the
screened direct interaction. Figures 1(c) and
1(d) are new effects, Fig. 1(c) being due to
a wave-function modification of the particles
and Fig. 1(d) to exchange. Equation (1) may
be reduced (for small temperature) to an equa-
tion on the Fermi surface. K then becomes
a function only of the angle between K and k’.
The solutions of Eq. (1) have an angular depen-
dence of the form Ylm(f), ¢). For a givenl,
Eq. (1) can be reduced to

=[egm/@m?K, ln(Be P=1 (2)
where
Kl=foﬂd(COSB)Pl(cose)K(cose)

and €0,1 is of the order of the Fermi energy.
As long as K; is negative, no matter how small,
Eq. (2) has a solution for small enough tem-
perature since ln(Bso, 1) can be made arbitrar-
ily large.
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FIG. 1. Types of particle-particle interaction dia-
grams up to the second order which contribute to the
irreducible scattering vertex.

We can in fact demonstrate that, at least
for large odd values of I, K; must become neg-
ative. The essential feature of K(cos6) is that
its contributions from Figs. 1(b) and 1(c) are
singular at cosf=-1, and that from Fig. 1(d)
at cos6=+1. The origin of this singularity is
the same as the origin of the singularity of
the dielectric constant: the sharpness of the
Fermi surface.® The singular parts of K b, R
K(C), and K@ are

® 2
K sing ™ 2u (2kP)Q(cos 6),
x© sing ™ ~2u(2k Ju(0)Q(cose),
K‘d)smg = —u%(0)Q(=cos6). 3)

Here

Q(cosb) = (mkF/l 67%)(1 +cos6) In(1 +cosh), (4)

and u(g) is the Fourier transform of the direct
interaction. From these expressions we find
Kj;~1/1*. If the direct interaction is regular,
its contribution to K; [Fig. 1(a)] drops off ex-
ponentially in /, and thus for large / always
becomes negligible compared to the contribu-
tions of the second-order diagrams.” For large
I one then finds, finally, the condition

[0 o) /22 1%
<4 (0) + 2(-) w2k )= (2k )ln(Be )= 1. (5

It is clear that, at least for odd I, this has
a solution no matter what the form of u(%) is.
Of course one cannot use these formulas for
real metals or for liquid He®, since the inter-
actions are really not weak. However, they
may be used as a very crude estimate of the
kind of transition temperatures we might ex-
pect. For He® we may represent the interac-
tion by a pseudopotential

u(¥) = +(4ma/m)6(¥), (6)

where a is the diameter of the hard core of
the He® atoms. Then (5) becomes

kT
E——-c-~exp{ [72/(® a)"’ 14} ~ exp(-2.51%), (n
0,1
since for He®, kpa~2. For example, for /=2,

~p =40 -17
(ch/eO’l) e 10717, (8)
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which is utterly negligible. It should be remem-
bered, however, that an error of a factor of
5 in the exponent (which is possible) could
lead to an observable effect.

For electrons in metals we can make esti-
mates using a screening Coulomb potential.
It is easily seen that in the high-density lim-
it #(0) dominates and becomes u(0) =7?/mkg;
therefore,

(kT /e )~ exp[-(20)*]. 9

Is there then any hope of observing super-
conductivity (or superfluidity) which is large-
1y due to the mechanism proposed here? In
He® it seems unlikely, since €p, ] corresponds
to about a degree, and therefore the exponent
must be fairly small. For metals, on the oth-
er hand, the situation is not quite as bad, for
the following reasons. First, €9 j~€p~ 10%°K,
which means a factor of kT¢/€q 7 of even 107"
may give an observable transition temperature.
Secondly, by taking metals with different pa-
rameters and nonspherical Fermi surfaces,
it may prove possible to enhance the effect
appreciably. In fact, it is known that some
substances® (for example, molybdenum, nio-
bium, vanadium, and tantalum) show unexpect-
edly strong and sharp structure in their pho-
non spectra, which can only arise from strong
long-range oscillatory forces between the ions.
This, in turn, is very likely due to Friedel
oscillations, which have the same origin as
the effects studied here. It is interesting in
this connection that some of these substances
have rather high transition temperatures.’

One may easily see that a flattening of the
Fermi surface or an abnormally high density
of states can result in a considerable enhance-
ment of phonon anomalies’® as well as of the
mechanism discussed here. A factor of 10
in the exponent does not appear out of the
question.

We also mention that since the electron-
phonon interaction is screened by the same
kind of mechanism, it too should contribute
to long-range effects.
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