VOLUME 15, NUMBER 8

PHYSICAL REVIEW LETTERS

23 Aucust 1965

are in this approximation less than the exper-
imental values.®

The stability of the solution obtained was in-
vestigated. It was shown that the longitudinal
ion acoustical waves in the after-body region
are unstable. The wave frequency w ~ (O.I—I)Qi,
where §; = (4me*Ny/M)"? is the Langmuir ion
frequency. It is possible that the plasma os-
cillations in the ionosphere observed by Bowen,
Boyd, Henderson, and Willmore” in the wake
of a body are the result of this instability mech-
anism.

The authors are grateful to L. V. Pariyskaya
for numerical calculations.
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NONANALYTIC FORM OF THE COEXISTENCE CURVE OF HELIUM AT THE CRITICAL POINT*
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During the years between 1956 and 1963 I
measured the density of saturated He* liquid
and vapor along the coexistence curve from
0.30 to 0.994T ., by refractive index measure-
ments with a modified Jamin interferometer.!=3
We analyzed our data on the coexistence curve
between 0.98 and 0.994T . by extending Landau
and Lifshitz’s theory using a fit to a power-
series expansion in volume and temperature.?
If, as is now believed, singularities occur at
the critical point, this whole expansion proce-
dure is questionable, since the coexistence
curve cannot, in principle, be represented
asymptotically by a Taylor series in the den-
sity about such a nonanalytic point.* A reanaly-
sis of these same data will now be presented,
without the use of a Taylor-series expansion.
The result of this analysis confirms that the
critical point is indeed a nonanalytic point.

The coexistence curve of saturated liquid and
vapor densities Py and Pg, as a function of tem-
perature, is symmetrical, not about the critical
density, but about a “rectilinear diameter.”
This line of mean densities of vapor and liquid
passes through p., the critical density, and for
He* would extrapolate linearly to 1.1p, at T=0.
The symmetry of the coexistence curve is ob-
scured on a plot of saturated molar volume
V7 and Vg of liquid and vapor since the mean
volume curves sharply away from the temper-
ature axis at lower temperatures. In examina-
tions of the shape of coexistence curves, it
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is customary to consider the quantity (p;—p)
or (pl—pg)/ch as a function of (T,~7). If one
attempts to write

B

(p —pg)/ch =A (TC—T) , (1)

l

where A and 8 are constant, then classically

(van der Waals), =%, whereas a variety of

experiments suggests that 8=3% for a certain

range of temperatures. Accurate values of T,

are needed for meaningful tests of such a re-

lationship. Furthermore, the slope of the

“rectilinear diameter,” or line of mean den-

sities, differs from substance to substance,

so that the similarity of coexistence curves

may be obscured by comparing experimental

data in that manner. Buckingham® has suggested

that the shape of the coexistence curve should

be analyzed using the natural variable

Pl—Pg B Vg— Vl Dl—Pg

o, +p v +V¢2p ) 2)
I g g 1 c

X=

Advantages of this variable are (1) X ranges
from 1 to 0 as T ranges from 0 to T, for any
substance; (2) there is equal symmetry using
either density or molar volume, and the effect
of the slope of the “rectilinear diameter” is
entirely removed; and (3) if we plot X" (where
n=1/8) against 7', we need not know T, or p,
or Ve and, in fact, may determine T'» by such
plots.
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FIG. 1. Temperature dependence of X2 and X° for
He?. X3 is linear above 0.8T,.

Figure 1 shows how plots of X2 (or 8 =3),
and X3 (or B=%), appear for helium-four over
the whole range of measurements*~3 from 0.3
to 0.99T.. Clearly, X2 is nearly linear (or
B=%), above about 0.87. (but not too near T¢;
see later), in agreement with many other mea-
surements for many fluids. Note that the clas-
sical X2 is not linear over any extended range
of temperature.

The coexistence curve near T..—Buckingham
has shown® that the simplest singular entropy
surface which is consistent with a logarithmic
infinity in C, at the critical point would imply
a coexistence curve whose asymptotic form
as T - T is given by

X2
1-lnx ~

at, ®3)

where a is a constant, and t =T .—T. The quan-
tity X2/(1-1nX) lies between X2 and X? for the
whole temperature range.

The question of the asymptotic form of the
coexistence curve of He* will now be examined
using the 76 experimental points listed in Ta-
ble OI of reference 3. All these points were
taken within 250 mdeg of 5.1994°K (the critical
temperature of He* on the 1958 He* scale of
temperatures®). The temperature of each data
point was obtained directly from the measured
saturated vapor pressure.

These optical-density measurements near
the critical point should be particularly reliable
for the following reasons:

(1) High resolution of density to ~0.01% is

possible.

(2) There are no dead-space corrections to
the observed densities.

(3) The local density of a horizontal “slice”
only 1 mm deep is measured and hydrostatic
head effects were always less than 0.5% in
density.

(4) If temperature inhomogenities of ~10™*°K
appear in the optical cell, the fringes disap-
pear and no results are obtained.

Although both Vg and V; were not often mea-
sured at precisely the same temperature, we
may evaluate an X for each experimental point
by writing

ZVg 2Vl
= - =1- .
X T 1, or X T (4)
g 1 g 1

For each temperature at which either Vv, or

V; was measured, the quantity (Vg +V;), which
varies rather slowly and smoothly with temper-
ature, was read by interpolation or, within

50 mdeg of T, by linear extrapolation. Thus
76 values of X are obtained within 250 mdeg

of T,. The added uncertainty in X produced

by the uncertainty in the value of Vg+V; falls
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FIG. 2. Tests of the asymptotic form of the coexis-
tence curve for He? above 0.95T.
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Table I. Linear fits of coexistence-curve data to three functional forms.

t <100 mdeg (39 points)

Range of data in fit
t <200 mdeg (65 points)

10% AT, 10% AT,
F(X) [(mdeg K)™ ! (mdeg K) [(mdeg K)~!] (mdeg K)
x? 1.005+0.004 +4.2+0.3 0.882+0.007 +14.2+£0.9
Xz/(l—lnX) 0.527+0.002 -7.5+£0.3 0.513+0.001 -5.9%+0.3
x° 0.404+0.003 ~18.0=0.5 0.429+0.002 —20.8+0.4

from 0.6% at £ =35.9 mdeg to below 0.3% above
¢t =50 mdeg.

Figure 2 shows a graphical test of the three
functional forms for the coexistence curve of
He* for all points within 250 mdeg of 5.1994°K.
The straight line drawn on the plot of X2 is a
least-squares-fitted straight line for the 39
points within 100 mdeg of T,. The lines shown
on the plots of X2/(1-1nX) and of X3 are least-
squares-fitted lines for the 65 points within
200 mdeg of T'.. Clearly, over this tempera-
ture range the data are represented best by
the nonanalytic function X2/(1-1nX). Note par-
ticularly the marked curvature of X3as T - T.
The liquid points and vapor points, treated
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FIG. 3. Deviations from linearity, expressed in mil-
lidegrees, for linear fits of the He? data for ¢ <200
mdeg for the three functions f(X)=X2, X?/(1-InX), and
X3. The triangles are taken from Sherman’s’ recent
He® isochores. For the He® data ¢ = (3.324—T'g).
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separately, lead to the same conclusions.”

Table I shows the slopes and intercepts, with
standard errors, computed by least-squares
fits of the data in the form

f (Xl.) =atl, +aATC, (5)

where f(X) is X2, X?/(1-InX), or X%, and where
£=5.1994-T,, in millidegrees, and AT =the
shift in critical point implied by a linear extrap-
olation of f(X) to zero. None of these asymp-
totic fits extrapolates to the value 7', =5.1994°K
assumed® in the T, scale of temperatures.

Yang and Yang® have suggested that the 7'
scale may be in error near T, and that the
actual critical temperature should be lower.

As a more sensitive test of the experimental

evidence in favor of any of these functional
forms for the coexistence curve, we plot the
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FIG. 4. Deviations from linearity, expressed in mil-
lidegrees, for linear fits of the He? data for £ <100
mdeg for the three functions f(X) =X2, Xz/(l—lnX), and
X3
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residuals

Ati = tl, - (l/a)f(XZ.)—ATC (6)

for each of the six fits with f(X) equal to X2,
X2/(1-1nX), and X3, over the ranges ¢ <200
mdeg. Figures 3 and 4 are plots of these de-
viations from linearity, expressed in millide-
grees. Figure 3 shows clearly that both X2
and X3 show systematic deviations fitted within
200 mdeg of T,. Figure 4 shows that, using
only the data points within 100 mdeg, both X2
and X2/(1-1nX) appear to give almost equally
good fits. However, X2?/(1-1nX) gives much
the best fit when all points within 200 mdeg

of T, are included. Figure 3 also shows the
same test for He®, using Sherman’s® recent
He® data. Linear fits for the same three func-
tions were attempted for his four smoothed

values of p; and p, at temperatures above 0.95T.

The nonanalytic form X2/(1-1nX) gives the
best fit for He3 also, over the widest tempera-
ture range, and the deviations from linearity
are strikingly similar for the He® and He* data.

The main conclusions of this analysis of the
form of the He* coexistence curve are as fol-
lows:

(1) x3 is not asymptotically linear in T above
about 0.98T ., despite its linearity from 0.8
to 0.98T.

(2) X2 can be shown to be asymptotically line-
ar only above 0.98T ., with the critical tem-
perature 4 mdeg above the T, value. (These
conclusions are also reached by Tisza and
Chase.?) Such a shift in T is in the opposite
sense to that expected,® and this functional form
is inconsistent with the observed! logarithmic
singularity in C,, below T'.

(3) X2/(1-InX) is the best asymptotic form,
fitting well above 0.96T ., with the critical point
lowered 6 to 8 mdeg below the T, value. This
shift is in the sense expected,® and this non-
analytic functional form is consistent® with the
observed!® logarithmic singularity in C, below
T,.

On the basis of Sherman’s four smoothed
points on the coexistence curve of He® above
0.95T ., we conclude that X?/(1-InX) is the
best asymptotic form for He?® also,* with the
critical point lowered 2 mdeg to 3.322°K.

It is quite possible that Eq. (3) is rather gen-

erally applicable to a wider class of critical
points since, for example, the data'? on mag-
netization of EuS also may be well represented
above about 0.97T, in this form, with X now
defined as v(T')/v(0), where v(T') and v(0) are
the zero-field nuclear-magnetic-resonance
frequencies at temperature 7' and at zero tem-
perature, respectively.

I am grateful to M. J. Buckingham and M. R.
Moldover for many discussions.
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