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It is the purpose of this note to report how
! values and spectroscopic factors may appar-
ently be accurately obtained from deuteron
stripping results by a quite elementary com-
putation which contains no adjustable or am-
biguous parameters. This work represents
a preliminary investigation of a new method
for stripping recently proposed by Butler! and
Tanifuji.?

We consider a (d,p) stripping reaction in
which the incident and outgoing wave vectors
are Ed and Ep, respectively, and where the
spins of the initial and final nuclei are J; and
Jf, respectively. The theoretical cross sec-
tion, in terms of optical-model wave functions,
is3’4
d_o_%mpmdfg(ZJf+1) 1
aQ  (2nn%)? kd (2Ji+1) o 21 +

IS(I,Ji,Jf)IMlz, (1)

where the matrix element M is given as
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Here Y-p and T,, are the neutron and proton co-
ordinates, respectively. The wave function
zpd+ describes elastically scattered deuterons
with outgoing spherical waves, zpp‘ describes
elastically scattered protons with incoming
spherical waves, and F;™ is the wave function

of the final bound neutron with orbital angular-
momentum [ and projection m, normalized to
unity. The normal neutron-proton interaction
is represented by Vyp. In the form of Eq. (1)
all other nuclear coordinates have been inte-
grated out so that zpp' may be considered to
be a known optical-model wave function. The-
factor S(l,Ji,Jf) is the so-called spectroscopic
factor which is a real positive number.
Strictly Eq. (1) may be considered to be a
distorted-wave Born approximation (DWBA)
cross section. However, in the usual evalua-
tion of the matrix element M associated with
DWBA calculations, the interaction Vup is tak-
en to be of zero range, and in the wave func-
tion y4* all internal distortion or polarization
of the deuteron is neglected; in these calcula-
tions y;* describes the center-of-mass motion
of the deuteron as an optical-model wave func-
tion, but leaves the internal motion unpolarized,
a procedure which is very difficult to justify.?
Extensive exploration of this DWBA approach
over the past decade has left its status still
somewhat obscure.* There are always ambi-
guities in the deuteron optical parameters, and
until recently it was considered usually nec-
essary to choose optical parameters different
from those required to fit elastic scattering.®
However, a satisfactory theory should, with
no adjustable parameters, be able to fit data
such that / values can be determined unambig-
uously and spectroscopic factors given accu-
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rately.® A recent DWBA study of (d,p) reac-
tions on Ca*, involving careful selection of
deuteron optical parameters from among those
consistent with elastic-scattering data, has
yielded satisfactory results. Yet there still
remains a large number of cross sections re-
ported in the literature which would appear

to require optical parameters not in agreement
with elastic-scattering data.

In the present approach no such difficulties
arise. On the basis of a sudden approximation,
in which the reaction time is considered short
compared to the natural deuteron period, the
wave function y;* assumes a simple form.!»?

It appears as a momentum-space convolution
integral between a free-deuteron wave function
and optical-model wave functions for neutron
and proton interacting separately with the nu-
cleus. The resulting expression for the matrix
element M, without recourse to zero-range
approximation and involving only nucleon op-
tical wave functions, is!»?

2
M =g dR, g ® K00, Ry F )1y "R E )

x@, " @, T )IF" G ), (3)

where m is the nucleon mass, Q' =k;—(M;/
Mp)ky’ and N=3=1/2y~1p; with k%/?/m the
deuteron binding energy, and p; the effective
range of the neutron-proton interaction. The
factor g is defined in Ref. 1; it is very close
to unity for all regions of contribution to the
integral.

The quantity (zpp+h/)p") is determinable’; it
is

W, &, )iy, "y, T,
- 3 T __.’ ’ _i 2_ 2 ® &
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where f is the proton elastic-scattering ampli-
tude so normalized that | fI? is directly the
differential cross section.

The first term in Eq. (4) by itself yields a
cross section sharply peaked at some forward
angle and rapidly becomes negligibly small
beyond the peak. The second term is strong-
ly coupled to the proton elastic scattering;
in many cases it is completely swamped by
the first term in the vicinity of the forward
peak, but rapidly takes over and dominates
at larger angles.® For reactions involving
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heavy nuclei, the second term can be of impor-
tance also at small angles of scattering, tend-
ing to eliminate the appearance of a charac-
teristic forward stripping structure; for light
and medium-heavy nuclei this seldom, if ever,
occurs.

Insertion of Eq. (4) into the matrix element
(3) yields a final cross section which may be
coded for computing. For an initial investiga-
tion, we chose reactions for which the first
term of Eq. (4) does completely dominate at
the main structural peak. Reliable criteria
for this may readily be found.®

We then computed a cross section yielded
by the first term of Eq. (4), assuming a square
well of radius 7, rather than the usual Saxon-
Wood potential for determining the neutron
optical and bound-state wave functions. The
disadvantages of a square well are well recog-
nized; it is, however, clearly sufficient for
the aim of the present work.

An optical square-well potential of depth
Vo +iW is chosen for determining ¥, and a
real square well of depth U,, with the same
radius, is chosen for determining F,,. The
element (Y, |F,) may then be represented
analytically.!® It is

[47 (21 +1) 372 AV-iW
Q@ +k? l(EQ+EB+AV)—iW

(¢n|Fn>:6m0

16] . .
XA £ cosol[W(]l (Qro), hl(u(ro))

—tanle(nl(Qro),hl(im’o))], (5)

where EQ=}i2Q’/2m, Eﬂ_zh’K’/Zm is the neu-
tron binding energy, 6;(Q) is the complex phase
shift for the /th partial wave of ¥y, k; is the
Hankel function of the first kind, and j; and n;
are the spherical Bessel functions of the first
and second kinds, respectively. Moreover
AV =1V4l-1U,! and W denotes a Wronskian
with derivatives taken with respect to »,. We
have also written F), =R;(r,)Y ,,, (6,¢,), and
A is defined in terms of R; by the equation
Rj(ro) =A;h;(ikrg). This expression for the
cross section reduces to the familiar Butler-
Born result®!! if we put 6;=0 and replace the
factor inside the curly brackets by unity.

The depth U, is chosen to fit the observed
binding energy. For the neutron optical po-
tential we take one potential which gives a good
fit to neutron scattering at all energies EQ
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FIG. 1. Experimental points* and theoretical curve
for Ca®’(d, p)Call(g.s.) E4=12 MeV; Q=6.14 MeV;
1=3; S=1). The arrows indicate roughly the point at
which the second term in Eq. (4) becomes important.?

of relevance and on all target nucleil?»3;

Vo(é) =-(52.6-0.6E ), E_<21;
=-(40-10.8In{E /21}), E >21;
wQ)=-2.5 +0.3EQ), Eo <21
=-(8.8+2.35InfE o/21}, E>21;
74=(1.3341/%+0.30)F. (6)

(Vo, W, and Eg are expressed in MeV units.)
Notice that, unlike Butler-Born theory, the
nuclear radius is not treated as an adjustable
parameter.

Cross sections so obtained from the first
term of Eq. (4), both as regards absolute mag-
nitude and angular distribution, are displayed
in Figs. 1 and 2. In each case the spectro-
scopic factor S was taken to be unity. The ar-
rows on the curves label the regions where
we expect the second term in (4) to assume
significance.? The reactions 0(d, p)O*" and

FIG. 2. Experimental points!4 and theoretical curve
for 0¥, p)0'"(g.s.) E4=15 MeV; Q=1.92 MeV; [=2;
S =1). The error bars represent relative errors; the
over-all experimental cross section is +25%.

Ca*(d,p)Ca* were chosen because the initial
nuclei are doubly magic, and the assignment

S =1 should be reliable. The experimental®'*
absolute magnitudes are subject to over-all
systematic errors of +25% for O'® and +10%

for Ca*. Equally good fits have been obtained
[with the same potential (6)] for the peaks in
Ca®(d, p)Ca* at other deuteron energies and

for excited states, and also for C'*(d, p)C'3(g.s.)
($=0.5),1%18 K®¥(d, p)K*(g.s.) (§=0.45),'” and

the set!® of reactions Kr®®(d, p)Kr®*’(g.s.) (S=0.4),
Sr®(d, p)Sr*®(g.s.) (S=0.5), and Zr*(d, p)Zr®(g.s.)
(§=0.6). The spectroscopic factors in brackets
are those which achieve exact agreement be-
tween experimental peak magnitudes and our
theory; they are consistent with shell-model
theory.

On the basis of these results a code is being
prepared for the Sydney University KDF 9 com-
puter for calculating complete cross sections
using both terms of Eq. (4) and standard Saxon-
Wood potentials throughout. In any case, how-
ever, the simple square-well cross section
presented here, which involves no adjustable
parameters and whose coding for a computer
is trivial, would seem to provide a satisfac-
tory basis for analyzing many experimental
results.

1035



VoLUME 15, NUMBER 26

PHYSICAL REVIEW LETTERS

27 DECEMBER 1965

This work was supported in part by the Nu-
clear Research Foundation within the Univer-
sity of Sydney, and it is a pleasure to acknowl-
edge the interest and support of its Director,
Professor H. Messel.

Is. T. Butler, Australian J. Sci. 26, 236 (1964); Na-
ture 207, 1346 (1965).

M. Tanifuji, Nucl. Phys. 58, 81 (1964). The ap-
proach adopted here is more formal than that of Ref. 1.
’S. T. Butler and O. H. Hittmair, Nuclear Stripping
Reactions (John Wiley & Sons, Inc., New York, 1959).
‘L. L. Lee, Jr., J. P. Schiffer, B. Zeidman, G. R.
Satchler, R. M. Drisko, and R. H. Bassel, Phys. Rev.

136, B971 (1964).

5See, for example, W. Tobocman, Phys. Rev. 115,
98 (1959); B. Buck and P. E. Hodgson, Nucl. Phys. 29,
496 (1962); H. E. Gove, in Proceedings of the Ruther-

9For =0, for example, one can estimate that the
second term of Eq. (4) becomes significant only at
those angles for which

6) (A6)4 ()
dal(a)'&’ [k 2d°1( ) (A8) op( )
aQ p dQ 4 J de

Here AO is the half-width of the forward stripping peak
yielded by the first term, do,/dS is the cross section
yielded by the first term, and dop/d< is the proton
elastic-scattering cross section. Similar estimates
are available for I #0.

R, M. May, Nature 207, 1348 (1965).

e, R. Lubitz, University of Michigan Report, 1957
(unpublished).

RA. E. S. Green, In Proceedings of the International
Conference on the Nuclear Optical Model, Tallahassee,
1959 (Florida State University Press, Tallahassee,
Florida, 1959), p. 44; P. E. Hodgson, Optical Model
of Elastic Scattering (Oxford University Press, New

ford Jubilee International Conference, Manchester,
1961, edited by J. B. Birks (Academic Press, Inc.,
New York, 1961), pp. 437-478.

8G. R. Satchler, Direct Interactions and Nuclear Re-
action Mechanisms, edited by E. Clementel and C. Vil-
li (Gordon and Breach Publishers, Inc., New York,
1963), p. 80.

™. L. Goldberger and K. M. Watson, Collision The-

ory (John Wiley & Sons, Inc., New York, 1964), p. 194.

8The Coulomb singularity in f at zero scattering an-
gle causes no trouble. Under the sudden approxima-
tion of Ref. 1 it may be seen that a realistic approach
is to provide a Coulomb cutoff at say 1-2 nuclear radii
from the nuclear surface. Such a cutoff plays no role
in the final result.

York, 1963).

Bror a discussion of the correspondence between the
parameters for square-well and Saxon-Wood potentials,
see W. S. Emmerich, in Fast Neutron Physics, edited
by J. B. Marion and J. L. Fowler (Interscience Pub-
lishers, Inc., New York, 1963), Vol. II, pp. 1060-1065.

Ug, L. Keller, Phys. Rev. 121, 820 (1961).

157, S. Green and R. Middleton, Proc. Phys. Soc. (Lon-
don) A69, 28 (1956).

85, N. McGruer, E. K. Warburton, and R. S. Bender,
Phys. Rev. 100, 235 (1955).

4. A. Enge, E. J. Irwin, Jr., and D. H. Weaner,
Phys. Rev. 115, 949 (1959).

g, E. Sass, B. Rosner, and E. J. Schneid, Phys.
Rev. 138, B399 (1965) and references therein.
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Rearrangement collisions between complex
nuclei differ from direct nuclear reactions with
simple nuclear projectiles, at least in three
aspects: (1) Coulomb effects are stronger.

(2) The dimensions of the projectile are not
small in comparison with the dimensions of
the target nucleus. (3) The transferred parti-
cle is usually not in a state of zero orbital an-
gular momentum in the incident particle.

These effects may lead to unusual experimen-
tal cross sections. Recently, heavy-ion exper-
iments involving both single-particle and clus-
ter transfer at energies well above the Coulomb
barrier actually exhibited several unusual and
unexpected features.!”® In some cases the an-
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gular distribution is smooth, in other cases
it is oscillatory.

Dodd and Greider suggested®* that the smooth
behavior is due to recoil effects; however, re-
cent measurements by Bock et al.? exhibit a
clear oscillatory behavior in many cases, in
contrast with Dodd and Greider’s predictions.
The purpose of this note is to provide a sim-
ple explanation for this behavior and to relate
the oscillatory angular distribution in a sim-
ple way to the angular momenta involved in
the reactions.

Our approach is based on the smooth-cutoff
diffraction model (SCDM) for direct nuclear
reactions.® According to this model the tran-



