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It is the purpose of this note to report how

l values and spectroscopic factors may appar-
ently be accurately obtained from deuteron
stripping results by a quite elementary com-
putation which contains no adjustable or am-
biguous parameters. This work represents
a preliminary investigation of a new method
for stripping recently proposed by Butler' and
Tanifuji. ~

We consider a (d, P) stripping reaction in
which the incident and outgoing wave vectors
are kd and kp, respectively, and where the
spins of the initial and final nuclei are J& and

Jy, respectively. The theoretical cross sec-
tion, in terms of optical-model wave functions,
s8~4

do —,'m m„k (2Z +1)

dg (2@km)~ k (2J. +1) 2f+I ' ' f
lm

where the matrix element M is given as

M (k, k ) = (g (k, r, r ) l V

x IE (r }y (k, r )).

Here rp and r„are the neutron and proton co-
ordinates, respectively. The wave function
|Id+ describes elastically scattered deuterons
with outgoing spherical waves, gp, describes
elastically scattered protons with incoming
spherical waves, and El~ is the wave function

of the final bound neutron with orbital angular-
momentum l and projection m, normalized to
unity. The normal neutron-proton interaction
is represented by V„p. In the form of Eq. (1}
all other nuclear coordinates have been inte-
grated out so that g~ may be considered to
be a known optical-model wave function. The-
factor S(l, J;,Jy) is the so-called spectroscopic
factor which is a real positive number.

Strictly Eq. (1) may be considered to be a
distorted-wave Born approximation (DWBA)
cross section. However, in the usual evalua-
tion of the matrix element M associated with
DNBA calculations, the interaction V„p is tak-
en to be of zero range, and in the wave func-
tion pd+ all internal distortion or polarization
of the deuteron is neglected; in these calcula-
tions yd+ describes the center-of-mass motion
of the deuteron as an optical-model wave func-
tion, but leaves the internal motion unpolarized,
a procedure which is very difficult to justify. '

Extensive exploration of this D%BA approach
over the past decade has left its status still
somewhat obscure. ~ There are always ambi-
guities in the deuteron optical parameters, and
until recently it was considered usually nec-
essary to choose optical parameters different
from those required to fit elastic scattering. '
However, a satisfactory theory should, with
no adjustable parameters, be able to fit data
such that l values can be determined unambig-
uously and spectroscopic factors given aecu-
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rately. ' A recent DWBA study of (d, P) reac-
tions on Ca~, involving careful selection of
deuteron optical parameters from among those
consistent mith elastic-scattering data, has
yielded satisfactory results. Yet there still
remains a large number of cross sections re-
ported in the literature which mould appear
to require optical parameters not in agreement
with elastic-scattering data.

In the present approach no such difficulties
arise. On the basis of a sudden approximation,
in which the reaction time is considered short
compared to the natural deuteron period, the
wave function gd+ assumes a simple form. '~'

It appears as a momentum-space convolution
integral between a free-deuteron wave function
and optical-model mave functions for neutron
and proton interacting separately with the nu-
cleus. The resulting expression for the matrix
element M, without recourse to zero-range
approximation and involving only nucleon op-
tical wave functions, is'~'

x&4 +(q', r )th) (r )), (3)

M =2 2 fdk 'g(k, k ')(g (k ', r ) lg (k, r ))

heavy nuclei, the second term can be of impor-
tance a,iso at small angles of scattering, tend-
ing to eliminate the appea, rance of a charac-
teristic forward stripping structure; for light
and medium-heavy nuclei this seldom, if ever,
occurs.

Insertion of Eq. (4) into the matrix element
(3) yields a final cross section which may be
coded for computing. For an initial investiga-
tion, we chose reactions for which the first
term of Eq. (4) does completely dominate at
the main structural peak. Reliable criteria
for this may readily be found. '

We then computed a cross section yielded
by the first term of Eq. (4), assuming a square
well of radius ro rather than the usual Saxon-
Wood potential for determining the neutron
optical and bound-state wave functions. The
disadvantages of a square well are well recog-
nized; it is, however, clearly sufficient for
the aim of the present work.

An optical square-well potential of depth
Vo+iW is chosen for determining gn, and a
real square well of depth Uo, with the same
radius, is chosen for determining I"„. The
element (pn iFn) may then be represented
analytically. 'o It is

where m is the nucleon mass, Q' = kd-(Mi/
Mf)kp' and N =1/2y--,'pf with I'y'/m the
deuteron binding energy, and pg the effective
range of the neutron-proton interaction. The
factor g is defined in Ref. 1; it is very close
to unity for all regions of contribution to the
integral.

The quantity (g~ lg~ ) is determinable', it
ls

g +(k ', r ) I tt (k, r ))

=(2m)' 6(k -k ')-—5(h -h '')f(k, k '), (4)
P P & P P O'' P

where f is the proton elastic-scattering ampli-
tude so normalized that i fP is directly the
differential cross section.

The first term in Eq. (4) by itself yields a
cross section sharply peaked at some forward
angle and rapidly becomes negligibly small
beyond the peak. The second term is strong-
ly coupled to the proton elastic scattering;
in many cases it is completely smamped by
the first term in the vicinity of the forward
peak, but rapidly takes over and dominates
at larger angles. For reactions involving
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where E~=h'Q /2m, E~=R~K~/2m is the neu-
tron binding energy, 5I(Q} is the complex phase
shift for the Ith partial wave of g, hf is the
Hankel function of the first kind, and j~ and n~
are the spherical Bessel functions of the first
and second kinds, respectively. Moreover
~V = I VOI- I U, I and W denotes a Wronskian
with derivatives taken with respect to ro. We
have also written E n=R (Ir )nY Im(8nyn), and

A~ is defined in terms of R~ by the equation
Rf(r0) =Afhf(ixr0). This expression for the
cross section reduces to the familiar Butler-
Born result' &" if we put 6~ =0 and replace the
factor inside the curly brackets by unity.

The depth Uo is chosen to fit the observed
binding energy. For the neutron optical po-
tential we take one potential which gives a good
fit to neutron scattering at all energies E~
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FEG. 2. Experimental points and theoretical curve
for 0 (d, P)O I(g.s.) (Ed=16 MeV; @=1.92 MeV; I=2;
8 = 1). The error bars represent relative errors; the
over-all experimental cross section is +25%.

of relevance and on all ta,rget nuclei"~".

V (Q) =-(52.6-0.6E ), E &21;

= -(40-10.8 1n(E /21}), E & 21;

W(Q) =-(2.5+0.3E ), E & 21;

=-(8.8+2.251n{E /21), E &21;

re = (1 33Aus+0 30)F (6)

(V0, W, and Eq are expressed in MeV units. )
Notice that, unlike Butler-Born theory, the
nuclear radius is not treated as a.n adjustable
parameter.

Cross sections so obtained from the first
term of Eq. (4), both as regards absolute mag-
nitude and angular distribution, are displayed
in Figs. 1 and 2. In each case the spectro-
scopic factor S was taken to be unity. The ar-
rows on the curves label the regions where
we expect the second term in (4) to assume
significance. s The reactions 0' (d, P)O" and

FIG. 1. Experimental points and theoretical curve
for Ca4 (d, p)Ca (g.s.) (Sd = 12 MeV; Q = 6.14 MeV;
L =3; ~ = 1). The arrows indicate roughly the point at
which the second term in Eq. (4) becomes important. s

Ca~(d, p)Ca~ were chosen because the initial
nuclei are doubly magic, and the assignment
S = 1 should be reliable. The experimental ~'

absolute magnitudes are subject to over-all
systematic errors of +25@ for 0" and +10@
for Ca ~ Equally good fits have been obtained
[with the same potential (6)] for the peaks in
Ca~(d, p)Ca~' at other deuteron energies and
for excited states, and also for C"(d,p)C's(g. s.)
(S =0 5) "i"K"(d, p)M(g. s.) (S = 0.45),"and
the set's of reactions Krs'(d, P)Krs~(g. s.) (S=0.4),
Srss(d, P)Sr~(g. s.) (S=0.5), and Zr~(d, P)Zr"(g.s.)
(S =0.6). The spectroscopic factors in brackets
are those which achieve exact agreement be-
tween experimental peak magnitudes and our
theory; they are consistent with shell-model
theory.

On the basis of these results a code is being
prepared for the Sydney University KDF 9 com-
puter for calculating complete cross sections
using both terms of Eq. (4) and standard Saxon-
%ood potentials throughout. In any case, how-
ever, the simple square-well cross section
presented here, which involves no adjustable
parameters and whose coding for a computer
is trivial, would seem to provide a satisfac-
tory basis for analyzing many experimental
results.
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Rearrangement collisions between complex
nuclei differ from direct nuclear reactions with
simple nuclear projectiles, at least, in three
aspects: (l) Coulomb effects are stronger.
(2) The dimensions of the projectile are not
small in comparison with the dimensions of
the target nucleus. (3) The transferred parti-
cle is usually not in a state of zero orbital an-
gular momentum in the incident particle.

These effects may lead to unusual experimen-
tal cross sections. Recently, heavy-ion exper-
iments involving both single-particle and clus-
ter transfer at energies well above thb Coulomb
barrier actually exhibited several unusual and
unexpected features. ' ' In some cases the an-

gular distribution is smooth, in other cases
it is oscillatory.

Dodd and Greider suggested~ that the smooth
behavior is due to recoil effects; however, re-
cent measurements by Bock et al. 3 exhibit a
clear oscillatory behavior in many cases, in
contrast with Dodd and Greider's predictions.
The purpose of this note is to provide a sim-
ple explanation for this behavior and to relate
the oscillatory angular distribution in a sim-
ple way to the angular momenta involved in
the reactions.

Our approach is based on the smooth-cutoff
diffraction model (SCDM) for direct nuclear
reactions. ' According to this model the tran-


