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cation of Eq. (1) to reactions involving vector-
meson exchange has not been very successful;
for the case of pion-nucleon charge exchange
(via p-meson exchange) treated by Barger and
Ebel, it fails completely.!®* Presumably, mat-
ters would be improved if the exchange meson
were treated as a Regge pole, but it is not clear
how to include absorption corrections in that
case.

In conclusion, we have seen that there exists
a set of fairly plausible assumptions which lead
to Eq. (1) in S-matrix theory, when the exchanged
meson has spin zero. The approximations lead-
ing to Eq. (1) are easier to justify for the high
partial waves than for the low ones, for which
the case is rather weak. We see no prospect,
however, of making any stronger case for the
validity of Eq. (1) within the framework of S-
matrix theory. The truncating of the unitarity
series, Eq. (3), is clearly an essential part
of the model. From this approximation Eq. (13)
follows. The two remaining approximations
are Egs. (17) and (20). We can see no reason
to believe that there should be any cancellation
between the terms neglected in these approxi-
mations. It should be possible, however, to
relax one or both of these approximations in
reactions where the low-energy dynamics are
rather well understood (such as pion-nucleon-
nucleon scattering). In such a case one could
evaluate Eq. (19) or perhaps Eq. (13) directly.
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In a recent Letter,! we discussed the prob-
lem of determining the total mass matrix of
the neutral kaons. If CP invariance is broken
by the weak interactions, then in addition to
the widths and the mass difference of the two
“mass eigenstates” |Kg), |[K), there are two
further complex parameters 7,p which measure
the strength of the violation of 7', and of TCP.
These parameters determine the admixtures
in |Kg), |K) of the CP eigenstates 1K), |K,).
In our earlier Letter we pointed out the possi-
bility of measuring these admixtures by obser-
vation of the CP nonconservation in a coherent

beam of kaons in matter. The forward scatter-
ing in the medium induces CP admixtures of
known phase and with amplitudes proportional
to the density, which add coherently to the in-
trinsic CP admixtures. Hence, by measuring
the magnitude of any CP-nonconserving effect
versus the density of the medium, these two
admixtures can be made to interfere, and both
the phase and magnitude of the intrinsic admix-
ture can be determined.

The purpose of this Letter is to develop this
idea further, especially pointing out the possi-
bility of providing a reference admixture which
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is adjustable in both phase and magnitude. This
makes it possible to consider the exact cancel-
lation of the CP admixture in |Kg) or in 1K ).
The additional degree of freedom in varying

the medium is provided by using a periodic
(stratified) medium, rather than a homogeneous
one; both the period and the average density

can be varied. If the period is short compared
to the decay length of the short-lived mode 1/
Yg» then the medium can be considered homo-
geneous and the results depend only on the aver-
age properties of the constituents. But if the
period is comparable to this decay length (typ-
ically a few centimeters), then we will show
that, due to the phase differences caused by
propagation between the successive strata,

the length of the period will determine the phase
of the induced CP admixture, while the density
determines its magnitude.

Physically, such a medium can probably be
realized by a spark chamber with counting re-
gions of very low density (and spacing short
compared to l/ys), separated by thicker met-
al plates to provide the correct average den-
sity. It should then be possible to measure the
spatial distribution of decay products of both
modes. Adequate separation of the coherent
and incoherent mesons must be guaranteed by
maintaining the sharp angular resolution of the
beam and of the detection apparatus. This is
possible by using a well-defined neutral kaon
beam from a distant source, incident on a re-
generator placed in front of the spark chamber,
giving a mixture of the two modes as initial
state.

If A is the mass matrix for a free meson,
then the mass eigenstates in a medium are ob-
tained by diagonalization of

A’:A—ZnN[‘() JQJ/‘ ,

where N is the number density of scatterers,

M is the kaon mass, and f,f are the forward

scattering amplitudes of K,K. Since the form
of A is assumed to be completely general, the
mass eigenstates inside and outside the medi-
um have the same form, with quantities inside
the medium denoted with a prime. Writing the

R()= R(0

eigenvectors of A as

K ()= [plr] exp(-2g7/42)

and

K, (1)= [ _py ] exp(=ix , 7/V2),

the parameters can be related to the mass ma-
trix elements by

, A,,—A
_ vz o, _ 211/2 o _ 22~
v = (AZI/AIZ) ’ p 77+ (1 +77 ) ’ T’ 2(A12A21)1/2’
:A A =1 —A .
Ag=Ayy +AygPs Ap =y =R ,r/p

Comparing the elements of A and A’, we find
¥’ =7 and ' =0+ 7N(F=f )/M(A;,A5,)"2. To first
order in z =1-7 and ¢ =1-p, we obtain

= z'=z, {'=t-29,

’
*s,L = s, 1

where 6= nN(f—f)/M(AS—AL) is the single pa-
rameter which determines the effect of the scat-
tering medium. Notice that 6 adds to ¢ rather
than to z, since the effect of the medium is that
of a CP-nonconserving, T-conserving interac-
tion.

A precise definition of the CP admixtures for
a beam which is initially a K is given by

(KZ!KSXK'SlK) 1-p7 &z+§

Bg= (K2 IKL>(K‘L IK) plo+r) 2 °

<K1lKL><I€LlK> plp-r) z-%
B = = = = —
L (KHKS><KSlK> 1+pr 2

These quantities are seen to be well defined,
independent of any arbitrary phase or normal-
ization conventions, and therefore measurable
in principle. In fact, it is not yet known wheth-
er any of the common decay modes measure
the CP of the decaying meson. If we assume
that both K and K have decay amplitudes A and
A for a given channel, then the partial decay
rate of a beam initially K is

REWHE +p2)‘2{exp(—ys‘r)l 1 +ap?’lz+eXp[-—(‘yS+‘}/L)T/2][p(p_ay)(l +apr)*exp(iAmT) +c.c.]

+exp(-—7LT)fp(P—0'7’)'2},
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where o =A/A. If the decay is through |K,),
then a =1 and the decay distribution is seen

to depend on the magnitude and phase of S ;

if it is through |K,), then o = —1 and Bg appears.
If, instead, the decay amplitudes weakly vio-
late CP invariance, then the experiment mea-
sures only the combinations 8; + (1-a) or Bg
+(1+a). The relative phase of Bg and By is
determined by symmetry alone; 7CP invari-
ance implies BL/BS: +1, whereas T invariance
implies B /Bg=-p*= -1.

In a periodic stratified medium, composed
of two different homogeneous materials with
mass matrices A; and A,, the modes can be
defined as the eigenvectors of the matrix

T =exp(—iA,T,) exp(—iA,T,).

In terms of this matrix, which is the S matrix
for a single period, the meson state after one
period is T k), and after n periods is T"!«k),

if the incident state is | k). The meson is in-
cident first on medium 1, then medium 2, and
spends a proper time interval 7,, 7, in each.
The limit of a homogeneous medium is obtained
by letting 7,, 7,~0 and n— with n7,, n7, finite,
in which case the S matrix for the medium be-
comes

lim 7" = expl-i(A,Tyn+ A,T,m)],

n-—-

which describes a medium with a mass matrix
which is the mean of A, and A,.

By straightforward solution of the secular
equations, the eigenvalues of T can be shown
to be

), T

Lll()\+)\

s*Ap)gTy %10k

exp{—%i[()\s+x

where

(1+p,p,)° COS(<P1+QDZ)+(pl—p2 cos((p1 wz)
L+p®+p,*+p," +p,°

cosO =

and where

Ll

91,2720 1 271 o
Using a double prime to designate the modes
in a periodic medium, the eigenvectors of T
can be written

l—p B p, +B
'Ksn>: , 1 ; /ﬁ’ ]KL"> - 1 [é
pl S —’V+1’p1 L

/2,

3 MAy 1965
with
O  Fi(p,-@,)
B o Pe=py (e _—e T °
L F¥iO Fi i
Sy 1+p,0,/Le e i1+ 02)

These results are exact, and can be seen to
be consistent with our previous result for a
homogeneous medium in the limit ¢,, ¢, <1.
For practical applications, it suffices to drop
terms of order 22, £* leading to

(x

s, 0017 Qg g 05917 99= 202 )T 4Ty,

and

B <€ Er,)e*icpl sing,
S, L 2 sin(e, + @,)’

For the CP admixtures we obtain

e~ L - nee Lo, .
BS ’2(2+§1 2BS)’ BL 5(z L‘l.ZBL).

If we identify medium 1 with the vacuum and
medium 2 with a metal, we obtain ¢{,-¢,=26.
Assuming ¢, <1, we get the final results

B = 4e +0)=(ry/7 )8 (7))

B, "= 3z-8)+ (Tz/Tl)GfL(Tl),

where f(7) = 2i¢/lexp(2ip)-1] and f (1) = 2i¢/
[l—exp(—Zi(p)] are complex functions with the
limiting value f(0)=1.

These results justify our previous assertions
about the effect of the periodicity of the medi-
um. In the limit of a very short period, we re-
gain the CP admixtures of a homogeneous me-
dium, while for a period comparable to l/ys,
the parameter 6 is modified both in phase and
in magnitude by the functions fg and f (Fig. 1).
The variation of these functions is roughly lin-
ear for ygT1 £2, with a total phase variation
of about 45° in each.

A word of caution is necessary about the sig-
nificance of the eigenvectors of T. In a homo-
geneous medium the eigenvectors are transla-
tion invariant and so the CP admixture in a pure
mode does not vary along the beam. In a strat-
ified medium this is no longer the case, since
there is a spatial variation of the eigenvector
within one period. Even if the CP admixture
in |K7") were canceled exactly, correspond-
ing to a pure |K,) emerging from the metal plate,
there would still be a variation of the CP ad-
mixture due to propagation in the individual
strata, making it impossible to cancel the CP
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FIG. 1. The complex functions f5(7) and f7,(1). The
upper branch of the curve is fg, and the lower branch
is f7,, both coinciding at the initial value unity. The
argument 7 is indicated along the curve in units 1/yc.
The mass difference lAm/YSl=0.82 was used, with
Am assumed negative.

admixture everywhere. Obviously, if the vac-
uum portion becomes very long compared to
l/ys, the meson state approaches the long-lived
vacuum mode, with its definite CP admixture
Br. Therefore, application of this technique

is restricted to media with periods yg7y <2.
This limits the available variation of phase,

as noted above. Another alternative would be
to restrict the fiducial volume to include only

a small portion of one period.

One class of models for the mass matrix®
which make definite predictions for the phase
and magnitude of z and ¢ are those in which
CP invariance is violated only in the self-en-
ergy of the kaon. Then the observed rate® of
Ky —m*+m~ fixes the magnitude of the relevant
parameters, and T or TCP fixes their phase
(to within a multiple of 7). If TCP is conserved,
as in the models of Sachs and Treiman® and of
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Wolfenstein and Lee,’ then

2525M12/(7«S—A £=0,

L)’
where 0M,, is imaginary. If, instead, T is con-
served, as in the model of Bernstein, Cabibbo,
and Lee, and of Bell and Perring,® then

z=0, = 26M11/(AS->\ )

L ’
with 6M,, real. In either case the magnitude
is fixed, 16M/ygl=2X107%. Using the mass
difference IAm/ySg 0.82,” with the sign of Am
=mg-m | negative,® we find that the phase of
¢ is either -30° or +150°, while the phase of
z is +60° or +240°. According to the calcula-
tions of Good and Pauli,’ the phase of 6 in car-
bon at 565 MeV is nearly real and positive. It
follows from Fig. 1 that in a medium with pe-
riod Yg71 =1, £ and of ; will have relative phase
0° or 180°, but z and 6f; will have relative phase
+90°. The density dependence of the magnitude
of the CP admixtures for these two cases is
characteristically different, and so for these
models the rate of K;” —nt+ 7~ versus density
is a test of T and TCP invariance.
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