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Measurements show that the specific heats
at constant volume C~ for argon' and for oxy-
gen' become very large near the critical point,
apparently diverging as l log(rc T) I as T a—p-
proaches the critical temperature Tc from be-
low along the critical isochore. We have de-
duced a rigorous thermodynamic inequality
[Eq. (3) below] which, when combined with pre-
viously published and analyzed data for the equa-
tions of state of xenon and carbon dioxide, in-
dicates that the divergence of C~ for these ma-
terials should be even more rapid than logarith-
mic. The derivation of the inequality is car-
ried out for the analogous problem of a ferro-
magnet near its Curie point, and the alterations
required to obtain the same result, for a fluid
are indicated.

Let us assume that the spontaneous magnetiza-
tion, zero-field specific heat, and initial sus-
ceptibility vary as (Tc-T) to the powers P, -a',
and -y', respectively, ' as T approaches Tc,
the Curie temperature, from below. [For our
purposes, a logarithmic divergence of the spe-
cific heat corresponds to' a' = O. J

Rushbrooke~ has deduced the inequality

2P+@' ~ 2-n'

by thermodynamic arguments. If the magnetiza-
tion M varies as

along the critical isotherm T =Tc for small
values of H, an analogous inequality

(1+6)P ~ 2—a'

may be obtained as follows.
Let A(T, M) be the thermodynamic potential

or "free energy" for which

H =(aA/aM); S=—(aA/ar) (4)

A(T, M )=A(T, M ) fcs(T,M-)dT

-A(r, M )-s(r, M }(r -r )1' 1 1' 1 c 1

=A(r )-s(r )(r -r ).

The inequality follows from the fact that S is
monotone increasing in T or, in other words,
the specific heat at constant magnetization is
positive. By the same reasoning,

where S is the entropy. For T&Tc and M less
than the spontaneous magnetization, H vanishes
(by definition), and therefore both A(T, M) and

S(T,M) are equal to A(T), s(T), their respec-
tive values for zero magnetization.

Let M, be the spontaneous magnetization for
some T1 & Tc.

A(r ) A(r )+(r -r )s(r ),1 c c 1 c' (6)
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From (2) and (4) it is evident that when T, ap-
proaches T, the left side of (I) behaves as

1+5 P(1+5)
M ~T T-

1 c 1

whereas the right side varies as (Tc-TI) to
the power 2—a'. Thus (7) will be viola, ted as
(Tc TI) -goes to zero unless (3) is satisfied. '

For the two-dimensional Ising ferromagnet,
Widom' has conjectured that 5 =15, and Gaunt

et al. ' have obtained 5 =15.00+ 0.08 by numeri-
cal extrapolation of the virial expansion. In-
equality (3) combined with' o. ' = 0 and p = ~& yields
the rigorous result 5 ~ 15. The estimates' n'
= ~, P = ~, 5 = 51/5 for the three-dimensional
Ising model are consistent with (3).

In the case of a fluid, let us assume that the
specific volumes of vapor and liquid in equilib-
rium both approach the critical volume Vc as
(Tc-T)P, and CU (on the critical isochore) and

the second derivative of the vapor pressure'
d'P/dT' diverge as (Tc-T) to the power -a'
and -(9, respectively. Further, assume the
pressure and volume are related by

P-P ~ IV-V I sgn(V -V)
C C C

along the critical isotherm when I V-V I is
small. An argument quite analogous to that
used in the magnetic case, but employing the
Helmholtz free energy' A(T, V) in place of
A(T, M), again yields (3) and, in addition,

g ( OI(+p (10)

For a simple Ising "lattice gas, "8 = e', and

(10) is trivially satisfied.
The values a'= 0, P = 0.33, 5= 4.2, tentatively

suggested by Gaunt et al. ' as appropriate ex-
ponents for a real fluid, on the basis of the
meager experimental evidence now available,
are inconsistent with (3) and hence cannot all
be correct. (Of course, it is not impossible
that different fluids have different exponents. )
In particular, %idom and Rice' have estimated

and thus

A(T, M, )-A(T ) =(T -T, )(S(T )-&(T )]. (7)

that 5 = 4.2 for carbon dioxide and xenon, where-
as j3 for these substances' appears to lie between
0.33 and 0.36. Hence by (3), we expect a'~0. 13
to 0.28, a deviation from a logarithmic diver-
gence which may be observable in experiments.
The CU data for argon' seem not inconsistent"
with a small positive value for n' (less than
0.1).

We may remark that in the derivation of (3)
for a fluid it is assumed the parameter P is the
same on both the liquid and vapor sides of the
critical point. Should there be a small differ-
ence, the law of rectilinear diameter would be
expected to fail for temperatures very near
T~, and both (3) and (1) would have to be modi-
fied.
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