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ing to the fourfold appearance of (1, 1) in (20,
1)C8 (15, 1)13(15,1)NI(20, 1)] in one-to-one cor-
respondence with the analogous invariants in
SU(6).

The first term, Eq. (8), does not contribute;
the second and the third, Eqs. (8') and (8"),
give equal contributions. Eliminating the two

independent parameters one finds Eqs. (1), (2),
(3), and (4).

Partial inclusion of symmetry breaking, by
restricting the symmetry to the subgroup SU(4)(T)
I8ISU(2)(X) SW(Y), leaves Eqs. (1) and (2) un-

changed. Under SU(4)(T)IRSU(2)(X} the nucle-
ons transform as (20, 1), Z and A as (10,2),
m as (15, 1). The weak spurion x transforms
as (4, 2), and the angular-momentum spurion
t as (15, 1)$(1,3). The main point is to observe
that the (1,3) component of t cannot contribute
because of its SU(2)(X) behavior —we call to
mind the related selection rules following from
conservation of G' parity. ' The component (15,
1) of t introduces four invariants [correspond-
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In a. recent note' it has been shown how the
method of relativistic completion of SU(6) leads
to fully covariant and crossing-symmetric ef-
fective vertices and matrix elements. We con-
tinue to mean by SU(6) a group property of zero-
three-momentum one-particle states. For
brevity we denoted all these effective quanti-
ties as "S-matrix quantities, " so that the term
S matrix is used in a phenomenological sense.
It was found that this completion procedure
is in general not unique. The la.ck of unique-
ness is due to the fact that there are (with the
exception of the 6 representation) inequivalent
ways in which an SU(6) representation can be
boosted to momentum p. The total set of ways
in which this can be done is fully determined
by the spin content of the SU(6) representation
in hand. The inequivalent boosts are effective-
ly indistinguishable when applied to bilinear
forms (free particles), but they are effective-
ly distinct when applied to n-point functions,
n & 2. For the meson(35}-baryon(56) three-

point function, the set of covariant but inequiv-
alent vertices was given. It was noted that
the noncompact booster group SU(12)~ provides
a convenient way of keeping track of the inequiv-
alent boosts of a given SU(6) representation.
In particular it was found that a unique meson-
baryon vertex emerges if one assigns the
SU(12)~ representations"2 364 and 143 to the
boosted 56 and 35, respectively. Similar re-
sults for this vertex have been obtained inde-
pendently by several other authors 2 It was
further observed' that the same methods can
be applied to any n-point function to yield co-
va, riant and crossing-symmetric answers.

Within the conventional framework of quan-
tum mechanics and relativity theory, the de-
scription in terms of this covariant SU(6)-in-
variant effective S matrix is only approximate
in a dynamical sense. It should indeed be re-
called'" that the completion procedures can-
not be applied in general to a Lagrangian field
theory with interaction, where the free kinet-
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ic-energy term breaks the completed SU(6)
structure. ' This inapplicability was demon-
strated by the following simple counter ex-
ample. ' Take a spin-0 and a spin-1 meson,
both belonging to the same 35. Compute the
difference in second-order self-energies of
these particles due to their SU(6)-complete
coupling with 6. This difference does not van-
ish. However, if in the fermion loop one drops
the kinetic-energy terms, then the difference
does vanish. Likewise for higher order con-
tributionss.

It is clearly desirable to give an argument,
more general than the naive calculation men-
tioned above, to establish the fact that the free
kinetic energy breaks the completed SU(6).
The purpose of this note is to prove this point
by studying the unitarity properties of the ef-
fective S matrix. This method has an added
advantage in that it is independent of whether
or not a possible underlying local field theory
can be treated by per turbative methods.

We also find broader conditions of validity
for results previously obtained' with SU(12)~.

We first prove the following statements:
(I) It is not possible to implement unitarity

for the effective S matrix in the SU(12)g descrip-
tion. This conclusion has been reached inde-
pendently by R. Blankenbecler, M. L. Goldber-
ger, and S. B. Treiman. '

(II) As was observed earlier, ' it is not nec-
essary to require SU(12)~ invariance to have
a covariant SU(6)-invariant S matrix. Even
under such more general completion conditions
unitarity still cannot be implemented.

(III) For elastic-scattering processes, uni-
tarity can be implemented as a limit property
at zero kinetic energy. This applies in particu-
lar to baryon-baryon and to baryon-meson scat-
tering.

(IV) All these general conclusions would re-
main valid if one were to replace the internal-
symmetry group SU(3) by any other compact
group.

We prove (I) by the following counter example.
Consider the scattering S(p, ) +S(p, ) -S(p, ) +S(p~)
of a sextet member S on an antisextet member
S. Under SU(12)g, the initial state is in 12*

12 =10+ 143. Accordingly, the scattering am-
plitude T = T(l) + T(143),

T(1) =f(s, f)u~(pl)v (p ) v (p )u (p ),

T(143) =g(s, t)u (pl)(O ) v (p2)

C Dxi: (p3}(O )~ u (p4). (2)

(3)

8 denotes "absorptive part. "
Equations (1)-(3) are sufficient to test uni-

tarity in the elastic region. It is straightfor-
ward to verify that no linear combination of
(1) and (2) is closed under unitarity. The cru-
cial point is that the closure over the states
n proceeds via

Pu (p)ii (p) = [(iyp+m)/2m]
gB

n A

where 5 is the closure sum over positive-
energy states. The yp term has the following
effects: When Eq. (3) is (a) applied to T(1),
it generates part of T(143); (b) applied to T(143),
it breaks the balance between the equal weights
for P, V, A, T. (Likewise for closure of vv. )

Equation (4} illustrates several other simple
points. First, imagine one asks only to imple-
ment unitarity for a fully specified SU(3) rep-
resentation. This of course is trivially possi-
ble due to the compact nature of SU(3), mani-
fest in Eq. (4) through the completeness sym-
bol 6g . Secondly, let us forget for a moment
the SU(3) aspects (which are immaterial in
this context anyway) and shrink SU(12)g to the
15-parameter group SU(4)g. Then the lack
of unitarity is reduced to its essence: Neither
is it possible that the scattering amplitude
for fermion-antifermion scattering is purely
of type S, nor of the type P+ V+A+ T, for all
energies and momentum transfers, and also
that we still have unitarity. This argument
also proves (IV) in relation to (I).

Here f, g are functions [not determined by
SU(12)g] of the usual variables s, f; u refers
to 8, v to S; A, B, ~ ~ are SU(3) labels. N= 1,
~ ~, 143, (O~)ff = (FP, f'),6II, I"~FBI ). Fjf
are the eight SU(3) generators. f'&, x =1, ~ ~ ~, 15,
represents the 15 generators of SU(4)~ which
may be taken to be (y5, y, yg, cr& ) Thu. s
Eq. (1) is of type S, while Eq. (2) contains P,
V, A, T with equal weight. If unitarity holds,
then
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T=h(s, t)u (p )u (p )q(p )y(p ). (5)

Again (I) is shown to be true, but the question
of superposition does not arise.

On the other hand, Eq. (5) is useful to prove
(II) by counter example. If we do not insist
on SU(12)g, then in general the number of in-
dependent amplitudes increases. ' However,
if we continue to define the completion of SU(6)
by (a) using boosted SU(6) representations,
(b) contraction of indices according to SU(6)
tensor analysis, observing the invariance un-
der 2, then still Eq. (5) remains the only
possibility for constructing the scattering am-
plitude. This exceptional case therefore serves
to prove (I) and (II) at the same time.

As a side remark, we note that both examples
make use of the property Eq. (4) of spin-~ par-
ticles. However, for any spin &0 there are
corresponding closure equations which lead
to similar conclusions. Thus for spin 1, the
well-known relation

q q
(V)& (V) = ~ —

2
p. V JLt, V

(6)

(summing over polarization states), leads to
a q&qv term which likewise generates depar-
tures from unitarity.

Equations (4) and (6) also make evident why
unitarity and SU(12)g [or more genera, l SU(6)
completions] are compatible at zero kinetic
energy. In this case Eq. (4) reduces to 5~ 5gP B
and Eq. (6) to 5»(1-5&45v4) =5f~. We are
now in the compact subspace where closure
is the same as completeness, for any SU(6)
representation. Thus (III) simply follows from

For a compact symmetry group it is of course
possible to satisfy Eq. (3) "per representation. "
That is, if the state i transforms according
to a given irreducible representation of the
group, then the issue is settled because n and

f transform according to the same represen-
tation. Our example shows that in the present
case not only is there no unitarity per repre-
sentation, but that the same is true for the
linear superposition of all allowed representa-
tions (1 and 143 in this case).

This last point is not in evidence for the even
simpler case of the scattering S(p, ) + y(p, ) —S(p,)
+ y(p, ), where y is a spinless meson transform-
ing as 1 under SU(12)g, because there is now

only one amplitude:

the compactness of SU(6), and the proof of (IV)
in relation to (III) is also clear.

From this it follows that the parameters
characterizing the departures from unitarity
are all typically of the type v/c, where v is
the velocity of spin-carrying particles involved
in the process. '

In the foregoing we have exclusively dealt
with two-particle unitarity. In a process like
meson-baryon scattering there arises also the
interesting question of one-particle unitarity
when one extrapolates to the baryon pole. %e
are indebted to N. Khuri for raising this point.
The summation over intermediate states now
includes all states of the 56 with the appropri-
ate charge, hypercharge, and spin projections.
It can be shown that also in this case unitarity
is not strictly observed. However, by going
to the nonrelativistic limit unitarity is again
recovered, and by taking the residues at the
baryon pole one obtains the following coupling-
constant sum rules from the nonrelativistic
baryon- meson vertex'.

g'(~+ppr*++) —g'(v-pn)-g'(~-pe~)

=,'[-g 2(Z-pA) -g'(Z-pZO) -g'(IC-p Y")]

=-g'(E nZ )-g'(R nY* ).
These relations are of course intimately con-
nected with the Johnson-Treiman relations'

f(~'p)-f(~ p) = ~[f(&'p)-f(& p)]

=f (Z+n) -f (lf-n), (8)

where f denotes the elastic-scattering ampli-
tude in the forward direction.

At this point we digress and ask for the con-
ditions under which Eq. (8) is valid. We have
noted earlier' that Eq. (8) follows from SU(12)g.
Closer inspection shows that Eq. (8) is valid
under much more general conditions, however.
Sufficient conditions to obtain Eq. (8) are the
following. Consider the two distinct boosts'
56[(~)', 0] and 56[(~)', ~] for the 56, and 35[~, ~]
and 35[(z)', 0] for the 35. Make up all covar-
iant four-point function "B~BBROR" following
the same general rules of contraction given
earlier for the three-point case. ' Then any
linear combination of this set of four-point
functions yields Eq. (8). The proof is quite
simple if one remembers that covariance al-
lows us without loss of generality to compute
in the rest frame of the proton.

A second side remark: %e may ask likewise
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p(fp) =[1+( 2M~/p«j (10)

in units eh/2M~c. For $ = 1, one has the ex-
pression first given by Delbourgo, Salam, and
Strathdee. The determination of $ deserves
further study. '

We return now to Eq. (8). The transition
from Eq. (8) to total cross sections via the
optical theorem requires the implementation
of unitarity which (even in the forward direc-
tion) cannot be done for completed SU(6), ex-
cept in the static limit. It is in this limit that
we can relate the four-point relation (8) to the
three-point relation (7).

To the extent that the Johnson-Treiman re-
lation is successful one may be further encour-
aged to believe that completed SU(6) gives a
leading, albeit nonunitary, approximation to
an as yet unknown unitary theory.

Vfe conclude with the following comments.
(a) The clash between completed SU(6) and

local Lagrangian field theory has been empha-
sized before. '~'~~ The above counter examples
pinpoint the issue on a more physical level.
In particular, we bypass in this way the deli-
cate problems associated with the magnitude
of renormalization constants.

(b) The problems associated with noncom-
pact groups such as SU(12)~ are, of course,
not at all surprising. Conservation of prob-
ability would require the realization of unitary
representations in Hilbert space. Since the
operations of the group do not act on the mo-
menta separately, such realizations are not
possible without the introduction of infinite
supermultiplets. This last point has in partic-
ular been emphasized by Coleman. "

(c) More generally, the view expressed here
and in foregoing papers'&' that the completion
of SU(6) can only represent a leading approx-

whether structures for the vertex more gen-
eral than given by SU(12)g can still reproduce
all the successes of SU(6). We have found the
following. Consider the vertex'

B (p )( 6R+E Sit) (q)B (p ), (S)
1) 2) p zpv

Xpp 1 v 2'
which reduces to the (143, 364) coupling for
g = l. One shows that this vertex yields D/E
=

& for pseudoscalar mesons, independent of
If one assumes that the photon-baryon ver-

tex is dominated by the appropriate one-parti-
cle states belonging to the 35, one finds for
the magnetic moment of the proton

imation is in harmony with many general the-
orems on the synthesis of internal symmetries
and the Lorentz group. Nor does this view,
based entirely on the conventional rules of
quantum mechanics in four-dimensional Min-
kowski space, preclude a rigorous covariant
synthesis of spin J.nd unitary spin in a world
of 36 dimensions. "

(d) Staying within the conventional theory,
the rationale for the recipes embodied in SU(12)&
or other forms of SU(6) completion has been in
first instance to provide a framework for the
comparison with experiment. A prime task,
therefore, now appears to be the dynamical
recognition of those parameters whose "small-
ness" may justify, wherever necessary, the
effective S matrix as a leading approximation.
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In a previous paper selection rules were ob-
tained from SU(6) symmetry and found to give
a consistent description of a number of known

experimental facts. ' Recently, some of these
selection rules have been found to hold in par-
ticular relativistic SU(6) formulations. '&' We
wish to show that the original derivation is
valid relativistically under certain general
assumptions shared by most of the relativis-
tic formulations, and that all of the results
obtained are valid relativistically. In partic-
ular, the following decays and reactions are
all forbidden:

P+7T,

cp-3m or 5v,

v+N —y+N+nm,

N+N —y+N+N+n&,

N+N-y+nm,

(la)

(1b)

(1c)

(Id)

(1e)

where n is any number. ~ Also the production
of strange particles in ~N, NN, and NN reac-
tions is inhibited by a factor of at least four,
on the average. The experimental validity of
these selection rules can therefore be consid-
ered as evidence in favor of SU(6) symmetry,
but cannot be used to distinguish between dif-
ferent relativistic formulations which should
all give the same result. In particular, the
results (1) should be obtained both from theo-
ries which embed SU(6) in a higher group in-
cluding both SU(6) and the Lorentz group, ' and
theories which break SU(6) symmetry using
kinetic-energy spurions.

The selection rules were obtained using SU(2)
subgroups of SU(6) called quark spins, S~&,
Sni, and S&i, defined, respectively, as the
total spin of the P', n', and A.

' quarks in any
multiquark state. These rules are still valid
in any relativistic theory which satisfies the
following condition:

The A. '-quark spin S& is conserved in all
reactions involving only particles at rest and

particles of finite momentum which contain
no X' quarks in a quark model. It is also con-
served in reactions also involving particles
of strangeness +1 which contain one A.

' quark
or antiquark, where such particles have S&~
= &, but the orientation of the quark spin may
be different for a particle of finite momentum
than for a nonrelativistic particle. Analogous
conservation laws apply to SJ i and S„..

It is easily seen that this condition is satis-
fied by theories of both types mentioned above. '&'

The essential point is that the number of X'

quarks and antiquarks in a state cannot be changed
by a Lorentz transformation nor by the applica-
tion of the symmetry-breaking kinetic-energy
operator. The only effect of such transforma-
tions on a multiquark state is to rotate and re-
couple the spins of the existing quarks. The
transition matrix elements for all the reactions
(1) vanish in nonrelativistic SU(6) because the
y has S~ = 1 and all the other particles contain
no X' quarks and have S&f =0. This remains
unchanged by Lorentz transformations of the
individual particle states to finite momenta
and by adding an arbitrary number of kinetic-
energy "spurions" to the vertex function. These
transformations do not affect the S&i =1 of the
y, if the reactions are analyzed in a Lorentz
frame in which the cp is at rest. They also
do not affect the S&i =0 of the other particles,
since neither Lorentz transformations nor oper-
ation with kinetic-energy operators can pro-
duce states having S&I w 0, as this requires
the creation of A.

' quarks. Since the theory
is Lorentz invariant, forbidding the reactions
(1) in a particular Lorentz frame is sufficient
to forbid it in all Lorentz frames. '

The selection rule against strange-particle
production is based on similar considerations
and also on the property that a state of two
strange particles contains a A.

' quark and anti-
quark, with uncorrelated spins of &, so that
the probability of total S&i =0 is only ~. This
is also unaffected by Lorentz transformations
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