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For SU(3) we follow the notation introduced by
C. Dullemond, to be published: f~y~a P~=n&P;
d y o.~P~=n*P. a~P~=n:P where n and P are octets
in Cartesian coordinates, and fzyz and d~y& are tabu-
lated by Gell-Mann [M. Gell-Mann, California Institute
of Technology Synchrotron Laboratory Report No.
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where the baryon symbol denotes the average
over the appropriate isotopic spin multiplet of

A natural generalization of the Gell-Mann-
Okubo mass formula to SU(6) may be obtained
from the hypothesis that the SU(3)-octet terms
in the meson and baryon mass (or mass-squared)
operators correspond to the 35-fold represen-
tation of SU(6).' The experimental data concern-
ing meson masses are consistent with this gen-
eralization. ' In the SU(6)-symmetric baryon
bootstrap model, the baryons are pB (meson-
baryon) compounds. ' One might suppose that
if the baryon mass splitting is assumed to orig-
inate from the meson mass splitting in this mod-
el, the "35 rule" for the mesons would lead to
a corresponding 35 rule for the baryons. How-
ever, the baryon 35 rule predicts a zero Z-A
mass difference, and is therefore in strong
disagreement with experiment. ' The purpose
of this note is to examine the strong (isospin-
preserving) baryon mass splitting in the SU(6)-
symmetric bootstrap model, with particular
reference to the Z-A mass difference.

%e regard the components of the mass-squared
matrix for the baryon supermultiplet as compo-
nents of a vector, following the technique intro-
duced by Glashow and discussed in detail by the
author. '~ There are three components of the
baryon strong mass-splitting vector that trans-
form as SU(3) octets; these are

the diagonal elements of the mass-squared ma-
trix. Since there is no strong mixing for the
baryon supermultiplet, these diagonal elements
may be identified with the corresponding ex-
perimental square masses. The normalization
is such that for pure octet-type mass splitting,
A-Z =2B„2and Q =N*=3A~~, .

A 35-fold meson multiplet of SU(6) consists of
a spin-zero octet, a spin-one octet, and a spin-
one singlet. Again there are three octet-type
mass-splitting components. Two of them, de-
noted by b, and b„refer to mass splitting with-
in the spin-0 and -1 octets; the equations for
these components may be obtained by replac-
ing the baryon symbols in Eq. (lb) by the ap-
propriate meson symbols. The third compo-
nent may be written

where (vp) = (p~) denotes the off-diagonal term
in the mass-squared matrix that connects the
SU(3) singlet with the isoscalar member of the
spin-one octet.

In the SU(6) bootstrap model, the wave function
of the baryon j may be written in the form 4'&
= 4'(Bj) =+IC&~I',yg, where the C&&f are Clebsch-
Gordan coefficients of SU(6). In the "probabil-
ity matrix approximation, "derived in previous
references, the baryon mass splitting is assumed
to be given by a simple function of the meson
mass splitting and the coefficients of the 4(B&)
Particle-mixing effects may be included in a
straightforward generalization of this approx-
imation. The baryon and meson mass-squared
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6..= n(+. I 6'l 4'.)+ (1-n)(4'.1&'I+.),
gj g j g

(3)

where 6' is defined to be the direct product of
6 operating in the space of the mesons and the
identity operator in the space of the baryons,
and 4' is defined similarly. The coefficient
o. is a positive number between zero and one
that measures the relative importance of me-
son and baryon mass deviations to the position
of the bound-state pole. If the 4, 6', and &'

are diagonal, this equation is identical to that
derived in reference 5.

We define fractional octet-type components
by the relations baal/2 =AI/2/MO', 6, = b, /m, ',
etc. If the Clebsch-Gordan coefficients of SU(6)
are used, ' application of Eq. (3) to the octet
components yields the results

=a[(4/9)6 -(2/45)6 . )

+ (I-a)[(13/45)b,

-(2/9)~» 2. (4/9)~3 2], (4a)

=n[(1/15)6 -(7/45)6 -(2/45)6 . ]

+ (I-n)[-(6/45)n

+ (I/9)4 + (6/45)4 ], (4b)

=a[(1/10)6 + (19/90)6 -(I/9)6 . ]1 mix

+ (I-a)[(4/45)4

+ (2/45) 4 + (29/45) 4 ]. (4c)

The condition that the octet-type mass split-
ting corresponds to the 35-fold SU(6) represen-
tation implies the relations ~~

&o= &a

= -25,
mix 1

3/2 WI/2'

(5a)

(5b)

(6a}

matrices are written in the respective forms
M'=M, '(1+4) and m'=m, ~(I+5), where M, '
and mp are constants identified with the exper-
imental average square masses within the bary-
on and meson multiplets. The generalized prob-
ability matrix approximation is the following
linear equation for b, :

al/2 (6b)

It can be seen from Eqs. (4a}-(4c) that the va-
lidity of the above two conditions for the 6 im-
plies the validity of the two & conditions. Since
the Z-A mass difference is not small, Eq. (6b)
is not satisfied experimentally.

In the SU(6)-symmetric baryon bootstrap mod-
el, the effective spins of the pseudoscalar and
vector mesons are reversed. ' [We associate
the X, particle with the SU(3) singlet, for the
reasons discussed in reference 2.) The com-
ponent 5m~ refers to XQ mixing, rather than
coy mixing. The value of neither (X g) nor (&up)

is known experimentally. However, there is
no simple and reasonable symmetry argument
leading to a predicted nonzero value of (X g),
so we set 5mix equal to zero. The components
~p and 0, ar e as sociated with the vector and
pseudoscalar mesons, respectively. It is seen
from Eq. (4b) that the condition 6mix= 0, togeth-
er with the experimentally observed condition,
6, —= 6, &0, leads to a predicted negative &fII/2,
and hence a positive Z-A mass difference. In
fact, if the e terms dominate the right side of
Eqs. (4a) and (4b), the predicted ratio (Z-A)/
(:"-N) is ~, a,s compared to the experimental
value of 0.21.

In order to make more explicit predictions
of the baryon mass ratios, we abandon the lin-
ear approximation, and use instead the simple
formula suggested previously by the author,
~ 81 e. )

M.-' = ~g.(ll . .I .').
g g gj 'j

The symbol Mg denotes the mass of the bary-
on g, p,j is the total mass of the meson-bary-
on state j, Iifj is the probability of the state
j in the wave junction 4 (Bf) that corresponds
to SU(6) symmetry, and X is a normalization
constant. The linear terms of Eq. (7) are equi-
valent to Eq. (3), with a =m, /(m, +M, ). The
isoscalar member of the vector-meson octet
is taken as the experimental cp particle. We
have calculated the right-hand side of Eq. (7)
from experimental meson and baryon masses, '

the results are compared with experiment in
Table I. The agreement is satisfactory for the
mass splittings within the octet and decuplet.
On the other hand, the calculated decuplet-
octet mass splitting is seen to be only about
half as large as the experimental value. It ap-
pears that relativistic spin-dependent effects
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Table I. Calculated and experimental squares of
baryon mass ratios.

a mystery in a quark model of SU(6),' arises
naturally in the SU(6)-symmetric bootstrap
model.

Ratio Calculated value Experimental value

1.12
0.72
1.38
0.79
1.22
1.46
1.28

1.15
0.71
1.40
0.80
1.22
1.47
1.53

may play a large role in determining this mass
difference.

The eigenvalues of the baryon probability ma-
trix corresponding to the (1-a) terms of Eqs.
(4a) through (4c) are 11/15, 17/45, and -1/15.
These may be identified with the SU(6) repre-
sentations of dimensions 35, 405, and 2695,
respectively. The fact that 11/15 is close to
one leads to enhancement of both the strong
and electromagnetic mass splitting that corre-
sponds to the representation 35.

It has been shown in previous references that
rough agreement between calculated and exper-
imental baryon mass-splitting values occurs
also in the standard reciprocal bootstrap mod-
el, in which the vector mesons are not involved. '~'

For this reason one cannot argue that the ob-
served baryon mass splitting is strong evidence
for SU(6). Our principal conclusion is that the
Z-A" mass difference, which is somewhat of

*Supported in part by the National Science Founda-
tion.

~T. K. Kuo and Tsu Yao, Phys. Rev. Letters 13, 415
(1964); M. Bbg and V. Singh, Phys. Rev. Letters 13,
418 (1964).

2R. H. Capps, Phys. Rev. Letters 14, 31 (1965);
J. G. Belinfante and B. E. Cutkosky, Phys. Bev. Let-
ters 14, 33 (1965).

3S. L. Glashow, Phys. Rev. 130, 2132 (1963). See
also S. Okubo, Progr. Theoret. Phys. (Kyoto) ~27 949
(1962).

4R. H. Capps, Phys. Rev. 134, B649 (1964).
5R. H. Capps, Phys. Rev. 134, 81396 (1964); R. H.

Capps, to be published.
6In reference 1, the 35 rule for the spin-one mesons

is given in the form m 2=m ~, andes 2+m =2m~pm,
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follow from our equation 6m~= -261, together with
the assumption that the diagonal element of the mass-
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meson is equal to the average of the diagonal elements
associated with the octet spin-one mesons.
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With the remarkable success of SU(3), ' cul-
minating in the prediction and discovery of ~
resonance, a considerable effort is being made
to search for a higher symmetry to explain cer-
tain empirical facts which are not encompassed
by SU(3). The effort has been roughly in three
directions: The first has been to search for a
bigger internal-symmetry group; the examples

are SU(4),' W(3),' and R(8).' The second ap-
proach consists in looking for the algebra which
the currents satisfy; the examples are SU (3)
@SU (3), or W(3), which leads to the parity
doubling of mesons, ' and further enlargement
of the same to the I"- and D-type currents.
Already in this case parity, which is normal-
ly considered as a property of space, has been


