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MESON-MESON COUPLINGS IN AN SU(6)-INVARIANT THEORY*
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The SU(6) theory of Gilirsey and Radicati! has
been successfully applied to assigning particles
to supermultiplets,!>? calculating mass formu-
las,»® the electromagnetic* and weak® interac-
tions, and the meson-baryon interaction.!»%”?

In this note we shall be concerned with the ap-
plication of SU(6) to the interactions of the bo-
sons among themselves. Since the pseudosca-
lar meson octet (P), the vector-meson octet
(V), and the vector-meson singlet (¢) are joined
in the 35-dimensional representation of SU(6),
we expect to be able to derive relations between
the SU(3)-independent VVV, VVP, VPP, and
V@P couplings, and thus to correlate process-
es such as ¢, w, and p decay.

Due to the nonrelativistic nature of SU(6) and
the difficulty of providing a clear relativistic
foundation,® we must resort to models in order
to calculate results involving physical particles.
Thus, for example, Bég and Pais® introduce
the notion of Lorentz completion and use it to
discuss the meson-baryon coupling, while Ma-
hanthappa and Sudarshan® consider SU(6)®0(3)
to obtain the correct, parity-conserving, in-
teraction. For the boson interactions we shall
assume® that we must search for an SU(6) struc-
ture in the static limit of zero momentum trans-

fer. Since all the usual boson trilinear inter-
actions vanish in this limit it would appear nec-
essary, as in the meson-baryon case, to use
Lorentz completion to go to the next order in
v/c. This procedure is not as simple here,
though, since the Lorentz-complete meson ma-
trix M given by Bég and Pais is a function of
the parameter 7 /fV, which is not determined
by SU(6), and the meson couplings depend on
this parameter. In fact, for fI =0 even the
boosted trilinear meson couplings vanish. This
ratio may be fixed by appealing to SU(12) in-
variance, but in the light of these uncertainties
it is interesting to explore alternative methods
to find the coupling.

For bosons, however, we do have at our dis-
posal an alternative method to that of Lorentz
completion. We may utilize the fact that in a
theory involving vector and pseudoscalar me-
sons the requirement that the former be cou-
pled to a conserved current leads to quartic
and higher order terms in the interaction La-
grangian whose coupling strengths are not in-
dependent of the trilinear ones.!® Furthermore,
the quartic terms persist in the zero-energy
limit and we shall require that they have an
SU(6)-invariant structure. In this way we ob-
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tain conditions relating the coupling constants of the independent quartic terms, and since the same
coupling constants appear in the trilinear terms, we will have relations between the various trilinear

couplings.

We consider the SU(3)- and Lorentz-invariant interaction Lagrangian!®!!

ey [L . 1 . -V . _— .
£,= gI[ZG#V (V“XVU)h(V#XVV) (V“XVV) V“ (anuP) z(V“XP) (V“XP)]

+ %(gz/m)[eaﬁyo{(GaB*Gyb)-P + 2(Va X Vﬁ).(GyG*P) + (Va X VB)*(V)? X Vﬁ).P}]

+ %(g3/m)[€a376{(GaB -P)gya + (Va X VB)-PgYG}] +g4(P.P)2, (1)

which, together with the usual free Lagrangian, maintains the conditions

9
i

V =9 =0 2
U #{P# @

as a consequence of the equations of motions. Taking the Fourier transform of (1) and setting all

momenta equal to zero, we obtain

’ ’
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which we expect to exhibit an SU(6) structure.
[We have anticipated this requirement in (3)

by taking ¢°/m =1.] There are two independent,
invariant, quartic couplings of a single SU(6)
35-plet, namely,

MA[ABC]MBMA,[A'B’CJMB, (4a)
and
™M M, )% (4b)

We are using Cartesian coordinates for the 35-
plet where

M.=¢., M =P* M =v° (5)

] z a at 1

The notation is explained in Table I where [ABC],
the symmetric vector-coupling coefficient [anal-
ogous to d,, . of SU(3)], as well as the struc-
ture constants {ABC}, are tabulated.

Two difficuties now arise in the attempt to
construct (3) from a linear combination of (4a)
and (4b). The first is that the PVPV term of
(3) is antisymmetric if we simultaneously ex-
change the SU(6) labels of a P and V. But (4a)
and (4b) are symmetric under this interchange
and so cannot give rise to this term. Indeed,
Table I shows that we would expect this term
to arise from an f-type coupling of the form

M aBCl M {aB i, ©
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b’ c’ a a a2
[fab'c'eij'k’vj’ Vk' ¢iP ]+g4(P P)", (3)

which, however, vanishes in the present case

of identical boson multiplets. Thus in the SU(6)-
invariant theory we cannot obtain the terms
from the pseudoscalar-meson contribution to
the conserved unitary-spin current. However,
we do know the magnitude of this term relative
to the vector-meson contribution to the unitary
current and shall assume that it does arise
properly in the relativistic theory.!? Further-
more, although the coupling (4a) does give rise
to all the terms of (3) except PVPV, it contains
additional couplings as well. This is not sur-
prising since the conditions (2) are clearly rela-

Table I. The structure constants, {ABC}, and sym-
metric vector coupling coefficients [ABC], of SU(6);
fabe and dgpc are defined by Gell-Mann.2 An SU(6) in-
dex A takes on the values a, %, or ai, where a runs from
one to eight and ¢ from one to three. The SU(6) genera-
tors A4 are normalized to TrAgyAp=264p and satisfy
(A4, Agl=2d{ABCIAc, {Ag,AB}=364p+2[ABCIAC.

—o—1/2
{a,b,c}=2 fabc

= 172
la,b,c]l=@3) dabc

{i,j, k}= 3“’2eijk la,bi,j]= (b“zaabaij
{a,bj,cr}=371% 5., la,bi,cjl=(%>"2dabcai].
{2, b4, ck}=(h)12¢ #ik%e lai, bj, ck]=@3) ‘”ei]_k fobe
; ; — (122

{ia, bj,ck}=}) € ikdave
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tivistic in nature, and so the SU(6) static the-
ory might be expected to give rise to terms
which ultimately violate them.

We shall assume that the unknown coupling
constants in (3) are correctly given by (4a).
We ignore (4b) since it only reproduces the last
term in (3), nor can it be used to cancel the
unwanted terms of (4a). These assumptions
lead us to the relations

81=-2g,=-6'%g,=-8g,, (M

obtained by comparing (3) with (4a). The con-
nection of these to the usual coupling constants
is

&7 4’ypmr’ (8a)
gy/m=43, (8b)
gy/m=3x6"f o (8c)
g=4ma, (8d)

where Yprm and fpw are given by Gell-Mann,
Sharp, and Wagner,'® and A by Oneda, Kim,
and Kaplan.!* fp(powfr is defined analogously
to fpwgr-

We see that the constant y,;,%/47 is the only
unknown appearing above, and it has been esti-
mated to be 3 by Gell-Mann, Sharp, and Wag-
ner using the data on p decay; thus SU(6) allows
us to relate the ¢ and w decay widths and the
coefficient A to the p width. We will take the
symmetry breaking into account in the usual
way by using the correct linear combination
of w, and @, as given by the mass formula and
by using the correct phase-space factors. We
take » in (8b) and (8¢c) to be the mass of the p.

As a first approximation we have

w= (§)1/2w0+ @)”2(/’0, (ga)

¢ == %wo+ })?p,, (9b)

i.e., the particles wy; and ¢y of Bég and Singh®
which are known to give a very good value for
the mixing angle.!® Then, since from Eqgs. (7)
and (8) fp_pr =w/§fwop,,, we have

fq’pﬂ =0,
and the ¢ does not decay into p and 7. This
fact was previously noted to be a prediction of
SU(6) by Glrsey, Pais, and Radicati,? and by
Lipkin'® on more general grounds, and it is
gratifying that our model does not violate this
requirement. Now, using the model of refer-

ence 14 for w decay, we obtain
I'(w-31)=5 MeV,

to be compared with the experimental value of
10 MeV.!" The constant A is determined from
(7) and (8) as

=-0.13,
to be compared with
A=-0.18

quoted in reference 15. Thus the agreement
of the theory with experiment is quite good.

In order to estimate the actual ¢-decay width,
we must use a better value for the mixing an-
gle. Here we mention that the assumption f=g
of Bég and Singh® may be combined with f~ 0
[i.e., (m-p)+(K*-K)=0], after which their For-
mula (30) becomes

(w=p)(@=p) =3 (K*-p)(w +p-2K*). (10)

This mass formula has been derived pervious-
1y*® from other assumptions and is quite well
satisfied. Using (10) to give the ¢ ~w mixing
angle, we find

I'(¢ - p7m)=~0.1-0.3 MeV,

again in excellent agreement with experiment.”

*Work supported by the U. S. Atomic Energy Com-
mission.
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A natural generalization of the Gell-Mann-
Okubo mass formula to SU(6) may be obtained
from the hypothesis that the SU(3)-octet terms
in the meson and baryon mass (or mass-squared)
operators correspond to the 35-fold represen-
tation of SU(6).! The experimental data concern-
ing meson masses are consistent with this gen-
eralization.! In the SU(6)-symmetric baryon
bootstrap model, the baryons are pB (meson-
baryon) compounds.? One might suppose that
if the baryon mass splitting is assumed to orig-
inate from the meson mass splitting in this mod-
el, the “35 rule” for the mesons would lead to
a corresponding 35 rule for the baryons. How-
ever, the baryon 35 rule predicts a zero Z-A
mass difference, and is therefore in strong
disagreement with experiment.! The purpose
of this note is to examine the strong (isospin-
preserving) baryon mass splitting in the SU(6)-
symmetric bootstrap model, with particular
reference to the Z-A mass difference.

We regard the components of the mass-squared
matrix for the baryon supermultiplet as compo-
nents of a vector, following the technique intro-
duced by Glashow and discussed in detail by the
author.3»* There are three components of the
baryon strong mass-splitting vector that trans-
form as SU(3) octets; these are

Al/g = %(E-N)y (la)
By, =i(N+Z +A-33), (1b)
A, ,= JQ+E*—2N¥), (1c)

where the baryon symbol denotes the average
over the appropriate isotopic spin multiplet of
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the diagonal elements of the mass-squared ma-
trix. Since there is no strong mixing for the
baryon supermultiplet, these diagonal elements
may be identified with the corresponding ex-
perimental square masses. The normalization
is such that for pure octet-type mass splitting,
A-Z=2B,,, and Q=N*=34,,,.

A 35-fold meson multiplet of SU(6) consists of
a spin-zero octet, a spin-one octet, and a spin-
one singlet. Again there are three octet-type
mass-splitting components. Two of them, de-
noted by b, and b,, refer to mass splitting with-
in the spin-0 and -1 octets; the equations for
these components may be obtained by replac-
ing the baryon symbols in Eq. (1b) by the ap-
propriate meson symbols. The third compo-
nent may be written

- -1/2
b= @O (we) + (pw)], (2)
where (w¢) = (pw) denotes the off-diagonal term
in the mass-squared matrix that connects the
SU(3) singlet with the isoscalar member of the
spin-one octet.

In the SU(6) bootstrap model, the wave function
of the baryon j may be written in the form ¥,
=‘I’(Bj)=2blcjk13k“l» where the C;; are Clebsch-
Gordan coefficients of SU(6). In the “probabil-
ity matrix approximation,” derived in previous
references, the baryon mass splitting is assumed
to be given by a simple function of the meson
mass splitting and the coefficients of the \II(B]').’
Particle-mixing effects may be included in a
straightforward generalization of this approx-
imation. The baryon and meson mass-squared



