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The results of recent (e, e'f&) experiments'
have re-emphasized the desirability of a reli-
able nuclear model which is capable of connect-
ing the shell-model description of nuclear lev-
els with binding energies. ' In particular, the
spectrum of protons ejected from Al~ indicates
that it is composed of three groups of protons,
in agreement with a shell-model picture of the
struck nucleus. If one associates the energy
of each group with a corresponding level in the
shell-model description of Al~, then the ener-
gy required to remove protons from the 1s shell
is about 60 MeV. If, as expected, ' the separa-
tion is accomplished adiabatically (i.e., with-
out disturbing any of the nucleons other than
the struck proton), then the depth of the shell-
model potential must be greater than 60 MeP.
Although calculations of the properties of in-
finite nuclear matter indicate effective poten-
tials greater than 60 MeV, for strongly bound
nucleons, 4 the well depth for fin.ite nuclei is
usually considered to be more like 45-50 MeV. '
The purpose of this report is to describe a rough
but reasonable estimate of the adiabatic separa-
tion energy of 1s and 1P nucleons.

The calculation has several attractive prop-
erties: (a) The assumptions and approximations
are explicit so that refinements can be made
if desired; (b) it requires only a few parameters
for the description of many data; (c) it may
serve as an efficient first step in a more am-
bitious self- consistent calculation.

Let us consider first the problem of estimat-
ing the adiabatic separation energy of a nucleon
in the 1s level in any nucleus between, say,
Lii and Ca". (The methods used can also be
applied to heavier nuclei. ) The framework of
the model is characterized by three general
assumptions:

(i) The nuclear Hamiltonian is that for a sys-
tern of A nucleons subject to two-body forces,

(ii) The two-body internucleon potential v;&

is some appropriate empirical expression cho-
sen to fit the nucleon-nucleon scattering data;
it should be charge independent and either suf-
ficiently nonsingular to permit computation of
two-particle matrix elements using single-par-
ticle wave functions, or subject to treatment
that permits computation of matrix elements
(e.g. the Scott-MoszkowskiQ separation method).

(iii) The nuclear wave function can be described
by a single Slater determinant (although this re-
striction can be relaxed).

Besides these general assumptions we make
a number of specific approximations:

(iv) v,&
is a central, charge-independent in-

teraction.
(v) Harmonic-oscillator single-particle wave

functions are used to construct the Slater-de-
terminant many-particle wave function.

(vi) The oscillator energy hw, hence the har-
monic-oscillator radius parameter fi = ()i/m&u)'",
is det, ermined from the mean square radius of
the nuclear charge distribution.

(vii) Each nucleon in a partially filled shell
contributes the same amount to the separation
energy of a 1s or 1P nucleon as it would in a
completely filled shell. This is equivalent to
assuming that the interaction of a tightly bound
nucleon with nucleons in the outermost unfilled
shell is not sensitive to the coupling of the nu-
cleons in the unfilled shell.

If we make these assumptions then the sepa-
ration energy of a 1s or a 1P nucleon in a nu-
cleus lighter than Ca' may be expressed in
terms of four parameters V„(n =0, l, 2, 3) which
are the interaction energies between pairs of
nucleons in states of relative motion with prin-
cipal quantum number n [corresponding to an
oscillator energy (n+ 2&)fi~ of relative motion]
averaged over angular momenta. We have
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Vs and Vg are the singlet and triplet parts of
the nucleon-nucleon interaction; cs = ct = —,

' if l
is even, and cs =f'-„cf =9/10 if f is odd; and
Inl) is a harmonic-oscillator function of rela-
tive motion with principal quantum number n

and orbital angular momentum l. Using assump-
tions (i) and (iii), the adiabatic separation ener-
gy (-Ea) of a nucleon in the state In) is given
by

A
=(a It la)+ Q ((a13Iv IaI3) (ap-Iv IPa)). (2)

P=1

In this equation P stands for spin and isobaric
spin as well as for orbital quantum numbers.
If we restrict the discussion for the moment
to the doubly closed-shell nuclei 0" and Ca",
the sums over spin and isobaric spin can be
carried out, and we are left with a sum over
orbital quantum numbers.

The sum can then be simplified by using ap-
proximation (iv), which allows use of the Talmi-
Moshinsky' techniques of expressing two-nu-
cleon wave functions in terms of center-of-mass
and relative-motion wave functions. For exam-
ple, one can use an equivalent potential' ex-
pressed in terms of projection operators q„l
on states of relative motion of the two nucleons,

v-v =VV qeq nl nl'
nl

where Vnf are defined in Eq. (1) and

(n'l'Iq In "l")=6(n', n)b(n", n)5(l", l)b(l", l).

After making these steps, Ea in Eq. (2) be-
comes

occ
E =(a It i a)+ +Qv (4-A )(ab I q I ab), (3)

Q nl

where the coefficients Anf = (-1) comes froml

the exchange term in Eq. (2). The matrix ele-
ments of q„l are pure numbers which can be
expressed in terms of Moshinsky transforma-
tion coefficients or evaluated directly using the
techniques described in reference 8.

Finally, for nuclei with unfilled shells we use
approximation (vii), which implies that np (nod)
nucleons in an unfilled 1P shell (2s-1d shell)
contribute a fraction np/12 (nsd/24) of the con-
tribution of the filled shell to the binding ener-
gy of a strongly bound nucleon.

It should be noted that this calculation makes

use of the special properties of harmonic-os-
cillator wave functions, and many of the steps
could not be carried through with other wave
functions.

The model described above leads to the fol-
lowing simple expression for the adiabatic sep-
aration energy (-Els) of nucleons in the 1s
shell of a nucleus between Li and Ca':

E =t +3V +n (ssv +Ssv )1s 1s

+n (~~v +jv +f'-, v ),sd' 0 (4)

where t1s = @S(d = expectation value of the kinet-
ic energy of a nucleon in the 1s state of a har-
monic oscillator, np =the number of nucleons
in the 1p shell, and nsd =the number of nucle-
ons in the 2s-1d shell. Similarly, the adia-
batic separation energy (-El~) of nucleons in
the 1P shell is found to be

+(-', V +5~V )+n [';V +(5/12)V +izV ]lp 1p 0 1 P 0

+n [~5V +(35/96)v +~2Vsd

+(25/96)V ], (5)

where tl~ = (5/4)h&u = expectation value of the
kinetic energy of a nucleon in the 1P state of a
harmonic oscillator, and the other quantities
have been defined above.

In order to compare Eqs. (4) and (5) with ex-
perimental quantities, we must decide on a pre-
scription for calculating the matrix elements
which determine V» V» V» and V,. In prin-
ciple, these matrix elements are fully deter-
mined as soon as the two-body interaction vpj
is chosen. In practice, however, the types of

v~j which give good agreement with scattering
data' involve hard cores and therefore require
some additional treatment of the singularity
(in order to calculate two-body matrix elements),
which introduces another source of arbitrari-
ness. For definiteness we have chosen the Kal-
lio-Kolltveit' (KK) interaction and have used
values for the matrix elements V„l calculated'
with the Scott-Moszkowski separation method.
The same harmonic-oscillator parameter hv
= 13.3 MeV has been used in all calculations.
The results are listed in Table I for some nu-
clei below Ca for which experimental numbers
are also available. "~" Figure 1 shows the ex-
perimental numbers with theoretical curves
calculated'0 from Eqs. (4) and (5) for the KK
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Nucl eus (theory) (expt. ) (theory)
-E1
( xpf. )

Liv
Bj0
C12

Oi6

A127

S32

Ca"

21
30
36
47
65
73
86

25
32
36
34
59
65

1
8

12
21
37
44
55

15
11
14
18
32
32

aSee reference 11.
bSee reference 12.

and Hamada-Johnston" (HJ) potentials. The
Brueckner, Gammel, and Thaler" and the KK
potentials give almost identical results.

The theoretical results are most sensitive
to the value of V„' a change of 1 MeV in V, pro-
duces a change of 10 MeV in E1~ for Al~. To
get reasonable agreement with experiment, V,
must lie between about 7 and 8 MeV. It is con-
siderably smaller than this for the HJ poten-
tial (Vo = 6.2 Me V).

Error in finding center of peak
(-E ) MeV, i

aTot

40-

20-

~ 10 20
L.7 ~10 12 3C

30
Al S

t

IOa
C

40

FIG. 1. Theoretical and experimental ~~ values of
the 1s and 1p separation energies. The solid lines
are theoretical values calculated" using the Kallio-
Kolltveit potential. The dotted lines are calculated
from the Hamada-Johnston potential.

Table I. Comparison of theoretical and experimen-
tal values of separation energies (in MeV) of 1s and 1p
nucleons (V0=-7.6 MeV, V2=-1.1 MeV, Vf +3=0).ab
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