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iltonian:
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Here H(pK,K,), H(¢®), and H(p*) are normal
ordered expressions of fourth and third order
in the creation and destruction operators of the
corresponding fields,
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and the equation for a is obtained from (6) as

0

a(@ria?+put+a)=0.

Since A is divergent, u? has to be negative.
If p 2> -4, the only real root is a =0; in this
case no symmetry breakdown occurs. If, how-
ever, p,2<-A, the minimum solutions are «
=10.5m¢)¢0"1, which result in symmetry-break-
ing terms in the Hamiltonian (7). Supposing,
e.g., Ag~1, m,~my, one arrives at g~ 10717,
While the electromagnetic field is coupled to a
current with ¥ =0 with a strength 137~!, and
the weak current is characterized by ¥ =0,+1
and has a strength 107!, this ¢ field is coupled
to a term with ¥ =+2 with a strength 1073,

We have attempted to show a possibility for

the explanation of the K,° puzzle by spontaneous
breakdown of the CP symmetry. Our asymme-
tric vacuum was characterized by the minimum
condition (6), using a CP-symmetric Hamil-
tonian. The principle of relativity and the prin-
ciple of equivalence is maintained in this mod-
el. It may be that an observer can recognize
the CP asymmetry of the universe with labora-
tory experiments, without being able to mea-
sure his absolute velocity.

It is a pleasure to thank Dr. J. S. Bell, Pro-
fessor S. M. Berman, Dr. G. Feinberg, and
Dr. M. Nauenberg for valuable discussions.
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The purpose of this note is to point out that
the usual analyticity assumption implies a strong
correlation between a pronounced low-energy
resonance (such as the 33 resonance in the pi-
on-nucleon system) and the high-energy limit
of the scattering amplitude. Assuming that the
forward elastic-scattering amplitude is analyt-
ic in the usual sense, it is proved in this note
that the forward amplitude cannot satisfy an
unsubtracted dispersion relation, as long as
a pronounced low-energy resonance appears
in the direct and/or the crossed channels. If
one assumes furthermore that the forward am-
plitude becomes pure imaginary sufficiently
rapidly in the limit of infinite energy, it is then
proved that the high-energy limit of the total
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cross section can only be a finite, nonzero lim-
it, if there is a pronounced low-energy reso-
nance. Here a pronounced resonance is such

a resonance whose peak in the total cross sec-
tion is sufficiently high and/or broad enough

to make its sole contribution to the integral

in (5) or (8) already exceed the right-hand sides
of (5) and (8). The quantities on the right-hand
sides of (5) and (8) are the S-wave scattering
length and the residue of the bound-state pole
(if there is any) and, therefore, are some mea-
sure of the strength of the coupling in the con-
ventional sense. According to the proof in this
note, if a resonance becomes pronounced in

the above sense, the total cross section can

no longer approach a zero limit but must tend
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to a finite, nonzero cross section in the limit
of infinite energy. It is also pointed out in

this note that the 33 resonance is pronounced
in this sense, and the p resonance is also pro-
nounced in the same sense as long as a,, the
S-wave pion-pion scattering length in the chan-
nel of total isospin 2, does not exceed a fair-
ly high limit given in (6).

According to a recent work,! one can estimate
the high-energy limit of the pion-nucleon total
cross section in terms of the mass and the width
of the 33 resonance. According to the proof
in this note, this is not to be regarded as an
accident but due to this strong correlation be-
tween a pronounced low-energy resonance and
the high-energy limit of the scattering ampli-
tude. It is also possible® to estimate in an anal-
ogous way the high-energy limit of the pion-
pion total cross section in terms of the mass
and the width of the p resonance, assuming
a weak S -wave pion-pion interaction in the sense
of (6).

The above correlation refers to the high-en-
ergy limit of the full amplitude. It is not im-
mediately clear whether a similar correlation
exists between a pronounced low-energy reso-
nance and the high-energy limit of the partial-
wave amplitude. It is, however, quite possi-
ble that the high-energy behavior of the partial-
wave amplitude is no longer arbitrarily dispos-
able when there appears a pronounced low-en-
ergy resonance. Therefore, some of the dif-
ficulties® often encountered in the low-energy
dynamical approach to the resonance may in
fact be due to this correlation.

In order to simplify the proof, ©nt scatter-
ing is discussed here in detail. Application
to the other cases is straightforward, as is
explained below. The 7t forward amplitude
A(w), as a function of the laboratory pion en-
ergy, is analytic in w except for two cuts ex-
tending from +p (pion mass) to +«, and is even
with respect to the sign change in w. One nor-
malizes A(w) in such a way that ImA(w) =go(w)/
4w, for w > p, where ¢ is the laboratory pion
momentum and o(w) is the 771 total cross sec-
tion. In this normalization, A(u)= a,, the S-
wave pion-pion scattering length in the chan-
nel of total isospin 2.

It is known that A(w) has a phase represen-
tation* of the following form:

2w2f°° 6(w’)dw’

A<w>=”n“°’exp§7 @@=

LW

where P,(w) is an even, real polynomial of w,
and 6(w) is the phase of A(w) defined in such
a way that A(w)=+!A(w)!e?0(®), for w=> p, and
also that 6(u)=0. Since ImA(w) is positive-
definite for all w>p, 6(w) is bounded by 7>
&5(w)>0 when A(n)>0, or 0>8(w)> -7 when A(1)
<0, for all w>pu. If A(w) becomes pure imag-
inary at infinity, 6(«)=7/2 when A(1)>0, or
6(e0) = —=m/2 when A(p)<0.

It is also known* that the phase representa-
tion (1) has the following asymptotic form:

n =26()/m

Alw) — cw w
W = 400

, (2)

provided the phase 6(w) approaches its limit
8(e0) sufficiently rapidly. Even if this last con-
dition fails, the asymptotic form (2) is modi-
fied at most by a factor which behaves essen-
tially logarithmically in w. Therefore, the fast-
est approach of A(w) to zero as w— +w [or the
gentlest behavior of A(w) at infinity] material-
izes when 6(«) =7 if A()>0, or 6(x)=0 if A(u)
<0. In both cases, the phase §(w) is always
smaller than 6(«), and, therefore, the logarith-
mic factor which may modify the asymptotic
form (2) can only diverge logarithmically but
cannot approach zero, say, as 1/Inw. Thus,

in the case of the fastest approach, A(w) be-
haves at infinity strictly as w”—2 when A()
>0, or w” when A(1)<0. If A(w) becomes pure
imaginary sufficiently rapidly as w =+, A(w)
can behave at infinity only as w”=1 when A(y)
>0, or w”*1 when A(1£)<0. In all the above
cases, n can only be 0, 2,4, -+, by definition.
It is therefore seen that, as long as A(w) has

at least a pair of zeros when A(u)> 0, A(w) can
no longer satisfy an unsubtracted dispersion
relation.® In the case when A(w) becomes pure
imaginary sufficiently rapidly as w = +«, the
high-energy limit of the total cross section can
no longer be a zero limit, as long as A(w) has
at least a pair of zeros when A(u)= 0.

The condition for A(w) to have at least a pair
of zeros can be derived from the dispersion
relation for A(w). For this purpose, it is suf-
ficient to assume that A(w)/(w?-u?) vanishes
everywhere at infinity in the w plane. One thus
obtains
(w?=u?) (*o(w’)dg’

2,”2 L w’2_w2 ’ (3)

Alw)=A(k) +

which is the usual once-subtracted dispersion
relation. Because of the positive-definiteness
of o(w), A(w) increases monotonically as w in-
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creases from zero to +u. Therefore, there
is a pair of zeros on the gap (+u = w = —p) pro-
vided

(n2/27%) [ “o(w)dg/w?= A(k)> 0,

but otherwise there are no zeros on the gap.
However, as A(u) exceeds the above limit, a
pair of zeros begins to appear on the imaginary
axis. To see this, one rewrites the dispersion
relation (3) for w=1ia, a being real, as

1 °°(a2+u2

Atia) =AW -5 [ (% )a(w)dq. (4)

a?+w?
Since o(w) is positive-definite, the integral in
(4) increases monotonically as a increases from
zero to infinity. Therefore, a pair of zeros
must appear on the imaginary axis as long as
A(p) does not exceed the limit

(1/27) [ Zo(w)dg >Au), (5)

where it is not necessarily meant that the in-
tegral is convergent.
Therefore, A(w) cannot satisfy an unsubtracted
dispersion relation, as long as the inequality
(5) is satisfied. In the case when A(w) becomes
pure imaginary sufficiently rapidly as w - +eo,
A(w) behaves asymptotically only as w!,w?, .- -,
as long as the inequality (5) is satisfied. The
behavior of A(w) as w® or higher violates the
unitarity in the sense that the total elastic cross
section would then exceed the total cross sec-
tion. To see this,® one has only to estimate the
total elastic cross section, oel(w), as
(o] 2 2
o @ o [14w,nrd A8 AL

w? w @

)

where A(w,t) is the covariant scattering ampli-
tude expressed in terms of the covariant mo-
mentum transfer squared, /. Therefore, as
long as the inequality (5) is satisfied, the high-
energy limit of the total cross section can on-
ly be a finite, nonzero limit.

If a low-energy resonance appears in the /th
partial wave with the mass M, and the full width
I'), one can estimate the contribution of this
resonance to the integral in (5), assuming that
the resonance cross section is given by 27%(21
+1)T,8(E-M,)/p?, where E is the c.m. total
energy and p is the c.m. momentum. In the case
of the p resonance, this contribution amounts
to 0.96u =" when M/, = 760 MeV and I'; =106 MeV.
Therefore, as long as the p resonance appears,
the high-energy limit of the pion-pion total cross
section can only be a finite, nonzero limit, pro-
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vided a,, the S-wave pion-pion scattering length
in the channel of total isospin 2, does not ex-
ceed the limit

0.96u"1>a,. (6)

This is indeed a fairly high upper limit for a,.

The foregoing analysis applies to 7°7° scat-
tering without any change. If only the f reso-
nance (Mf: 1253 MeV, I‘f: 100 MeV, [=2) is
considered in the integral in (5), the inequal-
ity (5) becomes

0.28u~"1>(3)a, + (Ya,, (7

where a, is the S-wave pion-pion scattering
length in the channel of total isospin 0. The
upper limit in (7) can be substantially increased
if the S-wave contribution to the integral in (5)
is properly included. However, details of this
shall not be discussed here.

In order to apply the preceeding analysis to
n~nt scattering, one combines the 7~ 7+ ampli-
tude with its crossed amplitude (the 777 am-
plitude) so that the amplitude becomes even’
with respect to the sign change in w. Similar
symmetrization is necessary in the case of 7%p
scattering. Another complication arises in this
case because of the nucleon poles. However,
one can carry out essentially the same proof,
because these poles more or less induce a pair
of zeros and one has only to locate a pair of
zeros on the imaginary axis. Thus, the same
conclusion holds also in 7&p scattering as long
as the following inequality is satisfied:

1 bl 2w, g2
(23) [Cotwme> a2,

where o(w) is the average of the 7p total cross
sections; A(u)=[1+ (u/M)](a1+2as)/3, where

M is the nucleon mass and @, and g are the S-
wave pion-nucleon scattering lengths in the chan-
nels of total isospins 3 and 3, respectively;
£%=0.081 is the renormalized pion-nucleon cou-
pling constant; and w,=1?/2M is the location

of the nucleon pole.

The contribution of the 33 resonance to the
integral in (8) becomes 0.681.~!, when M,
=1237 MeV and I'y; =90 MeV. This contribu-
tion is much larger than the right-hand side
of (8), because the empirical figures® are «a,
=(0.171+0.005)u ™Y, ag=(~0.088+0.004)u"?,
and 2w, 8%/ (u2-w,%) ~g%/M =0.012~Y. There-
fore, as long as the 33 resonance exists, the
high-energy limit of the pion-nucleon total cross
section can only be a finite, nonzero limit.
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There is a typographical error in Eq. (12).

It should read

V. =v. ~(W2/2mf.2 2f Yy .V .
iV mf s 1=V Vil
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