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A theorem of Goldstone,! when considered
in its nonrelativistic form, seems to show that
a many-particle system such as a supercon-
ductor, condensed Bose gas, or ferromagnet,
with a ground state of lower symmetry then
the Hamiltonian, must have an excitation mode
with energy tending to zero for long wavelength.
The apparent absence of such a mode in real
superconductors and the theoretical work of
Anderson,? which showed that it is obliterated
by the finite-energy plasma oscillation in super-
conductors, has led to considerable theoretical
interest in how and under what conditions the
theorem can fail to apply. Looking in detail
at a suggestion made by Guralnik, Hagen, and
Kibble® in related relativistic work, we find
that the theorem is irrelevant in the following-
sense. Whenever there is a finite-energy ex-
citation mode at long wavelength, the existence
of this mode can invalidate a crucial step in
the theorem, and it is therefore completely
consistent with the theorem for no mode with
zero energy at long wavelength to be found as
long as there is one of finite energy to take
its place.

We first sketch the nonrelativistic form of
the theorem proof,* and point out the crucial
step. To be specific, we will refer to super-
conductivity whenever possible. If n(xf) and
jlxt) are the particle- and current-density
operators, respectively, then for any opera-
tor, ¢,(xt), the microscopic particle-conser-

vation law requires
= lxt), 0,6 t) ) + 9+ ([t), o) D =0, (1)

For the superconductor it is simplest to use
for ¢,(xt) the pair creation operator,

@) =9, T0et)y _Tixt) (2)
with the equal time-commutation relation
[n(xt), @ (x"t)]=2¢,(x"t)6%(x -x"). (3)

The condition that the ground state be degen-
erate and of lower symmetry is that the ground-
state expectation value, (¢,(xt)), is nonzero
and equal to ¢ even though the Hamiltonian
commutes with the total-number operator.

The theorem continues with an integration
of Eq. (1) over a large volume, V:

fdsx v ([ilxt), o (xt) ]
1%

=—fd3x£Z xt), 0,7t ). (4)
Vv

As the volume tends to infinity, the right-hand
side can be calculated from the spatial Fourier
transform L(k,¢-t’), where

3 —ike (X=X’
L, t-t)= [dxe ™S C X6, o ert) ). (5)
Also applying the divergence theorem, we get

[ a ([§xt), 9,080 D = =22 lim Lk, t=£). ()
Vv k-0
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If the surface integral is zero, then limy _ g
L(k,t-t') must be independent of time; and
therefore in terms of L(kw), where

Lka) = [ate™ Lk, ), )
we get the requirement that

lim L(kw) =27C,8(w), (8)

k-0

with the constant C, to be determined from a
sum rule derived from Eq. (3).
From the definition of L(kw) we see that

f%%}:imoL(kw) = J&*nx), 0, r'D)), (9)

and therefore from Egs. (3) and (8) we get
C,=2¢=0. (10)

By writing the commutator L(kw) in terms of
intermediate states, one can show that in the
limiting process of Eq. (8) the 6 function is in
fact coming from limy, _ g6[w-€(k)], where (k)
is the dispersion for some excitation branch,
and therefore for this branch limk _ Oe(k) =0.
Since we calculate in the limit as # -0 and not
at #=0, we do not couple to other ground states
as intermediate states, and therefore the 6(w)
is not a reflection of the trivial and dynamical-
ly uninteresting zero energy required to change
the system from one ground state to another.?
The crucial step to which we call attention
is that of dropping the surface integral in
Eq. (6). If there is an excitation branch such
as the plasma oscillation such that

lim e(k) =w, #0, (11)
k=0 b

then such a surface integral can be nonzero

and time dependent, oscillating at the frequency

wy. This relaxes the very restrictive form of
Eﬁ. (8) and replaces it by

;iinOL(kw) = 217C26(w) +1Cy [O(w—-wp) +6(w + wp)]

+7TC3[6(w—wp)—6(w +wp)]. (12)

When the remaining steps of the proof are
carried out, we get
2¢0=C,+C,, (13)
and the condition ¢ # 0 can be satisfied even
with C, =0.
It now becomes a dynamical question whether
or not C, is in fact nonzero since it no longer

4

follows just from the microscopic conserva-
tion law and the lower symmetry condition.

It was this dynamical question which Ander-
son® solved at zero temperature for the super-
conductor, and his work, from this point of
view, shows C, is zero. With C, zero, the
representation of the commutator in terms of
intermediate states contains no contribution
from an excitation branch with zero energy at
long wavelength.

Klein and Lee* incorrectly assumed that the
surface integral was zero and invoked sum-
rule arguments for support. But just in those
cases where the Goldstone theorem is inappli-
cable these sum-rule arguments fail, since
the microscopic conservation law is not trivial-
ly related to a macroscopic conservation law
due to the very surface terms they wish to dis-
card. Furthermore, we can now see how the
theorem can make a smooth and simply under-
standable transition from applicability to inap-
plicability. If C,=0 and C, =2¢ for the case
where wp > 0, then as the interactions in the
theory are changed so that wp = 0, we go smooth-
ly over to the situation in which the right-hand
side of Eq. (12) has the form 2¢276(w). The
constant C, need not arise in some discontinu-
ous way dependent on the form of the interac-
tion, as is required by other explanations of
the theorem’s inapplicability.%,®

We now look in more detail at the type of
surface integral which appears in Eq. (6). For
the electron gas with Coulomb interactions at
zero temperature, and for kkp/m < w,

fd3x e'“"xfdt eiwt([n (xt),3(00)))

:%”-E[O(w—wp)+6(w+wp)]. (14)

Here wp is the plasma frequency and n the elec-
tron density. For the moment let us consider
that j(xt) can be written in a particularly sug-
gestive form which we will elaborate later,

Gxt) =i m(p/Wpl’(xt). (15)

2m
If

L) = [a e ™% far e (n(xt), 0, (00)]), (16)
then for kkp/m < «, Egs. (14) and (15) yield
L' (kw) =2(p’ﬂ[6(w—wp)+6(w +wp)]. 17)

In L'(kw), we have a candidate for L(kw), de-
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fined earlier, such that in the zero-k limit
L(kw) is neither zero nor proportional to &(w)
regardless of the microscopic conservation
law obeyed by 7 (xt).

It is a simple matter to show explicitly that
this residual time dependence embodied in
the form of the right-hand side of Eq. (17) does
in fact come from a surface term which has
a simple physical interpretation. From the
definition of L’(kw) and the microscopic con-
servation law, it follows that

Jate'™ fa% e KR (Gxt), 0, (00))
=‘;—“L'(kw), (18)
and therefore if Z(¢) is defined by

()= [dS((j (xt), ,’(00)]), (19)

then

dw =iwtf d3 =+ jkexfwL (Fw)
E(t)=fge (zn)3fds-ke x€k—2) (20)

If we choose as our surface a large sphere
centered at the origin and with radius R, the
surface integral can be done exactly:

dw —iwtf d3k
Z(t)—fae G

N (BR)~'sinkR -2 coskR
Tk?R ’

L'(kw)2iT R

(21)

The bracketed expression is a representa-
tion of 6(1k1) as R goes to infinity as long as
L'(kw) behaves well enough for large momen-
ta. Since this will be the case, we can replace
L'(kw) by L'(0w)a?/(k?+a?) where this last fac-
tor just simulates L’ going to zero at large
momentum. The final answer is independent
of a? as R - «; this factor is only one of many
cutoff mechanisms which could be used. In
spherical polar coordinates, Eq. (21) is writ-
ten

Zi)= %e—lwtiwL'(O, w)

2 (>~  a’R[(kR)~'sinkR -coskR]
xﬂ'[ dk P ,(22)
and after the final integration,
lim Z(t):fdz—(;_)e_lwtiwL'(O, w). (23)

R -

Relating this to Eq. (16), we see precisely

that
—ikex
lim E(t)=—%1im fd3xe X
R -~ k-0
x{[n(xt), ¢,'(00)]), (24)

which is to be compared with Eq. (4).

The physical meaning of the surface term
is quite clear. If we consider a finite volume
in an infinite electron gas and there is a plas-
ma oscillation of wavelength longer than the
linear dimension of the volume, then there will
be an oscillating total charge within the volume
and corresponding current across its surface.
If we let the considered volume increase, keep-
ing the excitation wavelength longer than the
linear dimension, then, as long as the excita-
tion frequency remains finite, the total charge
as well as current crossing the surface will
continue to oscillate in time. In the calcula-
tion just completed the mathematical represen-
tation of this did occur. As R increases, the
6-function form leaves in the final frequency
integral only frequencies corresponding to ex-
citations of wavelength comparable to or larger
than R and, finally, in the limit projects out
the £ =0 contribution.

We must now indicate the relevance of Eq. (15)
and the relationship of the operators ¢,’(x¢)
and ¢,(xf). In any of the theories of the type
we are considering, a new parameter is found
which designates the various degenerate ground
states. In ferromagnetism the parameter is
an angle designating magnetization direction,
while in the Bose gas and superconductor it
is the phase of the condensate and electron-
pair wave function, respectively. The exci-
tation modes we are concerned with are ex-
cited when the system is forced into a config-
uration very similar to a ground state, except
that this parameter varies slowly in space.

In ferromagnetism, for example, by an exter-
nal field we might force the magnetization
direction to vary slowly in space. If we sud-
denly turn off the external field, the system
will begin to oscillate with some characteris-
tic frequency or frequencies. The Goldstone
theorem then deals with whether or not such
frequencies must tend to zero as the charac-
teristic length in the original distortion tends
to infinity. It is clear in the ferromagnetic
case as well as the plasma example given above
that if one looks only within a volume smaller
than the distortion length, and if the frequency
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of oscillation is finite, magnetic moment must
flow in and out of the region. In fact, if the
ferromagnetic aligning forces are of sufficient-
ly long range, the spin-wave energies will not
tend to zero for infinite wavelength, and, just
as in the superconductor, a surface-term con-
tribution will lead to a consistent condition of
inapplicability of the Goldstone theorem.

In the superconductor and condensed Bose
gas, the variation of the wave-function phase
from place to place is associated with a cur-
rent. If spatial variation is found only in the
phase, we may write for the superconductor

@aet) =T oy en=e 700 Ty T 2s)
Considering (¢,(xt)) as a wave function, we

may associate Va(x) with a local momentum
and Va(x)/2m with a superfluid velocity, hav-
ing divided by 2m, the mass of the pair referred
to in the wave function. If this velocity is mul-
tiplied by the density of superconducting elec-
trons, which at zero temperature is the total
density, a current results. Thus, in terms

of expectation values, we can write

- _m_V@,(xt))
<3(xt)>"2m 13 ((p,(xt)) . (26)

The fact that Eq. (26) is an equation of expec-
tation values and not the operator relationship,
Eq. (15), in no way weakens the point of this
paper. We have shown that the operator on
the right-hand side of Eq. (15) with ¢,’(x¢) re-
placed by ¢,(xt) is certainly closely related
to a current operator. Therefore, the phys-
ical and mathematical arguments following
from charge conservation which we can per-
haps more easily grasp in terms of the nor-
mal electron gas or ferromagnet are related
to superconductivity in the manner suggested
by Egs. (15), (16), and (17). L’(kw) is not just

a candidate for L(kw), but has the form we
would expect for L(kw) when calculated at zero
temperature in the theory of superconductivity.

In conclusion, the Goldstone theorem fails
to determine that the energy of an excitation
branch tends to zero for infinite wavelength
because of the nature of macroscopic conser-
vation laws and related surface integrals when
finite-energy, long-wavelength modes exist.
The theorem is irrelevant in nonrelativistic
theories, since one must always do a dynami-
cal analysis, strongly dependent on the range
of forces in the problem, to determine the
nature of the modes; no definite statement fol-
lows just from the microscopic conservation
law and lower symmetry condition.
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