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In recent papers!’? we have described sever-
al aspects of the relativistic completion of SU(6).
The procedure is meant to apply only to effec-
tive vertices and matrix elements (“S-matrix
theory”). For local Lagrangian field theory
there is a specific breakdown!’? of SU(6). In
this Letter we indicate how the systematic ap-
plication of our rules leads to an S-matrix de-
scription which is fully covariant, crossing
symmetric, and SU(6) invariant. As before,!s?
we take as our starting definition for SU(6) a

group property of zero three-momentum one-
particle states.

It is crucial to note that the relativistic com-
pletion (boosting®) of an SU(6) representation
is not unique, except for the trivial case? of
the 6, which of course is to be treated like the
representation [, 0] of 8’, the orthochronous
Lorentz group including space reflections.
Thus we call it 6[4,0]. This is given by «a(p)tA
where the notation is as follows: Z=1,2 denotes
spin states, A =1,2, 3 refers to unitary spin,
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a =1, 2 denotes the upper (lower) component
pair of the four-spinor «. Thus if we have a
set of (Hermitian) matrices y,, we may ex-
emplify our notation in the useful representa-
tion® ¥ = —p,0, v,=p;, ¥s=Ps as follows: (y,u)’?
is short for (—pz)ba(al)jiujb, etc. Thus for
fixed i, u'@ is a two-component spinor in “p
space.” With zT=uTy4 we have.(z?p3)2-a :Ejb(pS)ab
><62~] , etc. We can briefly denote the particle
states of 6[3, 0] by «A(p), x=(i,a,A)=1,--+,12.
We reserve the early letters a,b,--- for p
space; i,j,k, -+ for spin states. We denote
the antiparticle states by v*(p). The Hermi-
tian adjoint functions are «, ', v)tT

For the 35 there are two distinct completions
(for the same set of physical mesons!). They
are 35(4, 3]~ and® 35[(3)?, 0]~, to which there
will correspond respective 12 X12 meson ma-
trices Mo }} and @an “)‘. We have,! for 35[3,

3,

M x, Ga] @ A
m/‘i (q)—l:—ys /J'OO]]b PB

+ [i(ye)]].bia VBA, 1)

where P is the pseudoscalar octet, V the vec-
tor nonet; yq =y,q, =yq +iy4qg. Furthermore,?
for 35[(3)%, 0],

(z)fmu)‘(q)

. 0O q € ia
. a_i_ A wu v A
_z[(y5)b 6], PB +(-—-—-—-———-——”°0 )jb VB . (2)

Equation (2) corresponds® to a reducible £
representation, corresponding to a ps(ps) +v(t)
structure with relative weight determined by
SU(6). One may wish to reject Eq. (2) by the
criterion of ,c'—irreducibility. However, we
shall see below that this may not be prudent.
We note that @, (pq) @an Mqluk(pg), i=1,
2, g=p,-p,, are fully covariant SU(6)-invar-
iant (6*, 6, 35) vertices for (particle, particle,
meson). In order to go to a crossed channel,
replace uH(p,) by vH(-p,), keep the rest as
is, but read now g =-p,—p,. Thus we have
manifest crossing symmetry. All these covar-
iance properties are readily shown to hold like-
wise for any S-matrix element involving arbi-
trary numbers of 6’s and 35’s.
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The 56. For p=0 we have’
BaBy _ xl]deBC N (3‘/5)—1

- o .
X[el]x XABC +€]kszBCA +€Iezx]XCAB

l

XABC =eABDb C. 3)

D

There are again two distinct boosts, namely
56[(3)%, 0] and 56[(3)?, 4]. [The set of distinct
boosts for any SU(6) representation is of course
fully determined by its spin content.] In order
to give a compact specification of these boosts,
we introduce the boost matrices D¥, a=1,2,
where

DO(p) = 3(1 +y)) [m—iGyp)y J[2m(E +m)]~V2, (4)
while D® is the same expression but with (1 +y,)
-~ (1-y,). Next we introduce the following def-
inition®:

Baa,Bb,yc(p)

(c)k 1A, mB,nC. (5)

_ (@) (b)j
=D, (p)Dm (”)Dn (p)B

We have, for 56[(3)%, 0], the elements

Bal,Bl,yl

Baz, B2, y2

) (6)

which is 4- (8-)component for the octet (dec-
uplet). This is the relativistic SU(6) represen-
tation which was constructed earlier.! Observe
that this completion maintains the (a, 83,y) sym-
metry of the 56 for p=0. Equation (6) gives

the particle states. The antiparticle states

are obtained by the substitution

D®(p) ~DY(p); D®(p) =~ -D™(p) (7
in Eq. (5). Furthermore, 56[(3)? 4] is described
by

Eq. (5) with @, b, and c not all identical. (8)

Also here a pairing like in Eq. (6) is always
necessary. This pairing is a “1-2 conjugation.”
Thus, for example,

Bal,Bl,yZ

9

BO!Z, B2,y1 )
has the appropriate behavior under space re-
flections. Clearly, this relativistic represen-
tation no longer has the (a, 8, y) symmetry of
Su(e).
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We now turn to the baryon-meson vertex.
To begin with we discuss the particle-particle
sector. Consider the expressions

(1) aa, Bb, 6d

BT(p )

1
1 aa, Bb,yc » (10)

yc
M, @B(p,)

(2) aa, Bb, od

B(p)

. (11
1" aa, Bb,yc 1y

o, " (@)B(p,)
In Egs. (10) and (11) we sum over the Greek
indices [SU(6) labels]. In regard to the Latin
indices we observe the pairings (with equal
weight) prescribed by Egs. (6) and (9), but do
not otherwise sum over a, b, ¢, and d. Each
of Egs. (10) and (11) then lead to four general-
ly distinct vertices. Each of these eight ex-
pressions represents a Lorentz-covariant SU(6)-
invariant particle-particle vertex. Moreover,
by application of Eq. (7), it is readily seen
that each of these eight expressions is also
crossing symmetric.

Thus we have now found an eightfold answer
to the construction of the vertex with all the
requisite symmetry properties. We have found
some general properties of this set, namely:
(i) Each of them reproduces the ratio” u(r)/
u(p) =-% if we replace 91 by the SU(6)-covar-
iant magnetic-moment operator. (ii) There
are three possible values for the D/F ratio
of pseudoscalar mesons, namely: pure F,
D/F=3, D/F=6. Thus a general combination

of the eight vertices renders this ratio arbitrary.

There exists a clear need for more selective
criteria.

An elegant criterion is provided by the re-
quirement that the vertex be invariant under
the transformations of a group SU(12) ¢, the
“booster group” of SU(6). The tensors of this
group are defined so as to preserve space-re-
flection invariance. The £ indicates that the
algebraic structure is formally that of SU(12),
provided the adjoint tensors” are defined in
terms of the density appropriate to the Lorentz
metric. Within the context of the present paper
these mathematical artifices are fully justifi-
able.

The 56 can be embedded in the totally sym-
metric SU(12) representation 364. This cor-
responds to a unique vertex, namely

Wor+ Py LB (), (12)

with A =aa, u=8b, p=yc, and v==56d. There
is a second choice for embedding the 56, name-
ly in the mixed-symmetry representation 572.

;
B, (6

This choice gives two independent couplings.
In the rest of this note we confine ourselves
to the vertex given in Eq. (12). Before men-
tioning some implications of this coupling, it
may be well to state a few general properties
of this group SU(12),.

(a) The representation 364 has the SU(6) ® SU(2)
content (56, 4)® (70, 2). Here SU(2) corresponds
to “D spin,” the fundamental representation
being 2 corresponding to the pair (D™, D®).

“D spin” is a kinematic concept. Thus (56, 4)
corresponds to total symmetry of boosting,

that is, D spin 3. (56,4) corresponds of course
to one and only one 56 in the rest frame. Pari-
ty is still extraneous to the booster group. If
SU(12) ¢ is now an approximate symmetry of
strong interactions, a 70 should exist with
positive parity. Note that the representation
220 contains one 20 and one 70, again with
equal parity!

(b) Similarly, the 35 belongs to the booster
representation 143 =(35,3+1)®(1,3). Here
(35,3 +1) corresponds to the boosts “91 and
@9 with prescribed relative weight as it ap-
pears in Eq. (12). Clearly an SU(12)£ repre-
sentation contains prescribed mixtures of £
representations corresponding to the same
physical SU(6) representations in the rest frame.
As an approximate symmetry, SU(12), predicts
a further pseudoscalar singlet (boosted with
D spin 1). The n’ meson at 960 MeV would fit
nicely in this spot.®

(c) We now return to the meson-baryon ver-
tex. Equation (12) gives a unique D:F ratio in
the coupling of pseudoscalar mesons. Remark-
ably enough, this ratio turns out to be precise-
ly 3:2.

(d) Equation (12) determines the Pauli cou-
pling of the vector mesons, to the baryons,
in terms of the Dirac coupling. If one assumes
that the Pauli couplings of the p and w deter-
mine the Pauli coupling of the photon, Eq. (12)
may be said to predict the magnetic moment
of the proton. Before a definite value can be
assigned, it is necessary to have an unambig-
uous procedure for handling central masses,
which enter in an essential way.

The extension of the rules for constructing
relativistically invariant SU(6)-invariant struc-
tures given above for the three-point functions
can readily be extended to n-point functions.
SU(12) ¢ requirements will again reduce the
number of independent form factors. Explicit
constructions will be given elsewhere. We
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only note here that the formalism incorporates
the relation found by Johnson and Treiman'®
in a Lorentz-invariant framework.

The present considerations do not affect the
conclusion reached earlier' that local Lagran-
gian field theory and SU(6) invariance are not
compatible (except in the trivial case that there
is no interaction at all).

The notion of SU(12) ¢ invariance brings up
mathematical problems of a novel nature. These
will be studied further.

After the conclusion of this work one of us
(A.P.) was informed in a private communica-
tion by Professor Abdus Salam that he had ob-
tained full S-matrix covariance along similar
lines.

Note added in proof.—In different contexts,
the group SU(12), appears in earlier papers.!!

M. A. B. Bég and A. Pais, “Lorentz Invariance and
the Interpretation of SU(6). I,” to be published.
M. A. B. Bég and A. Pais, “Lorentz Invariance and

the Interpretation of SU(6). II,” to be published.

3The use of this term is discussed by S. Weinberg,
Phys. Rev. 133, B1318 (1964), especially Sec. 2.

“The 6 is the only representation of SU(6) for which
spin and unitary spin factorize. For this reason, mod-
els which involve sextets only hide many of the com-
plexities of the problem.

5This representation is useful for demonstrating in-
variance under LJ. With appropriate labelings, our
methods hold for any representation.

fHere ()2=1®1=1®0. Thus [(3)?,0] is a convenient
shorthand for the reducible representation [1,0]® [0, 0].

"We follow the notations given in M. A. B: Bég, B. W.
Lee, and A. Pais, Phys. Rev. Letters 13, 514 (1964);
see especially footnote 9 of that paper.

8Note that in our notation, X@, a)T transforms accord-
ing to [D(a)]‘l.

M. Goldberg et al., Phys. Rev. Letters 12, 546
(1964).

10K, Johnson and S. B. Treiman, Phys. Rev. Letters
14, 189 (1965).

p, Roman and J. J. Aghassi, Phys. Letters 14, 68
(1965) [SV(12); with a different physical interpretation
of multiplets]. K. Bardakeci, J. M. Cornwall, P. G. O.
Freund, and B. W. Lee, Phys. Rev. Letters 14, 48
(1965) |IM(12); encountered in the discussion of W(6)].
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Consider a partial-wave elastic-scattering
amplitude! for two spinless particles of equal
mass, M, as a function of s = 4(k%+ M?):

Loy oL (o20 gy g, R
A—Zip(S—l)—zip(ne -1)=B+ A, (1)

where p is a kinematical factor and the “gen-
eralized potential” B is regular in the physi-
cal region, whereas A has cuts only for s

>4M?=sg. The inelastic partial-wave cross
section o,,l is determined by 7 alone:

orl = nkz(Zl + 1)(1~n2)- (2)

Given B and 7, we can determine A =N /D using

2170

the Frye-Warnock equations?:?

27(s)
1 +7](S)
5 1 [ [B(s")=B(s)]2p(s’) ReN(s")ds’
B(S)+7TLE (S'—S)[1+T](S')] ’

= P (*[1-n(s’)]ds’
B(s)—B(s)+n LI R OICEDE

ReN(s)

_1_P ([~ 2p(s’) ReN(s")ds’
D(s)—l p J’SE (sl_s)[1+n(s,)]

. 2p(s)
—szeN(s)B(s—sE),

ImN(s) :l—lﬁs—)ReD(s)B(s—s

2p(s) (3)

7/



