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We analyze the advantage of cell size control strategies in growing populations under mortality
constraints and show that growth-dependent mortality can select for accurate size control. We determine
how mortality, noise, and nongenetic heritability of cell size impact long-term population growth. We
derive an analytical expression for the optimal cell size. We demonstrate that size heritability enables
selection to act on the distribution of cell sizes in a population to avoid viability thresholds and adapt to
size- and growth-dependent mortality landscapes.
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Cells of bacteria and other organisms grow exponentially
in size before dividing [1,2]. Noise in cell division timing
is therefore expected to yield increasingly large variations
in cell size over time, yet single cell lineages maintain a
narrow distribution of cell sizes over many generations
[3–6]. While strategies [7–10] and molecular mechanisms
[11–14] that underlie cell size control are being elucidated,
it is presently unknown what selective advantage they
confer in nature. Specifically, in free-living microbes such
as bacteria, if exponential biomass growth can be achieved
by any number of cells, what evolutionary benefit does the
control of cell size contribute to a growing population? This
question underlies our understanding of the evolutionary
determinants of cell size and the origins of cell size control.
Starting from a single, exponentially growing cell that

lacks a size control mechanism, the resulting population’s
average biomass growth rate would not depend strongly on
how frequently cells divide; rather, it would largely depend
on the mean growth rate of the size of single cells. How-
ever, if the process of cell growth comes with some mortal
risk, division events can reduce the probability of extinction
along each lineage by distributing the risk across a popu-
lation. By this reasoning, selection will favor lineages that
divide as frequently as possible. Since cells cannot be too
small due to biophysical constraints—e.g., there must be
enough room for their DNA and proteins—the presence of
mortality could select for cell size control. In particular, we
expect a control mechanism that enables cells to be as small
as physically possible to be advantageous. As the minimum
viable size of cells is approached, errors in cell size control
will become increasingly costly as they can result in non-
viable cells. Natural selection should favor minimizing
the errors and evolutionarily tuning the control mechanism
to avoid such viability thresholds. This argument thus
identifies a general advantage of accurate cell size control.
Yet, different control strategies, e.g., “sizer” or “adder,” can
efficiently minimize size control errors [3–5,7,9,15–19],

and it has therefore been an outstanding question whether
one strategy broadly confers a fitness advantage relative to
another.
In this Letter, we introduce a simple model that represents

the above evolutionary forces and study its implications
using simulations, numerics, theory, and comparison with
experiments. We demonstrate that the presence of growth-
dependent mortality is sufficient to determine a finite optimal
cell size that maximizes long-term population growth, thus
providing an evolutionary mechanism that selects for cell
size control. We show that nongenetic heritability of cell size
enables selection to act on the cell size distribution to avoid
viability thresholds and enhance population growth in
different mortality landscapes. We discuss implications for
evolution of size control mechanisms.
The statistics of size control in isolated single cells can

be observed experimentally in a “mother machine” device
[1,6]. Starting from a given birth size l, each cell grows
exponentially in size and divides symmetrically. Given a
parent cell’s birth size l, the cell size control mechanism
determines Δ, a random variable corresponding to the size
added before cell division. The offspring’s birth size l0 is
determined by the size relation, l0 ¼ ðlþ ΔÞ=2. Iterating
this control process leads to a stable birth-size distribution
in isolated single cells. In an adder mechanism, cells
attempt to add a fixed size before dividing; hence Δ and
l are independent random variables, while l0 and l are
positively correlated. In a sizer mechanism, cells attempt to
elongate to a fixed target size before dividing; hence l0 and l
are independent, while Δ ð¼ 2l0 − lÞ is negatively corre-
lated with l. We define the control functions, CAðΔÞ and
CSðl0Þ, which are the probability distributions of Δ in the
adder model and of l0 in the sizer model, respectively. We
first analyze these two key examples and then generalize to
a broad class of size control strategies.
We model a population of cells growing in the presence

of mortality constraints. Active cell growth involves
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remodeling basic cellular structures, e.g., the cell wall of
bacteria, and renders cells more susceptible to environ-
mental stresses such as antibiotics [20,21]. Mortality in our
model is determined by a constant β characterizing growth-
dependent mortality, where the probability of cell death
during a growth increment δl is given by β δl [22], and by
a viability threshold lmin, such that cells with birth size
l < lmin are not viable. As cells grow and divide, the popu-
lation size NðtÞ increases exponentially, and its long-term
growth rate is Λ≡ ð1=tÞ ln NðtÞ, in the limit of large t.
For sizer and adder mechanisms that generate identical

birth-size distributions in isolated cells, we compared the
long-term growth rate of their populations as the target birth
size a was varied [Fig. 1(a)]. We found that, for values
of a ≫ lmin, the two curves nearly overlap and decrease
linearly with a. As a approaches lmin, however, the curves
separate and the adder mechanism exhibits a pronounced
advantage over the sizer. Strikingly, if we set the target birth
size precisely at the viability threshold a ¼ lmin, the sizer
population does not grow as half of its cells are born with
l0 < lmin, yet the adder population has a positive growth rate.
Moreover, the adder population can grow exponentially even
for a range of target birth sizes a < lmin over which the sizer
population goes extinct. This suggests that, although the two
size control mechanisms are equally precise, the structure of
single cell lineages that they generate differs in a critical way.
Indeed, when a ¼ lmin, the distribution of birth sizes in the
population has a peak at l ¼ lmin for the sizer mechanism,
but in the adder mechanism the peak is shifted to a value
higher than lmin [Fig. 1(b)].

To understand these behaviors more generally, we
analyzed population lineage structures using the transfer
operator approach [24], which was previously used to study
populations structured by age or size [25,26]. A single cell
lineage ξ ¼ ðl1; l2;…; lnÞ is specified by a series of cell
divisions, where the i th division yields a cell with birth size
li. We let the kernel Kðl0; lÞ denote the expected number of
offspring of birth size l0 for a parent of birth size l. We let
Btðl0Þ denote the expected number of births at time t with
birth size l0, corresponding to lineages ending with l0. Each
birth with size l0 at time t results from a parent cell of birth
size l that grew and divided at size 2l0. The parent itself was
born at time t − τ, where τ ¼ ð1=λÞ lnð2l0=lÞ; hence

Btðl0Þ ¼
Z

Kðl0; lÞBt−τðlÞpðλÞdldλ; ð1Þ

where we assume that the single cell growth rate, λ, is
independent of birth size and has probability distribution
pðλÞ. In rod-shaped bacteria such as Escherichia coli,
which maintain a constant cell width, l is measured by the
cell length and λ is known as the elongation rate; experi-
ments indicate that λ and l are nearly uncorrelated in
constant conditions [2,15]. We analyze steady-state pop-
ulation growth, for which BtðlÞ ≃ eΛtBðlÞ, where BðlÞ is
the population’s composition of birth sizes l. Below, we
assume a constant elongation rate λ0, i.e., pðλÞ ¼ δðλ − λ0Þ;
for variable λ see [27]. Defining ψðlÞ≡ lΛ=λ0BðlÞ and
α≡ ðΛ=λ0Þ ln 2, Eq. (1) yields

ψðl0Þ ¼ e−α
Z

Kðl0; lÞψðlÞdl; ð2Þ

where eα is the top eigenvalue of the kernelKðl0; lÞ and ψ is
the associated right eigenfunction.
We study kernels that take the following form:

Kðl0; lÞ ¼ ze−βð2l0−lÞθðl0 − lminÞCðl0; lÞ; ð3Þ

where the growth-dependent mortality β acts on the added
size Δ ¼ 2l0 − l, the viability threshold at lmin is enforced
by the Heaviside step function θ, and the control function
Cðl0; lÞ gives the l → l0 transition probability in isolated
cell lineages. The constant z is used to distinguish lineages
within a population, where each binary cell division
generates two offspring (z ¼ 2), from isolated single cell
lineages (z ¼ 1); we assume z ¼ 2 unless otherwise speci-
fied [40]. We initially analyze a bivariate Gaussian family
of control functions,

Cðl0; lÞ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πσ2ð1 − ρ2Þ

p e
−½l0−lρ−að1−ρÞ�2

2ð1−ρ2Þσ2 : ð4Þ

The parameter ρ is the correlation of parent-offspring birth
length, where ρ ¼ 0 or 1=2 yields the previous sizer or
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FIG. 1. Population growth of adder and sizer mechanisms with
growth-dependent mortality. (a) Population growth rate Λ is
shown as target birth size a is varied in simulations (points),
compared with predictions (curves) from numerical solution of
Eq. (2). Dashed line indicates lmin ¼ 1. Cells grow exponentially
in size at rate λ0 ¼ 1. Control functions CSðl0Þ and CAðΔÞ are
Gaussian with mean a and variances σ2S and σ2A, respectively,
chosen to yield identical birth-size distributions in isolated
cells [23]. Parameters are σA ¼ 0.1, σS ¼ σA=

ffiffiffi
3

p ¼ 0.058, and
β ¼ 0.1. (b) Population birth-size distributions measured in simu-
lation (shaded) and predicted by Eq. (2) (curves) for a ¼ lmin,
with parameters as in (a).
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adder kernels, respectively. These control functions yield a
Gaussian stable birth size distribution in isolated lineages,
with mean a and variance σ2, for any value of correlation
−1 < ρ < 1, and thus span a continuous range of possible
control mechanisms [41]. Numerical solution of Eq. (2)
correctly predicts simulation results (Fig. 1).
We now analyze Eq. (2) to obtain the top eigenvalue

of the kernel. For the special case of the sizer (ρ ¼ 0),
the kernel is separable such that Kðl0; lÞ ¼ ψðl0Þψ̃ðlÞ,
with ψ̃ðlÞ ¼ eβl and ψðl0Þ ¼ zgðl0Þe−2βl0θðl0 − lminÞ, where
gðxÞ≡ ð2πσ2Þ−1=2e−ðx−aÞ2=ð2σ2Þ. Computing the top eigen-
value, we obtain α ¼ ln ½R ψ̃ðlÞψðlÞdl�, which can be
evaluated exactly. However, for the general case (ρ > 0),
there does not appear to be an analytical solution, and we
proceed to develop the following scaling approximation.
By analogy with polymers, we model the lineages as rigid
rods with a certain persistence length [42]. We assume that
offspring perfectly inherit their parent’s birth size for r
generations. Each such “block” of rmonomers corresponds
to a single, random choice of birth size l, and the blocks are
therefore independent just like the individual monomers in
the sizer model; we call this the “rigid correlated sizer”
(RCS) approximation. To match parent-offspring correla-
tion ρ to the RCS block size r, we set r ¼ ð1 − ρÞ−1. At the
level of blocks, parameters are rescaled via β ↔ rβ,
z ↔ zr, and α ↔ rα, and substituting in the expressions
above yields

αRCS ¼ lnz− βaþ rβ2σ2

2
þ 1

r
ln

�
1

2
erfc

�
lmin−aþ rβσ2

σ
ffiffiffi
2

p
��

;

ð5Þ

where erfcðxÞ≡ ð2= ffiffiffi
π

p Þ R∞
x e−l

2

dl is the complementary
error function. We then obtain ΛRCS ¼ λ0αRCS= ln 2.
The RCS approximation correctly predicts that an adder

population can grow at the viability threshold while a sizer
population cannot. Specifically, ΛRCS ¼ λ0ð1 − 1=rÞ at
a ¼ lmin for β ¼ 0; hence ΛRCS ¼ 0 for sizer and ΛRCS ¼
λ0=2 for adder. For comparison, the numerically computed
value for adder is Λ ¼ 0.47λ0. We can alternatively treat r
as a free parameter determined by matching the numeri-
cally computed value of Λ at the viability threshold. With
this choice, the RCS closely approximates the growth rates
for the adder model with different values of σ [Fig. 2(a)], as
well as for kernels with different values of ρ [Fig. 2(b)]; we
emphasize that the RCS is exact for the sizer kernel.
Moreover, it predicts that at a ¼ lmin for β ¼ 0 the growth
rate Λ does not depend on σ, consistent with numerical
results [Fig. 2(a)].
Deviations between numerics and the RCS approxima-

tion are related to having a fixed rather than a flexible block
size. To see this, we relaxed the RCS by allowing inheri-
tance of birth size to be a random process, namely, with
probability h the birth size is inherited, and with probability

1 − h the offspring is assigned a random birth size according
to gðl0Þ. We refer to this as the “flexible correlated sizer”
(FCS); its kernel was previously studied in models of
correlated cell division times [43,44] where ψ and α can
be computed [28], though generally not in closed form. We
find that the FCS approximation is slightly more accurate
than RCS at intermediate values of a (Fig. 2). We note that,
since RCS and FCS models assume that blocks are uncorre-
lated and do not capture details within blocks, they fail to
approximate the eigenfunction itself; to this end, perturba-
tion theory may be applicable (see [28] for details).
The selective benefits of cell size control can now be

inferred from Eq. (5). In the absence of mortality (β ¼ 0),Λ
increases monotonically with a, indicating that arbitrarily
large cell sizes would be favored to avoid the viability
threshold. Size control therefore does not confer an
advantage in this regime. In the presence of mortality
(β > 0), size control is beneficial as there exists an optimal
birth size aopt that maximizes Λ [28], given by

aopt ≈ lmin þ σ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln½1=ð2πr2β2σ2Þ�

q
ð6Þ

for r βσ ≪ 1. The optimal cell size balances a trade-off
between mortality, which selects against large cells, and
noise in cell size control, which selects against small cells.
Furthermore, Eq. (5) shows that the quality of size control
is under selection as reducing the noise σ moves aopt closer
to the viability threshold and increases Λ. The presence of a
viability threshold and growth-dependent mortality thus
select for accurate size control.
Would evolution tend to minimize σ as much as physio-

logically feasible, or does a nonzero value of σ confer
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FIG. 2. Analytical results for correlated sizer approximations.
Numerical results (points) and analytical approximations (RCS,
dashed curves; FCS, solid curves) shown for long-term growth
rate, Λ, as a function of target birth size, a. Vertical dashed line at
lmin ¼ 1. (a) Results for the adder model (ρ ¼ 1=2) with β ¼ 0,
λ0 ¼ 1, and σA as indicated in the key. Approximations use
σ ¼ σA=

ffiffiffi
3

p
, r ¼ 1.887 (RCS), and h ¼ 0.384 (FCS); see [28] for

β ¼ 0.1. (b) Results for different values of ρ with β ¼ 0.1.
Parameter values ρ are indicated in the key, λ0 ¼ 1, σ ¼ 0.058;
see [28] for β ¼ 0.
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benefits? For example, if mortality β fluctuates in time, the
peak of the mortality function will vary, and the long-term
optimal cell size aopt will deviate from the instantaneous
optimum. In this case, noise in cell size control may be
beneficial. To obtain analytical results, we consider a
simple model in which survival of cells with birth size l
is given by fðlÞ≡ e−

1
2
½ðl−lsÞ=σs�2 and the position of peak

survival ls is normally distributed with mean ls and
variance Σ2. Computing the long-term growth rate and
optimizing over a and σ, we obtain aopt ¼ ls, while σopt
exhibits a continuous transition from zero for Σ < Σ� to
σopt > 0 for Σ > Σ�, where Σ� ≃ σs [28]. Thus, if variability
of ls is larger than the width of the survival function, a
nonzero optimal value of σ exists. Maintaining a limited
amount of noise in cell size control can thus be advanta-
geous in a fluctuating environment.
Would evolution favor increasing r arbitrarily, or are

there constraints that select against high values of size
heritability? For low mortality rates (βσ ≪ 1), Eq. (5)
shows that the strength of selection on r is driven by
avoidance of the viability threshold and given by ∂α=∂r≈
−r−2 ln½1

2
erfcð−Z= ffiffiffi

2
p Þ�, where Z≡ ða − lminÞ=σ. Thus, as

r increases there will be diminishing returns for further
increase in heritability. We therefore expect r to evolve until
∂α=∂r is smaller than any fitness costs associated with
mutations that increase r. For example, based on exper-
imentally measured values of Z, we find that the strength
of selection to increase r is high in the vicinity of a sizer
(r ¼ 1), where ∂α=∂r can be as large as 7% per generation,
while for r > 4, the strength of selection is much lower
with ∂α=∂r < 0.4% [28]. While the precise evolution of r
will depend on many factors, the above analysis points to
evolutionary trade-offs that maintain a limited amount of
cell size heritability r > 1. Consistent with this, experi-
ments show that, in different species and growth condi-
tions, r ¼ 1.9–4.2 (Escherichia coli) and 1.5–3.0 (Bacillus
subtilis) [28]. This range of values corresponds to ρ ¼
0.35–0.76, reflecting adderlike size control in these species.
In summary, the theory introduced here identifies how

cell size control can be selected for and shaped over
evolutionary timescales. We showed that growth-dependent
mortality in the presence of a viability threshold selects for
accurate cell size control. The optimal size relation (6)
predicts what cell size would evolve over long timescales
for a fixed level of noise, mortality, and nongenetic
heritability in our model. Cell sizes can also adapt physio-
logically over much shorter timescales, e.g., in different
nutrient conditions [45,46], and our analysis of experimen-
tal data shows that the optimal size relation is consistent
with such physiological adaptation [28]. We demon-
strated that nongenetic heritability of cell size increases
a population’s ability to adapt to mortality landscapes.
Experimental perturbations of E. coli’s native cell division
machinery [12,47], as well as simulated network evolution

of simple cell cycle models [10], indicate a high capacity
for size homeostasis mechanisms to adapt. On the basis of
our findings, we expect that mortality landscapes present in
nature select for and shape cell size control mechanisms in
different species and environments.
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