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Many-Body Effects on High-Harmonic Generation in Hubbard Ladders
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We unveil multifaceted effects of spin-charge couplings on the high-harmonic generation (HHG) in Mott
insulators by analyzing the two-leg ladder Hubbard model, where spin dynamics activated by the interchain
hopping 7, drastically modifies the HHG features. When the two chains are decoupled (7, = 0), HHG
originates from the dynamics of coherent doublon-holon pairs because of spin-charge separation. With
increasing t,, the doublon-holon pairs lose their coherence due to their interchain hopping and resultant
nonlocal spin strings. Furthermore, the HHG signal from spin polarons—charges dressed by spin clouds—
leads to an additional plateau in the HHG spectrum. For large #,, we identify unconventional HHG
processes involving three elementary excitations—two polarons and one magnon. Our study is an essential
step toward a microscopic understanding of nontrivial many-body effects on HHG in correlated materials

beyond conventional semiconductors.
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Introduction—High-harmonic generation (HHG) is a
fundamental and technologically important optical phe-
nomenon originating from strong light-matter interaction
[1-4]. In the past decade, HHG research expanded from
gases [5-7] to solids [8—11], opening up new possibilities
for optical and spectroscopic applications [12]. To date,
most HHG research in solids focuses on semiconductors
and semimetals [8,13-34], where HHG is well described by
the kinematics of independent electrons. Recently, the
investigations were further extended to correlated materi-
als, where the independent-electron picture does not
directly apply [35-38]. Although previous studies revealed
some intriguing effects, such as HHG from many-body
states [36,39] and changes in the charge trajectory during
the HHG process [38], the broader implications of corre-
lations on HHG remain to be clarified.

Strongly correlated systems (SCSs) provide a rich play-
ground for studying many-body effects on HHG [35-
37,39-66]. In SCSs, various degrees of freedom such as
charge, spin, and orbital are intertwined and the conven-
tional band picture is not applicable [67—69]. Instead, the
system can host intriguing excitation structures, which can
lead to nontrivial HHG features. Theoretically, SCSs are
often represented by the Hubbard model, where strong
local interactions lead to a Mott insulating state at half-
filling. Previous works revealed that HHG in Mott insula-
tors can be associated with the coherent dynamics of
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charged many-body elementary excitations called doublons
(doubly occupied sites) and holons (empty sites) [36,44].
To fully understand the charge dynamics in Mott insulators,
it is however crucial to consider spin-charge couplings, i.e.,
the modification of the spin background by the charge
motion. This physics becomes relevant in generic systems,
beyond the previously studied one-dimensional chains
[35,44,50]. Indeed, such couplings can lead to an intriguing
temperature dependence of HHG [51,52]. However, only
limited aspects of the spin-charge couplings have been
explored so far and a generic understanding of their impact
on HHG remains elusive. In particular, potentially relevant
effects, such as the formation of spin strings and the
emergence of new elementary excitations [70,71], have
not been discussed.

Through a comprehensive analysis of the two-leg
Hubbard model, we reveal that the effects of the intertwined
spin-charge dynamics on HHG in Mott insulators are
multifaceted. This is because spin-charge couplings affect
the nature of elementary excitations in unique and complex
manners. Because of its geometric structure, the two-leg
system is a natural step beyond the one-dimensional chain,
allowing us to discuss the physics of spin-charge couplings.
The many-body effects revealed here may be relevant for
generic two-dimensional systems, and will contribute to the
broader understanding of HHG in SCSs.

Formulation—We focus on the half-filled Hubbard
model defined on the two-leg ladder [72,73]

H(t) = _tx Z (eiAx(t)é\'quiva&ixiyg + HC)

iysiy,0

— 1, (@it +He) +Hy, (1)

i,0
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FIG. 1. (a) Schematic picture of the half-filled two-leg Hubbard
model. (b) HHG spectra for the half-filled two-leg Hubbard
model for different ¢,, see Eq. (1). We use , = 1 and U = 8, and
set Q =0.5,FE, = 0.7, 1) = 60, and 6, = 15 for the electric field.
The triangle markers indicate the optical gaps for each 7,, and the
green (orange) transparent lines indicate the two plateaulike
structures for 7, = 1 (1.5).

+
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electron with spin o, i, (i) is the site index in the x (y)

see Fig. 1(a). Here ¢ is the creation operator for an

direction, and 7; ; , = el

ixi,‘aéixiva' t, and t, are the hopping
parameters and I:IU =U Zix,iy 'A’ixinﬁixi, | represents the
on-site Coulomb interaction. The electric field is applied
along x, and its effect is described by the Peierls phase with
the vector potential A, (7). The corresponding electric field
is E.(t) =—-0,A.(t), and we use a Gaussian pulse
A, (1) =(E,/Q)Fs(t—tg,00) sin[Q(r—1y)] with F;(t,0) =
exp{—[r*/(26?)]}. We set the electronic charge g, the bond
length, and 7 to unity. In the following, we use ¢, as the unit
of energy and choose U = 8, where the system is in the
Mott insulating phase [74,75]. We use Q = 0.5, ¢, = 60,
and o = 15 for the pump. This parameter set is motivated
by two-leg cuprates such as SrCu, 05 [76,77] excited by a
midinfrared laser, for which our energy unit roughly
corresponds to 0.5 eV. We analyze the dynamics from
the ground state using the infinite time-evolving block
decimation (iTEBD), which treats the thermodynamic limit
and is highly controllable [78]. The HHG spectrum is
evaluated as Iypg(w) = |wJ,(w)|?, where J (@) is the
Fourier component of the current J (z) along x, see
Supplemental Material (SM) for details [79]. Because of the
inversion symmetry, odd-harmonic peaks at = (2n + 1)Q
with n €N are expected in fully time-periodic states [94].

Results—We first show that the qualitative features of
HHG drastically change as a function of 7,, see Fig. 1(b) for
E, =0.7. For t, = 0 (two decoupled chains), peak struc-
tures at @ = (2n + 1)Q are not clear and signals at non-
odd-integer harmonics appear, see also SM for different £ .
With increasing ¢,, the HHG peaks become more promi-
nent in general and develop around (2n + 1)Q (dashed
lines), as expected, see 7, = 0.5, 1, and 1.5. Additionally,
signals just above the gap evolve nonmonotonically as a

FIG. 2. Subcycle spectra for the data in Fig. 1(b) shown on a log
scale, based on a Gaussian window with ¢, = 0.8. The vertical
dashed lines indicate the times with A, (¢) = 0. The multicolored
markers and the pink dashed lines indicate the energy emission at
time ¢, within the three-step model. In (a)—(c), the dots (e) are for
the DH pairs, whose dispersion is obtained from the chain
system. In (c), the crosses (+) are for the spin-polaron pairs,
whose dispersion is obtained from Fig. 4(b). In (d), the dots are
for scenario 1 (hPolaron + ePolaron + magnon), while the pink
dashed line is for scenario 2 (hPolaron + spin bag). The color
bars cover the time interval between creation and recombination
of the corresponding pair in units of T, = (27/Q).

function of 7. For 7, = 1 (relevant for cuprates [77]) and
t, = 1.5, a new hump structure around @ = 6.5 develops,
which results in two plateaulike structures above the gap
4.5 <w<=<65 and 6.5 Sw < 10.5). The hump position
increases with increasing field strength (see SM), indicating
that this feature does not originate from a specific excitation
mode. When the interchain hopping ¢, is increased further,
HHG peaks become less pronounced and non-odd-integer
harmonics appear, as for 7, = 0.

To understand the origin of the above changes in HHG,
we conduct a subcycle analysis. Specifically, we apply the
windowed Fourier transform J,(w,1,) = [dte" F(t —
t,.6,)J,(t) and extract the temporal radiation spectrum
around 1, as I(w,1,) = |wJ.(w,1,)|*. The results are
shown in Fig. 2, where the rainbow-colored dots in
Figs. 2(a)-2(c) represent the prediction from the semi-
classical three-step model for the DH pair [44], see SM.
Here, the doublon-holon (DH) dispersion for the chain
(t, = 0) is used. The dot color indicates the time between
the creation and recombination of the corresponding DH
pair. For 7, =0, the temporal change of the radiation
intensity is well described by the three-step model and
the radiation is mainly emitted by long-lived DH pairs,
which is attributed to the spin-charge separation [44]. Upon
increasing 7, to 0.5, we notice a reduction of the DH
coherence, as manifested by the shift of the weight of
I(w.1,) to the subcycle interval corresponding to short-
lived DH pairs. Thus, the difference of the HHG features
between 7, =0 and 7, =0.5 is related to the DH
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coherence. The non-odd-integer harmonics for ¢, =0
indicate that the system is not yet fully time periodic,
due to a relatively short pump pulse and the long coherence
time. The latter allows the system to remember the
excitation process, preventing it from reaching a time-
periodic state [95] and making the HHG spectrum sensitive
to the carrier-envelope phase [33]. A reduction of coher-
ence leads to a faster relaxation into a time-periodic state.

Att, = 1, the subcycle signals are fractionalized into the
part explained by the trajectory of the (short-lived) DH pair
and a low-lying dispersive signal around 4.5 S < 6.5.
The latter appears to originate from the field-driven
dynamics of elementary excitations different from DH
pairs. This fractionalization manifests itself in the emer-
gence of two plateaulike structures in the HHG signal. For
t, = 2, the weight of I(w, t,) is shifted back to later in the
cycle of the electric field, which suggests the existence of
photocarriers with long coherence. This coherence prevents
the system from reaching a time-periodic state during the
pump pulse.

Since the drastic changes in HHG with interchain
hopping are absent in conventional semiconductors (see
SM), they are linked to the strongly correlated nature of the
system. Below, we demonstrate that these changes manifest
different aspects of intertwined spin-charge dynamics.

First, we reveal the intriguing dephasing mechanism of a
DH pair. To this end, we analyze an effective model
obtained by the Schrieffer-Wolff transformation, i.e., an
expansion in ¢, ,/U [44,96,97]. The Hamiltonian reads

He (1) = Hpy(t) + Hspin +Hy - E(0P.(1), (2)

where

Hpyu(1) = _tyzﬁiﬁ&(ez.o«r&ixla + H'C')’elixl[r
i.,0

N AT N N
-1, E 7i,.05(¢; 05Ci 10 + HoC )Ry 15

1,0
— 1, Z i s1i,5(e0 é:'rx+1iyo-6i;iyo' +He)n s
Iy\ly,0
=1 Z ﬁi,+1iva(€m*(t)@Ln_‘.g@z‘,,i).a +Hc )y s
Iysiy,0
represents the hopping of doublons and holons. & indicates
the opposite spin of ¢ and 7= (1—n). I:ISpin =
Jex x Zix,iy S, *Sivti, +Jexy > 8i0-8;1 is the spin
exchange term with Jo, =42/U and Je, =
422/U. P () creates or annihilates a DH pair and acts
as an interband dipole moment, see SM for details. This
model is an extension of the 7-J model [67] to a system with
both doublons and holons, and allows us to separate
different physical processes related to the DH dynamics
[44]. We prepare the initial state as the ground state of H spin

with antiferromagnetic correlations, and simulate the time
evolution turning off different terms in H.g(r) as
D 1y Jex s Jexy = 0, D) JexniJexy =0, B) 1, =20,
and (4) no modification. The comparison of cases (1)—
(4) provides insights into the role of different physical
processes. Namely, the difference between (1) and
(2) shows the effects of the DH dynamics along y. Such
dynamics does not cost any energy related to the spin
exchange coupling, but can disturb the original spin
configuration. Meanwhile, the difference between (1)
and (3) corresponds to the effect of the energetic coupling
originating from the spin mismatch between the chains.
This coupling suggests the conversion of the kinetic energy
of a doublon or holon into spin exchange energy by
disturbing the spin background, whose dephasing effect
was discussed previously [52].

In Figs. 3(a) and 3(b), we show the resultant subcycle
spectrum for cases (1) and (2). The colored line shows the
prediction from the three-step model with the DH
dispersion U — 4t cos(k,). In case (1), where only the
DH motion along x is considered, the DH pairs exhibit a
long coherence time. Importantly, hoppings of charges
along y already cause a substantial reduction of pair
coherence, as can be seen by the clear shift of the weight
to the early part of the cycle in case (2). Although
dephasing is also observed in case (3), for the present
parameter set, the effect is much more prominent in
case (2), see SM.

The unique dephasing seen in case (2) can be attributed
to the emergence of nonlocal spin strings (disturbances of
the spin configuration from the ground state) [70,71], see
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FIG. 3. (a),(b) Subcycle spectra of the two-leg Mott insulator
described by the effective model. Weuse t, = 1,7, =0.5,U =8
for the system, Q = 0.5, E, = 0.7, t, = 60, o =15 for the field
pulse, and ¢, = 0.8 for the analysis. The rainbow-colored dots
are the prediction from the three-step model of the DH pair,
whose dispersion is E (k,) = U —4t, cos(k,). (c) Schematic
illustration of the effects of DH hopping along y on the light
emission. The shaded area indicates the trajectory of the doublon
and holon, i.e., the formation of a string in the spin back-
ground, which prohibits the return to the ground state by DH
recombination.
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Fig. 3(c). The HHG spectrum is evaluated from the current
J (1) = (P(1)JJ¥(7)), where [¥(1)) = [¥gs) + [6¥e(7))
is the time-dependent wave function, |Wgg) is the Mott
insulating ground state, and |§%(¢)) is an excited state.
In the present setup, the deviation from the ground
state is small and the major contribution comes from
(Wgs|J,|6Wex (7)) and its conjugate, which represent the
DH recombination. Note that |§¥., (¢)) is a superposition of
DH pairs with different trajectories. If a trajectory of a DH
pair does not involve hopping along y, it contributes to
(Wgs|J[6Px (1)) (recombination) when the pair returns
to nearest-neighbor sites, since the spin background is
the same as that of the ground state. Meanwhile, if it
involves hopping along y, nonlocal spin strings generi-
cally emerge along the DH trajectory. In this case, the pair
cannot contribute to (¥sg|J |0 (7)) (no recombination),
because jx|‘I‘GS) cannot have the same spin configuration
as [6W. (1)) due to the spin strings. This explains the
reduction of the subcycle signal for DH pairs with long time
intervals and accounts for the decoherence at nonzero 7.
Importantly, this process is active even for J., =0, i.e.,
without energetic coupling between spin and charge. This
dephasing mechanism is also confirmed by the dependence
of the coherence on the spin polarization, and is absent in
conventional semiconductors, see SM.

Next, we discuss the effects of emergent elementary
excitations on HHG. To obtain hints on relevant elementary
excitations for ¢, =1, 2, we analyze the single-particle
spectra A(k,, ky,a)) in momentum space, which captures
the states accessible by removing (adding) an electron from
(to) the system [98]. In Fig. 4, we show A(k,.k,,w) for

ePolaron + Magnon

1
Spi .
pion Spin polaron Spin bag

c)U 8,ty=

) . (e) .

Spm bag k _O
(k= ko~ A(l))

hPolaron k,=0 Magnonk =n ePolaron k=n  hPolaron k,=0
(k.= kg+A(t)) (k=m)  (k,=m+k- A(t)) (k= k(,+A(t))

FIG. 4. (a)—(c) Single-particle spectra A(k,,k, =0, ®) of the
half-filled two-leg Hubbard model calculated with DMRG. We
set , =1 and U = 8 and the number of sites along x is 80.
Dashed lines in (b) show the dispersion of spin polarons extracted
from A(k,, k, = 0, ®). Dashed lines in (c) indicate the dispersion
of the hPolaron and the range of the continuum consisting of an
ePolaron and a magnon, as predicted by the strong-rung pertur-
bation theory. (d),(e) Two different scenarios of the HHG process
in the strong-rung regime.

k, = 0, obtained with the time-dependent density-matrix
renormalization group (DMRG) [99,100]. In the present
system, k, is either 0 or 7z, and A(k,,k, @) = A(k,+
T, ky + 7, —w). For ty, = 0, dispersive signals correspond-
ing to doublons, holons, and spinons are observed
[101,102]. For ¢, =1, a low-lying dispersive band
(2.5 < |w| < 3.5) corresponding to the formation of spin
polarons (charges dressed by spin clouds) emerges [98].
For 1, =2, we see a coherent band for @ <0 and a
continuum around 2.5 < w < 7.5. For ¢, = 2, perturbation
theory in the limit of strong-rung coupling works well, see
SM. The band for @ < 0 corresponds to a polaron with a
positive charge —¢ (hPolaron) and k, = 0. Meanwhile, the
continuum consists of a polaron with a negative charge ¢
(ePolaron) with k, = z and a magnon with k, = z. The
signal at the bottom of the continuum has high intensity.
This signal represents a weakly bound state of an ePolaron
and a magnon, a composite particle called a spin bag [98].

We now reveal the role of these elementary excitations.
For 1, = 1, the first HHG plateau just above the gap aligns
with the range of recombination energies of a spin-polaron
pair (4.5 Sw <6.5), estimated from their bands in
Fig. 4(b). Furthermore, the corresponding subcycle signals
are well explained by the three-step model combined
with the spin-polaron dispersions, see colored crosses in
Fig. 2(c). Thus, the additional plateau can be attributed to
the coherent dynamics and recombination of a spin-polaron
pair, which explains the nonmonotonic intensity evolution
in this regime, see SM. Importantly, at 7, = 1, charge
dynamics is fractionalized into DH and spin-polaron
dynamics due to correlation effects, and HHG captures
this physics as two plateaus.

For ¢, = 2, the following two scenarios based on the
three-step picture are conceivable. Since we excite the
system with a homogeneous field, the total momentum of
the relevant elementary excitations must remain zero.
Scenario 1 involves three elementary excitations, a
hPolaron with k, = 0, an ePolaron with k, = 7z, and a
magnon k, =z, see Fig. 4(d). This situation is very
different from the conventional scenario, which involves
two elementary excitations [103]. Since a magnon carries
no charge, only the polarons move around under the electric
field to acquire kinetic energy. Still, the magnon balances
the total momentum in the tunneling and recombination
processes, and yields an energy shift corresponding to its
creation energy. Scenario 2 involves two elementary
excitations, i.e., one hPolaron and one spin bag, see
Fig. 4(e). In Fig. 2(d), we compare the subcycle spectrum
and the prediction from the semiclassical theory for the two
scenarios. The analysis shows that scenario 1 provides a
better explanation of the subcycle signal, which is further
confirmed for broad parameter sets, see SM. Scenario 1
consistently explains that the recovery of the coherence of
the signal originates from the emergence of coherent
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polarons in the strong-rung regime. Still, we note that in
A(ky, ky, @), the @ > 0 part looks incoherent and informa-
tion on the ePolaron is hidden [Fig. 4(c)]. This result shows
that the relation between HHG and the single-particle
spectrum is not straightforward, in contrast to semicon-
ductors [44].

Discussion—Our study of the two-leg Hubbard model
revealed that the effects of spin-charge couplings on HHG
are multifaceted. Experimentally, these characteristic HHG
features could be systematically studied in two-leg systems
[68,72,104] such as SrCu,O; by tuning the ratio #,/1,
through chemical and physical pressure [77]. Larger
modifications of the hopping parameters can be achieved
with nonlinear phononics [105]. Information on the sub-
cycle dynamics may be extracted using ultrafast techniques
like the time-domain observation of electric fields
[106—-108], attosecond transient-absorption spectroscopy
[109,110], and multidimensional spectroscopy [111].

The many-body effects discussed here should not be
limited to two-leg systems. Spin strings and spin polarons
also exist in two-dimensional systems [70,71,112], and
their effects on HHG should be highly relevant there. We
also expect that HHG involving multiple elementary
excitations is common in correlated systems. Our results
serve as an essential step toward a microscopic under-
standing of nontrivial HHG features, as reported in various
strongly correlated materials [55,58].

The iTEBD calculations have been implemented using
the open-source library ITensor [113].
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