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Emergence of hydrodynamics in quantum many-body systems has recently garnered growing interest.
The recent experiment of ultracold atoms [J. F. Wienand et al., Nat. Phys. 20, 1732 (2024)] studied
emergent hydrodynamics in hard-core bosons using a bipartite fluctuation, which quantifies how the
particle number fluctuates in a subsystem. In this Letter, we theoretically study the variance of a bipartite
fluctuation in one-dimensional noninteracting fermionic dynamics starting from an alternating state,
deriving the exact solution of the variance and its asymptotic linear growth law for the long-time dynamics.
To compare the theoretical prediction with the experiment, we generalize our exact solution by
incorporating the incompleteness of the initial alternating state, deriving the general linear growth law
analytically. We find that it shows good agreement with the experimentally observed variance growth
without any fitting parameters. Furthermore, we estimate a timescale for the local equilibration using our
exact solution, finding that the timescale is independent of the initial incompleteness. To investigate the
interaction effect, we implement numerical studies for the variance growth in interacting fermions, which
has yet to be explored experimentally. As a result, we find that the presence of interactions breaks the linear
variance growth derived in the noninteracting fermions. Our exact solutions and numerical findings here lay
a foundation for growing bipartite fluctuations in quantum many-body dynamics.
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Introduction—Relaxation to an equilibrium state is
ubiquitous in quantum many-body dynamics, bringing
up fundamental and intriguing questions, e.g., how an
isolated quantum system relaxes to a thermal equilibrium
state [1–8]. Over decades, such quantum thermalization
has been intensively studied from broad perspectives, such
as the eigenstate thermalization hypothesis [9,10], inte-
grability [11–20], many-body localization [21–32], and
quantum scars [33–38]. To date, many experiments
involving ultracold atoms and trapped ions have observed
various phenomena related to quantum thermalization
[11,12,18,20,27,31–33,39–43].
Recently, beyond the conventional quantum thermal-

ization, hydrodynamic description based on local equi-
librium has rapidly developed in quantum many-body
systems. This situation is exemplified by the recent
observation of electron fluids in strongly interacting
systems [44–49] and the success of generalized hydro-
dynamics being valid for integrable quantum models
[50–65]. When considering such hydrodynamic descrip-
tion, it is of essence to scrutinize how a system approaches
a local equilibrium state. One of the most useful quantities
for diagnosing local equilibrium is a bipartite fluctuation
that quantifies how a physical quantity in a subsystem
fluctuates. In a recent experiment of ultracold atoms
for hard-core bosons [66], J. F. Wienand et al. utilized
the bipartite fluctuation of the particle number in quench
dynamics starting from the alternating state, studying
the local equilibrium and the emergence of fluctuating

hydrodynamics in the quantum many-body system. The
experiment focused mainly on the hard-core bosons on a
ladder system while also studying the ones on a one-
dimensional system, which can be mapped into non-
interacting fermions.
Despite the recent strong interest in emergent hydro-

dynamics in a quantum regime, understanding the exper-
imentally observed bipartite fluctuation of Ref. [66] from
the perspective of exact solutions is elusive even in the
simplest one-dimensional hard-core bosons [67,68],
although several numerical works [69–75] exist. Hence,
the fundamental understanding of such bipartite fluctua-
tions is highly desirable now, and it is of immense
importance to explain the recently observed bipartite
fluctuation via exact solutions.
In this Letter, we consider one-dimensional fermions

starting from the alternating state, theoretically studying
time evolution for the variance of the particle numbers in a
subsystem as schematically shown in Fig. 1(a) and compare
our theoretical prediction with the recent experimental data
of Ref. [66]. First, in the noninteracting fermions, we obtain
the exact and simple expression of the variance and derive
the asymptotic linear growth of the variance. Second, we
compare our analytical result with the experiment of
Ref. [66]. For this purpose, we incorporate the incomplete-
ness of the initial alternating state realized in the experi-
ment into our exact solution, deriving the general linear
growth law of the variance. This general law agrees well
with the variance growth observed in Ref. [66] without any
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fitting parameters. The impact of the incompleteness is
schematically displayed in Fig. 1(b). Furthermore, utilizing
the exact solution before taking the large-size limit, we
analytically estimate a timescale for the local equilibration.
Finally, we numerically investigate interaction effects on
the variance growth using the time-evolving block deci-
mation (TEBD) method [76–79].
Before ending the introduction, it is worth noting that a

bipartite fluctuation has been studied in terms of an
integrated current and full counting statistics. In the former
case, most of previous works consider dynamics starting
from a domain-wall initial state, investigating a bipartite
fluctuation for a conserved quantity by connecting it to an
integrated current via a continuity equation [80–91]. One of
the notable results is the logarithmic growth of the variance
in noninteracting fermions [80]. In the latter case, a
bipartite fluctuation has been employed to study static
and dynamic properties of entanglement entropy [92–98]
and fluctuations of physical quantities [99–109].
Setup—Let us consider fermions on a one-dimensional

lattice labeled by Λ ≔ f−L;−Lþ 1;…; Lg with a positive
even number L. We denote the fermionic creation and
annihilation operators at a site j∈Λ by â†j and âj. Then, the
Hamiltonian is given by

Ĥ ≔ −
XL−1
j¼−L

�
â†jþ1âj þ â†j âjþ1

�
þ U

XL−1
j¼−L

n̂jþ1n̂j; ð1Þ

with the particle-number operator n̂j ≔ â†j âj and the
interaction parameter U. Here, the boundary condition is
basically a periodic boundary condition (âL ¼ â−L), but we
use an open boundary condition (âL ¼ 0) in several cases.
In the latter case, we will explicitly specify the boundary
condition. The initial state is the alternating state defined by
jψ alti ≔

QL=2−1
j¼−L=2 â

†
2jþ1j0i. We denote a quantum state at

time t by jψðtÞi and assume that the state obeys the
Schrödinger equation idjψðtÞi=dt ¼ ĤjψðtÞi. Here, the
Dirac constant ℏ is set to be unity. Note that our model
withU ¼ 0 is equivalent to 1D hard-core bosons. Thus, our
theoretical results based on this model are relevant to
experimental results for 1D hard-core bosons of Ref. [66].
In this Letter, we shall study the fluctuation of the

particle number in a subsystem. The operator for the
bipartite particle number is defined by N̂M ≔

P
M−1
j¼0 â†j âj

with a positive integer M. Then, a generating function for
the nth moment of N̂M is given by GMðλ; tÞ ≔ heλN̂Mit,
where we introduce the notation h•it ≔ Tr½ρ̂ðtÞ•� with the
density matrix ρ̂ðtÞ ≔ jψðtÞihψðtÞj. We can compute the
moments by differentiating GMðλ; tÞ with respect to λ.
Exact solution for the variance of the noninteracting

fermions—We study the time evolution for the variance of
N̂M in the noninteracting fermions (U ¼ 0) under the
thermodynamic limit (L → ∞). As described in Sec. I of
Supplemental Material [110], the generating function
GMðλ; tÞ becomes [81,96,99]

GMðλ; tÞ ¼ det
h
δj;k þ ðeλ − 1Þhâ†j âkit

i
M−1

j;k¼0
: ð2Þ

Here, the two-point correlator hâ†j âkit in the thermody-
namic limit (L → ∞) is given by [111]

hâ†j âkit ¼
δj;k
2

−
ijþk

2
Jk−jð4tÞ: ð3Þ

We here derive the exact and simple expression for
the variance of N̂M under the limit M → ∞. The first step
is to express the variance via the Bessel function JnðxÞ
of the first kind. Differentiating Eq. (2) with respect
to λ, we obtain the variance σMðtÞ2 ≔ hN̂2

Mit − hN̂Mi2t ¼
∂
2GMðλ; tÞ=∂λ2jλ¼0 − ð∂GMðλ; tÞ=∂λjλ¼0Þ2 as

σMðtÞ2 ¼
M
4

�
1 − J0ð4tÞ2 − 2

XM−1

k¼1

Jkð4tÞ2
�

þ 1

2

XM−1

k¼1

kJkð4tÞ2: ð4Þ

The detailed derivation of Eq. (4) is given in Sec. II of
Supplemental Material [110]. The next task is to take
the limitM → ∞ in Eq. (4). As proved in Sec. III of [110],

FIG. 1. Schematic illustration of the main result. (a) One-
dimensional fermions addressed in this work. The blue circles
represent fermions, and they occupy every other site at the initial
time. This state is referred to as an alternating state. The fermions
hop to neighboring sites in time. The quantity of our interest is
the variance of the particle number in a subsystem A for a time-
evolved state. (b) Schematic for the variance growth. The abscissa
and ordinate, respectively, denote time t and a subtracted
variance, which is defined by the variance from which one
subtracts its initial value. The two solid lines represent our
analytical results, namely, 2t=π and 2ðneven − noddÞ2t=π, ob-
tained by considering the variances growing from the complete
and incomplete alternating states. Here, neven and nodd are
averaged initial particle numbers at even and odd sites, res-
pectively, quantifying the incompleteness of the initial
alternating state.

PHYSICAL REVIEW LETTERS 134, 067101 (2025)

067101-2



we have limM→∞M
�
1 − J0ð4tÞ2 − 2

P
M−1
k¼1 Jkð4tÞ2

�
=4 ¼

0 for t > 0 and limM→∞
P

M−1
k¼1 kJkð4tÞ2=2 ¼ 4t2

�
J0ð4tÞ2þ

J1ð4tÞ2
�
− tJ0ð4tÞJ1ð4tÞ. We utilize these formulas and

Eq. (4), deriving the following exact and simple expres-
sion of the variance σðtÞ2 ≔ limM→∞σMðtÞ2,

σðtÞ2¼ 4t2ðJ0ð4tÞ2þJ1ð4tÞ2Þ− tJ0ð4tÞJ1ð4tÞ; ð5Þ

for t > 0. Note that Eq. (5) is still valid at t ¼ 0 since we
can show σMð0Þ2 ¼ 0 and σð0Þ2 ¼ 0 from Eqs. (4) and (5),
respectively. Thus, we can relax the constraint t > 0 for
Eq. (5) to t ≥ 0.
We apply asymptotic analysis to Eq. (5), deriving the

asymptotic forms of σðtÞ2 both for the short-time (t ≪ 1)
and long-time (t ≫ 1) dynamics. Using the asymptotic
forms of the Bessel functions of the first kind [112],
we obtain

σðtÞ2 ≃
(
2t2 ðt ≪ 1Þ
2
π t −

1
64πt ð2 sinð8tÞ þ 1Þ ðt ≫ 1Þ: ð6Þ

The detailed derivation of Eq. (6) is given in Sec. IV of
Supplemental Material [110]. The essential consequence
of Eq. (6) is that the variance is proportional to time
t for t ≫ 1. This linear growth law is entirely different
from the variance growth in noninteracting fermionic
dynamics starting from the domain-wall state jψDWi ≔Q

j∈Z<0
â†j j0i, where the variance was shown to obey the

logarithmic growth [80,83]. Note that the linear growth law
was numerically confirmed in Ref. [72] and Eq. (6) gives its
analytical explanation.
Finally, we numerically verify Eq. (6). Figure 2 shows

the time evolution of the variance obtained by Eqs. (2) and
(3) numerically. One can see the excellent agreement with
Eq. (6). Note that the linear growth of the variance appears
in t≳ 0.4, though it is originally derived under t ≫ 1. This
behavior is favorable for observing the linear growth
experimentally.
Comparison with the experimental result of Ref. [66]—

We consider whether our theoretical prediction of the
variance for the noninteracting fermions can explain the
experimental result reported in Ref. [66]. For this purpose,
we must note that the experiment does not realize the
complete alternating initial state jψ alti. To make this point
clear, let us denote averaged particle numbers at the even
and odd sites by neven and nodd. The observed imbalance
parameter I ≔ ðnodd − nevenÞ=ðneven þ noddÞ is about 0.91
[66], which means the existence of deviation from the
complete alternating state since jψ alti has I ¼ 1. This
observation strongly suggests that we need to incorporate
the incompleteness of the initial alternating state into
the analytical results of Eqs. (5) and (6). In what follows,

we describe our analytical solution with the incomplete
alternating state, comparing it with the experimental data.
Before calculating the variance, we first specify an initial

state for the incomplete alternating state by considering
how the alternating state is experimentally prepared. The
experiment prepares the initial state by ramping up a
strongly tilted double-well potential in one direction (see
Sec. I. B. of Supplemental Material of Ref. [66]). Thus, we
expect that the experimental initial state is well described
by a product state, assuming that the initial density matrix is
approximated by

ρ̂alt ≔
1

Ξ
exp

�
−βĤalt þ βμN̂tot

�
ð7Þ

with the inverse temperature β, the chemical potential μ,
and the partition function Ξ ≔ Tr expð−βĤalt þ βμN̂totÞ.
The operators Ĥalt and N̂tot are defined by Ĥalt≔PL=2−1

j¼−L=2ðâ†2jâ2j−â†2jþ1â2jþ1Þ and N̂tot≔
P

L−1
j¼−L â

†
j âj. The

averaged particle numbers at the even and odd sites become
neven ¼ 1=½eβð1−μÞ þ 1� and nodd ¼ 1=½eβð−1−μÞ þ 1�. The
parameters β and μ are determined by the filling factor
ν ≔ ðneven þ noddÞ=2 and the imbalance parameter I, both
of which are observable in the experiment.
We analytically derive the exact and asymptotic forms of

the variance for the dynamics starting from the incomplete
alternating state of Eq. (7). As detailed in Sec. V of
Supplemental Material [110], the two-point correlator
becomes

hâ†j âkit ¼
1

2
ðneven þ noddÞδj;k

þ 1

2
ðneven − noddÞijþkJk−jð4tÞ ð8Þ

FIG. 2. Numerical verification of Eq. (6). The time evolution of
the variance denoted by the blue square symbols is numerically
obtained using Eqs. (2) and (3) with M ¼ 200. In the upper and
lower panels, we compare Eq. (6) with the numerical result.
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in the thermodynamic limit (L → ∞). Here the density
matrix is given by ρ̂ðtÞ ¼ e−iĤtρ̂alteiĤt with Eq. (1) and
U ¼ 0. Following the derivation given in Sec. VI of
Supplemental Material [110], we obtain the variance as

σMðtÞ2 ¼ δσMðtÞ2 þ ðneven − noddÞ2

×

�
M
4

�
1 − J0ð4tÞ2 − 2

XM−1

m¼1

Jmð4tÞ2
�

þ 1

2

XM−1

m¼1

mJmð4tÞ2
	
: ð9Þ

with the function δσMðtÞ2≔M½nevenð1−nevenÞþ
noddð1−noddÞ�=2þJ0ð4tÞ½nevenð1−nevenÞ−noddð1−noddÞ�×
½PM−1

m¼0ð−1Þm�=2. Under the setup, we can derive

σsubðtÞ2 ≔ lim
M→∞

�
σMðtÞ2 − δσMðtÞ2

�
¼ ðneven − noddÞ2

h
4t2

�
J0ð4tÞ2 þ J1ð4tÞ2

�
− tJ0ð4tÞJ1ð4tÞ

i
: ð10Þ

Here, the time-dependent term of δσMðtÞ2 is much smaller
than the time-independent term whenM is large. Hence, we
have δσMðtÞ2 ≃ σMð0Þ2 for M ≫ 1. Thus σsubðtÞ2 can be
interpreted as the variance from which one subtracts its
initial value. Applying the asymptotic analysis used in
Eq. (6) to Eq. (10), we derive

σsubðtÞ2 ≃
(
2ðneven − noddÞ2t2 ðt ≪ 1Þ
2
π ðneven − noddÞ2t ðt ≫ 1Þ: ð11Þ

This result elucidates that the incompleteness of the
alternating state substantially affects the coefficient of
the variance, but the exponents of time are robust.
In addition to Eq. (11), we shall compare the numerical

calculations in a finite system with the experiment. Our
numerical calculation is implemented for 2L ¼ 40,
ν ¼ 0.44, and I ¼ 0.91, which are taken from Ref. [66]
(see Sec. II. C. of the Supplemental Material of Ref. [66]).
We adopt the Hamiltonian defined by

Ĥ0 ≔ −
XL−1
j¼−L

�
â†jþ1âj þ â†j âjþ1

�
þ

XL−1
j¼−L

Vjn̂j ð12Þ

with the open boundary condition (âL ¼ 0). Following the
numerical simulation in Ref. [66], we here add a random
potential Vj sampled from a uniform distribution with the
range ½−Δ;Δ�. Here, Δ ≥ 0 denotes the strength of the
randomness. Under this setup, we investigate the variance

σ0MðtÞ2 ≔ hN̂02
Mi −

�hN̂0
Mi

�2
with N̂0

M ≔
PM=2−1

m¼−M=2 â
†
mâm.

Here, the overline • denotes the ensemble average over
the random potentials, and we use 10 000 samples for this.
Figure 3 compares our theoretical results with the

experimental data of Ref. [66]. Our numerical result with
Δ ¼ 0 can capture the variance growth in the early stage of
the dynamics, but the deviation from the experimental data
grows in time. On the other hand, when we turn on the
random potential with Δ ¼ 1, the numerical result well
reproduces the experimental data. The saturation of the
variance for t≳ 2 is caused by the finite size effect and
the disorder potential. These behaviors were reported in the
numerical simulations of Ref. [66]. We also implement
a numerical perturbative calculation with Δ, finding
that the 6th order perturbative result well describes the
time evolution before the saturation (see Sec. VII of
Supplemental Material [110] for the detailed numerical
method). Comparing these results, one can see that the
disorder effect is irrelevant in t≲ 1.
The dotted and dashed lines in Fig. 3 show the analytical

results for the linear growth of Eqs. (6) and (11). We find
that the latter including the incompleteness of the initial
alternating state exhibits good agreement with the exper-
imental linear growth, while the former, not including the
incompleteness, systematically deviates from the experi-
mental data. We here emphasize that our analytical result
(11) agrees well with the experimental data without any
fitting parameters under the assumption of (7). Note that
one can see that the disorder effect emerges before the finite
M effect by comparing the numerical data for Δ ¼ 0 and 1
with Eq. (11), though the localization length is larger than
M ¼ 8 [66].

FIG. 3. Comparison of our theoretical prediction with the
experimental data. The parameters are 2L ¼ 40, ν ¼ 0.44,
I ¼ 0.91, and M ¼ 8, which are taken from Ref. [66]. The time
evolution of the variance, denoted by circle and pentagon
markers, is numerically obtained using Eq. (12) with Δ ¼ 0
and 1. For the comparison with the experiment, we plot the
subtracted variance 2σ0MðtÞ2 − 2σ0Mð0Þ2 for the theoretical results
and σexpðtÞ2 − σexpðt0Þ2 for the experimental result because the
experiment studies two-ladder lattice systems and thus the
observed variance is twice as large as ours. Here, the exper-
imental data σexpðtÞ2 is taken from Fig. S8 of Ref. [66], and t0 is
0.000 603 185 789 489 2. The dotted and dashed lines correspond
to our analytical expressions of Eqs. (6) and (11) for t ≫ 1,
respectively. The plus marker denotes the numerical data of the
6th order perturbative calculation.
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We comment on the fact that our incomplete initial
density matrix of Eq. (7) cannot describe superpositions of
quantum states between different sites. The experiment of
Ref. [66] is expected to suppress such entangled states since
deep optical lattices are used for the initial state preparation,
but we numerically study the effects of the superpositions
on the variance growth by extending Eq. (7) to a more
general state. As illustrated in Sec. VIII of Supplemental
Material [110], we numerically confirm that the results of
Eq. (7) show better agreement with the experiment than
ones of the general state. This finding strengthens the
justification for using Eq. (7).
Finally, we discuss a timescale for local equilibration on

the basis of our exact solution of Eq. (9) for a finiteM ≫ 1,
where the linear growth of the subtracted variance, namely,
2ðneven − noddÞ2t=π, becomes dominant [see Eq. (11)].
When taking the long-time limit of Eq. (9), we obtain the
stationary value of the subtracted variance limt→∞½σMðtÞ2−
δσMðtÞ2� ¼ ðneven − noddÞ2M=4. Then, we can estimate the
local equilibration time T� by equating the expressions
for these two subtracted variances, finding T� ∼ πM=8.
Interestingly, our exact solution leads to the fact that T� is
independent of the initial value of neven − nodd.
Numerical study for the variance growth of the

interacting fermions—We numerically study the interaction
effect on the time evolution of the variance. Our numerical
method is the TEBD method [76–79] with Eq. (1) and the
open boundary condition (âL ¼ 0). We set L to be 60, and
compute the variance for U ¼ 0;−1;−2, and −3. In the
language of the XXZ chain, U ¼ −2 corresponds to the
critical point at which the model is identical to the XXX
chain [113]. To weaken the boundary effect, we use the
variance σ00MðtÞ2 ≔ hðN̂0

MÞ2it − hN̂0
Mi2t with M ¼ 40. The

dependence on the bond dimensions and the time reso-
lutions of our numerical calculations is described in Sec. X
of Supplemental Material [110].
Figure 4 displays the time evolution of the variance σ00MðtÞ2.

In the noninteracting fermions (U ¼ 0), our numerical result

for the finite system well reproduces the leading term of
Eq. (6) for the infinite system. This demonstrates that the
boundary effect is negligible. In the interacting cases (U ≠ 0),
the time evolution exhibits different growth behaviors, and
we cannot find the clear ballistic property, particularly for the
U ¼ −2 and −3 cases.
Note that Cecile et al. recently reported similar numeri-

cal results for the variance in the XXZ chain [73]. For
example, they confirmed the signature of the anomalous
power law growth (σ00MðtÞ2 ∝ t2=3) in the dynamics starting
from the Néel state identical to the alternating state. The
similar signature was also discussed in Ref. [69]. We here
display Fig. 4 to show that our analytical result for the
noninteracting fermions does not work in the interacting
cases.
Finally, we study the effect of the random potential on

the variance growth. We numerically find that the disorder
effect emerges in the early stage of the dynamics and the
power-law-like growth in Fig. 4 becomes unclear, as
described in Sec. IX of Supplemental Material [110].
This numerical finding suggests that one needs to decrease
the strength of the random potential to observe the power-
law-like growth in the interacting fermions, namely, the
XXZ model.
Future prospects—Our theoretical results, based upon

the exact solutions of the noninteracting fermions and
the numerical findings of the interacting fermions will
stimulate further research on emergent hydrodynamics and
local equilibration of quantum many-body systems. As a
prospect, it is fascinating to analytically comprehend the
interaction effect via generalized hydrodynamics [50–65]
and ballistic macroscopic fluctuation theory [114,115]. In
another direction, it is worth studying the variance growth
in open quantum systems. Depending on the kinds of
interactions with environments, an open quantum system
approaches a nonequilibrium stationary state being differ-
ent from the equilibrium state addressed in this work. Thus,
uncovering features of the variance growth in such a case is
fundamentally intriguing.

Note added—Recently, Gamayun reported that the
bipartite fluctuations growing from the alternating state
is related to that from the domain-wall state [116].
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FIG. 4. Numerical results for the variance σ00MðtÞ2 withM ¼ 40.
The number of the lattice is 2L ¼ 120. We numerically solve the
Schrödinger equation using the TEBD method [76–79], calcu-
lating the variances for U ¼ 0;−1;−2, and −3. The dashed line
denotes the leading term of Eq. (6) for t ≫ 1, and the dotted and
dot-dashed lines are curves for t2=3 and t1=5, respectively. We
insert these curves with the exponents 2=3 and 1=5 for reference.
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