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Coupled Wilson-Cowan Oscillators

Guy Elisha ,]’* Richard Gast ,2’*’1' Sourav Halder ,3’4 Sara A. Solla ,2’5 Peter J. Kahrilas,z"4

John E. Pandolﬁnof‘4 and Neelesh A. Patankar®'*

]Department of Mechanical Engineering, Northwestern University, Evanston, Illinois, USA
2Department of Neuroscience, Feinberg School of Medicine, Northwestern University, Evanston, Illinois, USA
*Division of Gastroenterology and Hepatology, Feinberg School of Medicine, Northwestern University, Evanston, Illinois, USA
*Kenneth C. Griffin Esophageal Center, Feinberg School of Medicine, Northwestern University, Evanston, Illinois, USA
>Department of Physics and Astronomy, Northwestern University, Evanston, Illinois, USA

® (Received 17 March 2024; revised 19 September 2024; accepted 11 December 2024; published 6 February 2025)

Some biological systems exhibit both direct and retrograde propagating signal waves despite uni-
directional coupling. To explain this phenomenon, we study a chain of unidirectionally coupled Wilson-
Cowan oscillators. Surprisingly, we find that changes in the homogeneous global input to the chain suffice
to reverse the wave propagation direction. To obtain insights, we analyze the frequencies and bifurcations
of the limit cycle solutions of the chain as a function of the global input. Specifically, we determine that the
directionality of wave propagation is controlled by differences in the intrinsic frequencies of oscillators
caused by the differential proximity of the oscillators to a homoclinic bifurcation.
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Coupled oscillators models have been successful in
describing biological processes [1,2]. In particular, chains
of coupled oscillators have been used to model animal
behavior such as crawling, swimming, and peristalsis
[3-8]. Previous studies of the properties of these models
have focused on synchronization, phase locking, and the
direction of wave propagation [9-12]. In chains of coupled
oscillators, phase lags between adjacent oscillators yield a
propagating wave [13,14]. The magnitude and sign of this
phase lag appears to play a key role in controlling the
dynamics and behavior of biological systems. For instance,
phase lags have been reported to control the direction and
speed of muscle contractions in organs [15—17], cognitive
processes [18-20], and locomotion [21-23].

Switching between direct (from proximal to distal) and
retrograde (from distal to proximal) wave propagation
can facilitate flexible adaptation to environmental demands
[24-30]. However, a switch in the direction of wave
propagation can also indicate a dysfunction [31,32]. In
esophagology, the question of how the direction of propa-
gation can switch in a unidirectionally coupled chain of
oscillators remains unanswered [32]. Revealing the mech-
anisms that control the direction of wave propagation in
coupled oscillator systems can thus improve our under-
standing of a large family of biological systems [32,33].
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Here, we focus on a chain of unidirectionally coupled
limit cycle oscillators, a relevant model in many biological
settings [6,21,34-37]. For example, sustained volumetric
esophageal distension triggers stretch receptors along the
distended region. These receptors are simultaneously trig-
gered, stimulating local excitatory neurons. Empirically, a
chain of unidirectionally coupled relaxation oscillators is
deemed an appropriate model for the esophagus [38,39].

Coupled oscillators models capable of producing both
direct and retrograde propagating waves have previously
been studied to model biological systems [34,40—42].
Studying crawling in Drosophila larvae via a bidirection-
ally coupled chain of oscillators, Gjorgjieva et al. [40]
obtained a direct wave when applying a stimulating input to
only the anterior (proximal) oscillator, and a retrograde
wave when applying an input to only the posterior (distal)
oscillator. Thus, switching the direction of wave propaga-
tion required switching a localized input from the proximal
to the distal oscillator. Other studies suggested that tran-
sitions in the direction of wave propagation occur through
changes in the local intrinsic frequency of oscillation, a
mechanism that can be implemented through frequency
gradients, external perturbations, or varying local inputs
[34,42-46]. Varying the strength and orientation of the
couplings along the chain has also been shown to influence
the direction of wave propagation [13,14,42]. However, the
biological implementation of these mechanisms would
place the system under strong demands that might not
be met under normal operational conditions. For example,
changing the synaptic coupling within a neural population
is a slow process in comparison to the speed of propagation
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of traveling waves in the brain; it would be challenging to
implement coupling adjustments fast enough to match the
timescale of changing behavioral demands [47].

In this Letter, we identify and explain a novel mechanism
for reversing the wave propagation direction in a chain
of unidirectionally coupled limit cycle oscillators. This
mechanism depends only on changes in an homogeneous
global input and does not require any tuning of system
coupling or of local inputs. Instead, changes in the global
extrinsic drive to the chain of oscillators suffice to control
the direction of wave propagation. The ability of this
mechanism to operate on timescales as fast as the neural
activity itself suggests that it could dynamically emerge in a
variety of biological systems beyond the esophagus.

We consider a chain of unidirectionally coupled Wilson-
Cowan (WC) oscillators [40,48] [see Fig. 1(a)]. The
evolution of excitatory (E) and inhibitory (/) activities in
this synaptically coupled neuronal network is described by
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FIG. 1. Schematic of the model and its phase diagram. The
neural network is a chain of N unidirectionally coupled relaxation
oscillators, each consisting of excitatory (E) and inhibitory (/)
neural populations. Purple lines denote excitatory synapses and
green lines denote inhibitory synapses. (a) Chain configuration.
Neuronal connections a—f are labeled for segment i. Uniform
external inputs are Sy and S;. (b) Ring configuration. (c) Phase
diagram of the proximal, isolated oscillator. For the phase dia-
gram of an oscillator within the ring, see Figs. S3—S5 in [50]. BT,
Bogdanov-Takens bifurcation; GH, generalized Hopf bifurcation;
CP, cusp bifurcation; dashed blue lines, fold bifurcation curves;
solid red lines, Hopf bifurcation curves.

tpE; = —E; + (1 = E;)og|aE; + bE;_y — el; — dl;_y + Sg],
(1)
ol; = =1 + (1 = I)o,[cE; = fI; + S}, (2)

where the subscript i identifies the ith oscillator, with
i=1,...,N. Weidentify i = 1 and i = N as the proximal
and distal end oscillators, respectively; 7 and z; are time
constants. The parameters a—f represent the average
number of synapses per cell in the respective populations.
Synaptic coupling between neighboring oscillators is real-
ized via b and d, which represent the number of synapses
from the excitatory and inhibitory populations of an
oscillator to the excitatory population of the subsequent
oscillator in the chain [40]. The first oscillator receives no
input from the network, i.e., b = d = 0 at i = 1, making it
the only decoupled oscillator. The activation functions o
and o; are chosen as sigmoids of the form [48]

1
1+ exp[=Ag/(x = dr1)]
1
1+ exp(Ag/ b))

UE/I[X]

(3)

These represent the nonlinear response of the neural
populations to a ramp input current [49]. The parameters
A and ¢ are the activation rate and the activation threshold,
respectively. Note that 6/,[x = 0] = 0. Finally, the system
is driven by Sg and §;, which are extrinsic inputs globally
applied to all excitatory and inhibitory populations, respec-
tively. The default values of all model parameters are
provided in Table I [39,40,48].

To ensure that stable limit cycle solutions exist for the
parameter values used here, we performed a bifurcation
analysis of a decoupled oscillator described by Egs. (1)
and (2) with b = d = 0. We used the parameter continu-
ation software PYCOBI [51] to numerically obtain solutions
of the WC equations as a function of the inputs S and S;.
The bifurcation structure of the system in the 2D parameter
space spanned by S and §; [see Fig. 1(c)] is organized by
two Bogdanov-Takens bifurcations that give rise to fold

TABLE I. Model parameters and their values.

Symbol Value Symbol Value Symbol  Value
a 16 f 3 dr 4

b 20 Sk 1.14 to 5.27° é; 3.7
¢ 12 S, —1.31 to 2.46 A 2

e 15 TE 1

*The Sy parameter takes values within a range defined by the
phase diagram in Fig. 1(c).

°The S, parameter takes values within a range defined by the
phase diagram in Fig. 1(c).
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and Hopf bifurcation curves [52]. In the vicinity of the
Bogdanov-Takens bifurcation, the system dynamics are
governed by a stable fixed point and an unstable saddle
point, which collide in a fold bifurcation. Additionally, a
limit cycle emerges from the stable fixed point through an
Andronov-Hopf bifurcation. The existence of this limit
cycle is bounded by the saddle point curves; the limit cycle
disappears through a saddle homoclinic bifurcation. Global
inputs S and S; are chosen so that the system dynamics
remain in the region enclosed by the fold (blue) and Hopf
(red) bifurcation lines in Fig. 1(c), where stable oscilla-
tions exist.

We obtain our results from numerical simulations of a
chain of N =70 WC oscillators subject to systematic
changes in the global input parameters Sr and S;. For
each combination of inputs within the oscillatory regime,
we find that the network converges to a synchronized state
where all oscillators display phase locked dynamics
[Figs. 2(a) and 2(b)]. The steady-state oscillation frequency
of the chain (period Tg) is identical to the intrinsic
frequency of a decoupled oscillator. Since the only
decoupled oscillator in the chain is the proximal one, the
frequency of each oscillator in the chain converges to that
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FIG. 2. Spatiotemporal dynamics and phase transitions. (a),(b)
Spatiotemporal dynamics of the fast variable E for Sp =2,
S; =0 (a), and for S = 1.4, §; = 0 (b). The variable x is the
normalized distance to the proximal oscillator; x = 0 corresponds
to i =1 and x = 1 corresponds to i = N. Time is measured in
arbitrary units set by 7z = 1. Values of all other parameters are
reported in Table I. (c) Propagation direction along a chain is
determined by the sign of T¢ — T's. Both T’y and Ty correspond to
the limit cycle solution of Eq. (4), witha* =a =16, ¢* = e = 15
for the chain’s isolated (decoupled) oscillator, and a* = 36 and
e* = 55 for a ring’s typical oscillator.

of the proximal oscillator. During the transient, the distal
part of the chain exhibits nearly synchronized oscillations
[Figs. 2(a) and 2(b)] at a frequency (period Ty) that differs
from the steady-state frequency (period T's). Depending on
the values of Sy and S;, the stable phase lag between
adjacent oscillators along the chain is positive or negative,
resulting in retrograde or direct wave propagation, respec-
tively. For example, Figs. 2(a) and 2(b) show that, for
S; =0, decreasing Sy results in a reversal of the wave
direction from direct to retrograde.

How can a change in the value of a global input [Sg in
Figs. 2(a) and 2(b)] cause a reversal in the phase lag
between adjacent oscillators? To shed light on this, we first
investigate whether a similar behavior manifests in the ring
configuration depicted in Fig. 1(b). The ring configura-
tion has a periodic boundary condition, wherein the first
oscillator (i = 1) receives input from the last oscillator
(i=N), and Eq. (1) for i =1 follows from setting
i—1=N, with b and d no longer set to zero. We find
that all oscillators in the ring oscillate not only at the same
frequency (period T) but also at the same phase, inde-
pendent of the choice of Sz and S; within the range of
values that elicit oscillations (see Fig. S6 in [50]).

To describe the global oscillation of the ring, we used a
single WC oscillator with the parameters in Eq. (1) replaced
by effective parameters (a* = a+ b,b* =0,d* =0, e¢* =
e + d) to obtain

TEEi = _El+ (1 —E,-)GE[a*E,-—e*I,-—FSE]. (4)

For given values of the global inputs Sg and S;, ring
oscillators converge to an intrinsic oscillation frequency
that is identical to the transient frequency expressed by the
distal chain oscillators (period T';), but different from the
intrinsic frequency (period Tg) of the proximal chain
oscillator (see Fig. S7 in [50]).

Next, we discuss how these period differences between
chain and ring network can explain the emergence of both
direct and retrograde wave propagation in the chain. For
sufficiently strong coupling, the first oscillator (i = 1), with
an intrinsic oscillation period Ty, forces its adjacent
neighbor to adjust its period from Tz to T's. This influence
propagates down the chain, until the periods of all
oscillators have converged to Tg (see Fig. S7 in [50]).
For Ty < T, chain oscillators below the proximal one are
forced to speed up and a direct propagating wave emerges
[see Fig. 2(a)]. For Tg > Tg, chain oscillators below the
proximal one are forced to slow down and a retrograde
propagating wave emerges [see Fig. 2(b)]. For Ty = Ty, a
standing wave occurs (zero phase difference; see Fig. 4 in
Appendix A). Changes in the period of the distal oscillator
over time are shown for two scenarios in Fig. S7 in [50].

How can switches between these different wave propa-
gation scenarios be triggered? Figure 2(c) shows that
adjusting the global excitatory input S suffices to reverse
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FIG. 3. Oscillation periods Tk and Tg as a function of global
input S for two different values of S;. The intersection between
the two curves indicates a reversal in propagation direction.
(@) S; =0.0, (b) S; = 1.35.

the direction of wave propagation, while the value of S;
hardly plays a role. Two scenarios emerge, depending on
the value of Sg. For large Sg, a strongly driven system, an
additional increase in Sg can change a direct wave into a
retrograde wave. For small Sg, a weakly driven system, an
additional decrease in Sg can change a direct wave into a
retrograde wave. Plots of Tg and Ty as a function of Sg
provide further insight onto switches in the direction of
propagation. In Fig. 3(a), for S; = 0 and small values of Sg,
both Tz and T’y decrease monotonically with increasing Sg.
A crossing at Ty = T, occurs because T’y decreases more
rapidly than T';. This reflects the fact that the decoupled
proximal oscillator is more strongly affected by the increase
in the excitatory drive Sg; the effect of S is not so strong in
distal oscillators also driven by synaptic input. In Fig. 3(b),
for §; = 1.35 the switch occurs at a larger value of Sg.
While Ty again decreases monotonically with increasing
Sg, the dependence of Tg on Sy is nonmonotonic. The
increase of Tg with Sg beyond the minimum at around
Sg = 3.75 results in a crossing at T = T',. For additional
insights on the occurrence of these crossings see Figs. S9
and S10 in [50], where we discuss the E and I nullclines of
Egs. (1) and (2).

The difference in how the oscillation frequency of
proximal vs distal oscillators changes with Sp can be
explained by the bifurcation structure of the WC equations
[Fig. 1(c)]. For the distal oscillators, the two Bogdanov-
Takens bifurcations span a larger range on the Sy axis than
for the proximal one [see Fig. S8 in [50], where we draw a
comparison between Figs. 1(c) and S5 in [50]]. In the
vicinity of the Bogdanov-Takens bifurcation, a homoclinic
bifurcation of the limit cycle solution with a saddle point is
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FIG. 4. Phase difference A between adjacent oscillators as a
function of Ty — T, for various values of S;. The sign of A
determines the direction of propagation: direct for A < 0 and
retrograde for A > 0. (a) For Sg values less than 2.7, decreasing
Sg transforms a direct wave into a retrograde wave. (b) For Sg
values greater than 2.7, increasing Sy eventually transforms a
direct wave into a retrograde wave.

guaranteed to exist [52]. As the limit cycle of a WC
oscillator approaches such a homoclinic bifurcation, its
period will grow toward infinity [53,54]. The difference in
the effective parameters of the proximal vs the distal
oscillators situates the proximal oscillator closer to the
Bogdanov-Takens bifurcation point and thus closer to a
homoclinic bifurcation of its limit cycle (see Fig. S8
in [50]). Changes in the uniform value of Sg applied to
the chain cause stronger changes in the oscillation period of
the proximal oscillator as compared to all other oscillators
(see Fig. 3); it is this difference that explains reversals in the
direction of wave propagation (see Fig. 4).

In summary, we have shown that both direct and
retrograde propagation can arise in a unidirectionally
coupled chain of neural oscillators. In particular, we found
that the direction of propagation is controlled by a disparity
between the intrinsic frequency of the proximal oscillator
and that of the more distal oscillators in the chain. This
disparity is caused by differences in the input that the
proximal vs the other oscillators receive from within
the network. In the WC scenario, this difference explains
the emergence of propagating waves that can be direct or
retrograde. The transition between these two behaviors
finds explanation in the proximity of the chain’s operational
regime to Bogdanov-Takens bifurcations. Neural systems
have previously been proposed to operate close to a
Bogdanov-Takens bifurcation. In this regime, slight alter-
ations in the neural system’s configuration can lead to
significant shifts in its dynamics [55-58]. This proximity
has been linked to phenomena like spike avalanches
observed in cortical networks [58]. Our findings extend
the range of applicability of this concept, revealing that the
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proximity to a Bogdanov-Takens bifurcation also plays
an important role for the dynamics that can emerge in coup-
led oscillator systems. We also note that the Bogdanov-
Takens bifurcation is not specific to the WC model, but
has been shown to exist in various neural population
models [58—60]. Our Letter emphasizes the functional role
that the existence of this bifurcation plays for activity
propagation in neural systems.

Neuromodulators such as dopamine, serotonin, or
acetylcholine can reliably cause such global, dynamic
changes in the level of excitation [61]; we propose this as
a self-organization mechanism that allows neural systems
to flexibly react to changing behavioral demands without
relying on slow plasticity related changes in synaptic
couplings or intrinsic oscillator properties. Thus, this
Letter not only provides insights into dysfunctional retro-
grade waves in organs such as the esophagus [32,39], but it
could potentially lead to therapeutics based on neuro-
modulators to address the pathology.

Lastly, we discuss wave propagation in the context of
phase oscillator networks that can be related to many
different oscillatory systems through phase reductions (see
Appendix B). We found a direct relationship between the
differences in oscillatory periods T; and T'g and the phase
shift parameter of a phase coupling function, thus extend-
ing the numerical results we obtained in a neural oscillator
model to a more general phase oscillator model. While the
dynamic adjustments of phase relationships certainly plays
a role in neural communication [46,62], it may also hold
relevance in other areas such as robotics, where under-
standing how biological systems achieve efficient autono-
mous control is crucial for locomotion [21,63-65].
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End Matter

Appendix A: Phase shift between adjacent oscillators
as a function of Tg— Tr—Figures 4(a) and 4(b) offer
insights into changes in the direction of wave
propagation in response to changes in Sg, with S; held
constant. These figures present plots of the steady-state
phase difference A between adjacent oscillators as a
function of Tg— Ty. The plots reveal a monotonic
dependence of the magnitude of the phase on the
difference between the two periods. The figures also
demonstrate that for a fixed value of the input S; to the
inhibitory population, adjusting the input Sy to the
excitatory population suffices to alter the direction of
wave propagation. As expected, the reversal in the direc-
tion of propagation consistently occurs for T, = Tj,
unaffected by S;.

Appendix B: Generalization to coupled phase
oscillators—We have shown (i) that chains of
unidirectionally coupled oscillators can support both
direct and retrograde wave propagation, and (ii) that

changes in the global input to the coupled oscillator
system suffice to switch between wave propagation
directions. Furthermore, we have demonstrated that this
phenomenon is caused by intrinsic oscillation frequency
differences that arise between the first, autonomous
oscillator in the chain, and the following oscillators in
the chain, which are synaptically coupled. To generalize
our results, we phrase them in terms of the phase
difference w = 0, — 0,, where the phases {60,,0,} of
the first and second oscillators in the chain evolve
according to

91 = wq, (Bl)

0, = @y + Z(0, - 0,), (B2)
with intrinsic frequencies {@;,w,} and phase sensitivity
function Z(y). Adopting previous work on periodically
forced oscillators [66,67], we write the evolution of y as
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V=64 el(), (B3)
where 6 = w; — w,, € represents the strength of periodic
forcing, and I' is a 2z-periodic function that captures
the effect of the driving oscillator on the phase of the
receiving oscillator. It has been previously shown that
the strong parameter dependence of the phase sensitivity
function for the Wilson-Cowan equations renders a
general analytic treatment via the phase reduction
method difficult [67]. Instead, we considered a network
of simplified oscillators with sinusoidal phase coupling

that can be investigated analytically. We established a
correspondence between these analytic results and our
main numerical results for the WC network (see S5 in
[50]), thus extending our results to a broader family of
phase oscillator models. Most importantly, we found
(i) that there are stable steady-state solutions with y > 0
and w <0, even for 6 =0 (see S5.1 of [50]), and
(i) that the reversal of wave propagation direction in the
Wilson-Cowan model, caused by changes in the global
input Sg, can be related to a phase shift of the coupling
function I" (see S5.2 of [50]).
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