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Although optimal control (OC) has been studied in stochastic thermodynamics for systems with
continuous state variables, less is known in systems with discrete state variables, such as chemical reaction
networks (CRNs). Here, we develop a general theoretical framework to study OC of CRN for changing the
system from an initial distribution of states to a final distribution with minimum dissipation. We derive a
“Kirchhoff’s law” for the probability current in the adiabatic limit, from which the optimal kinetic rates are
determined analytically for any given probability trajectory allowed by local rate constraints. By using the
optimal rates, we show that the total dissipation is determined by a L,-distance measure in the probability
space and derive an analytical expression for the metric tensor that depends on the probability distribution,
network topology, and capacity of each link. Minimizing the total dissipation leads to the geodesic
trajectory in the probability space and the corresponding OC protocol is determined by the Kirchhoff’s law.
To demonstrate our general approach, we use it to find a lower bound for the minimum dissipation that is
tighter than existing bounds obtained with only global constraints in the adiabatic limit. We also apply it to
simple networks, e.g., fully connected three-state CRNs with different local constraints and show that
indirect pathway and nonfunctional transient state can play a crucial role in switching between different
probability distributions efficiently. Future directions in studying OC in CRNs by using our general

framework are discussed.
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Most biological systems operate out of thermal equilib-
rium by constantly dissipating energy and exchanging
matter and information with their environment. Despite
their high noise level, biological systems can control
(regulate) the underlying biochemical networks to achieve
different biological functions accurately driven by chemical
energy dissipation from hydrolysis of high energy mole-
cules such as ATP and GTP [1-14]. As control theory gains
attention in biology in recent years [15-18], an important
general problem is to identify the optimal control process
(protocol) to achieve certain biological function with min-
imal energy dissipation, i.e., the optimal control (OC)
problem.

Within the fields of finite-time thermodynamics and
stochastic thermodynamics, much work has been done in
finding the optimal protocol that leads to the minimum
total entropy production during thermodynamic processes
[19-38], especially in systems with continuous state
variables that can be described by overdamped Langevin
dynamics [19-21,26-31].

However, for systems with discrete state variables such as
chemical reaction networks (CRNSs), most of the existing
work focused on establishing lower bounds of the total
entropy production [39-44] without considering OC. For
example, Vu et al. computed dissipation in systems with
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given time-dependent transition rates that satisfy instanta-
neous detailed balance condition, yielding a lower bound
without considering the OC problem [40]. By using the
Wasserstein distance on graphs, Dechant obtained a lower
bound with the global constraint of fixed total reaction
activity [42]. Muratore-Ginanneschi et al., did consider
the OC problem but only for a continuous-time Markov
jump process in one-dimensional countable state space [45].

Given that most biological systems are governed by
biochemical networks with discrete state variables, we aim
to develop a general theoretical framework to study the OC
problem in CRNs under realistic constraints here.

The OC problem in discrete systems—In a CRN with N
states, the transitions among these states are described by
the chemical master equation

dp,
d

= (kiP;—kyP;). i=123_..N, (1)
J

where P;(t) is the probability in state i at time ¢ and k;; is
the transition probability rate from state i to state j.

The goal of the control process is to change the
probability distribution of the system from P(0) to a final
distribution P(7) by changing the (N x N) transition rate
matrix K(7) during 0 < ¢ < 7. During this control process,
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the total energy dissipation is given by the total entropy

production (kgT = 1)
K] = [ SK (o). Po)ar @
where S(t) =4>",; (ki;P; — k;;P;) In(k;;P;/k;;P;) is the

dissipation rate at time ¢ [46].

The optimal control problem is to find the optimal
protocol K(7) that minimizes the cost C[K(7)] for changing
the probability distribution from an initial probability
distribution P(0) for # <0 to the final distribution P(z)
for ¢t > 7. Following previous work [19,24], we allow rates
to have discontinuous jumps at t =0 and 7 = 7.

Since each bidirectional reaction has different reactants
and can be controlled by different enzymes, its reaction
rates (k;; and k ;) are subject to reaction-specific constraint.
For s1mp1101ty, we impose a reaction-specific constraint:
kij + k;j; = C;; with C;; a constant local rate capacity for
link ij. Other local constraints can be used without
affecting the general results (see the three-state gene circuit
example for another choice of local constraints). An
alternative is to constrain the time-averaged global reaction
activities A := (1/7) [5 dtA(1),A = Y. ; Pik;; [39,42,43],
which is less realistic given that individual reactions may be
subject to different constraints.

The two-step optimization scheme—In general, OC is a
difficult problem involving solving a nonlocal Euler-
Lagrange equation numerically in the joint rate-probability
space [19,25,45]. Here, we adopt a two-step optimization
scheme to make the problem more tractable analytically,
which leads to deeper insights about the OC protocol
beyond numerical solutions.

The first step is to find the optimal K*(7) for any given
probability trajectory P(7) allowed by the local constraints,
similar to the approach used by Ilker ez al. [18]. For a given
P(¢), the chemical master equation [Eq. (1)] can be
considered as a set of linear equations for K(z). Since
the number of control variables (i.e., the number of k;;) is
larger than N, there are many solutions for K(7), and the
first step of optimization is to find the optimal rates
K*[P(),P(¢)] that minimizes the entropy production
C[K(7)].

The second step of optimization is then to find the
optimal P*(¢) trajectory for given initial and final distri-
butions P(0), P(z) to minimize the entropy production:

P (1) = arg min A ' S{K*[P(¢),P(1)].P(t)}dt. (3)

which reduces to a variational problem with regard to P(¢).
Solving the resulting Euler-Lagrange equation for P(r)
leads to the optimal probability trajectory P*(z).

Analogy to electronic circuit—For the rest of the Letter,
we will work in the adiabatic limit when the relaxation time

of the system 7y is much shorter than 7. In this limit, we
have |1 — P;k;;/P;k;;| = O(zg/7) < 1, and the total dis-
sipation C(K) can be approximated as

(Pik;

K= [ 4 / JRdt,
Ca(K) /)Z_l_:pk +Pkj; Z

which is analogous to the Joule’s law for electronic circuit.
Here, the subscript “a” refers to the adiabatic limit. As
shown in Fig. 1(b), J;; = —J;; = Pik;j — Pjkj; is the net
current from node i to node j; R;;=Rj;=(Pk;+
Pikji)" = (1/2C;)[(1/P;(1))+(1/P;(2))] is the resistance
for link ij [47]; P; is the charge at node i. Since P; depends
on time (for changing probability), there is an input
(driving) current source J;(t) = —P;(t) at each node-i with
the constraint ), J; = 0 due to charge conservation.

From the circuit analogy, the first step in solving the OC
problem becomes optimizing C, in Eq. (4) with the current
conservation constraint J;(¢) = X,J;;(¢) at each node i. By
introducing a Lagrange multiplier V;(z) analogous to the
voltage at node i, we can solve this optimization problem in
the functional space of J;; to obtain

ZJ,, Zv Vi)/Ri; =

which is the Kirchhoff’s law for the CRN circuit.

By introducing the conductance matrix I'(R) with
[ =—> ;R and T;; =R;' (i # ), Eq. (5) can be
solved (formally): V = QP with Q = I'"! [48]. The opti-
mal current for a given P(#) can then be obtained:
Jij = 2k Qie = Q)R Pe = 205 @ «(R)P,  where
q)ij,k(R) = (Qik _Q]k) Zl s a (L X N) matrix with L
the number of transitions in the network.

The dissipation metric and geodesic trajectory in
probability space—By using the optimal control protocol
for given probability trajectory P(z), we obtain an analytical
expression for the total dissipation rate in the probability
space with a quadratic form in P,

(a) Py:0.8—0.1 (b)

Ji2 Ji3

Py:0.1-08 ’ Py:0.1

FIG. 1. The circuit analogy of CRN. (a) The optimal control
problem of the smallest CRN, a fully connected thee-state
network. (b) The corresponding electronic circuit.
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Sa(P) = ZAU(R)Pin’ (6)

where A;;(R) =2 ®(R);, ,®(R)y, ;R is defined as the
“dissipation metric,” which depends on P and the capacity
matrix C through its direct dependence on R. A similar
expression for S,(P) was obtained by Ilker et al. [18].
The dissipation rate given by Eq. (6) transforms the
original OC problem defined in the R rate space to an
optimal transport problem in the smaller RY~! probability
space. Minimizing the total dissipation C, = fof S, dt with
respect to P leads to the geodesic equation governing the
dynamics of the optimal probability trajectory P* [49],

N-1
Pr+ ) KPPy =0, (7)
jk=1

where K, = 5 (A*‘l)li(ﬁpkA}‘j + 0p Aji — 0p,A}y) are
Christoffel symbols with A* the reduced dissipation metric
by taking into account the constraint > N P; = 1 [see Sec. |
in Supplemental Material (SM) [58] for details].

Solving the geodesic equation [Eq. (7)] with the “boun-
dary” probabilities at + =0 and t =17, we obtain the
optimal probability trajectory P*(#), which leads to an
exact expression for the minimum dissipation C,, ,,,

¢ N-1
Cpn = min(C,) = / > AGR)PiPidr (8)
0 =1

More importantly, by using the Kirchhoff’s Law, we
obtain the corresponding OC protocol, kj; = (P +
Pi)TH(PiCi + 22 @y Py) (see Sec. Tin SM for details).

The dissipation metric can be used to define a
“dissipation length” in the probability space: L(P)=

Je \/vaj‘:ll Aj(R)P;Pjdt. Tt is clear that the dissipation

length is minimum at the optimal probability trajectory
L,, = min(L£) = L(P*), which is related to the minimum
dissipation (C, ,,) by £, = \/7C, ,; see Sec. LB in SM for
details.

The Kirchhoff bound—Our approach can be used to
establish a lower bound for the total entropy production
in the adiabatic limit. In this limit, we have
R~ (1/2C;)[(1/Pi(1))+(1/P;(1))] 22/(Cij(Pi+P;)) >
2/C;;, which leads to the inequality C,> C,=
fgzzij(J%j/C,-j)dt, where C, is the total dissipation for
a simple system where the resistance for link ij is a constant
(2/C;)). For such a simple system, the metric matrix A
becomes independent of P, which corresponds to a flat
manifold with ICj.k = 0 in the geodesic equation. Solving

Eq. (7) leads to a linear optimal probability trajectory
PT([) = Pl(o) + AP,’(Z/T), where APl = Pi(T) —P,(O),

from which the minimum dissipation C,;;, = min(C,)
can be determined. It is clear that C,,, which is called
the Kirchhoff bound, sets a lower bound for the total
dissipation of the original system,

(@Y

C, > Cy>Cuipn = APTR*AP/7, 9)
where Rj; is the effective resistance that contains the
topological information of the CRN and strengths of its
links (C;;) (see Sec. I.A in SM for the expression of R}; and
the detailed proof of the Kirchhoff’s bound).

The Kirchhoff bound [Eq. (9)] is generally applicable to
any CRN. To understand its physical meaning, we com-
puted the Kirchhoff bound explicitly for the transport
process of a fully connected three-state network [Fig. 1(a)],

_ [P(0) - P(7)||?
Carn =2 [Ciz + C13C53/(Ci3 + Co)z’ (10)

which has an intuitive interpretation: the numerator quan-
tifies the amount of probability that needs to be transported,
and the denominator is the effective conductance of the
network.

We have compared the Kirchhoff bound with existing
lower bounds [42,43] obtained based on Wasserstein
distance on graph W, (p(0), p(z)) with a global constraint
by getting rid of the P(¢) dependence of this constraint
using the same inequality to R;;(#). We found that the
Kirchhoff bound C, y, is closer to the exact numerical value
of the minimum entropy production than the Wasserstein
bound C,,,, (see Sec. Il in SM for details). Intuitively,
C,.s results from connecting all the channels 1-2, 1-3, and
3-2 in parallel regardless of the structure of the network,
whereas C,;, is derived from the Kirchhoff’s law that
contains the topological information of the CRN, which
makes C,y, a tighter bound.

Modes of optimal probability transport—Next, we
applied our approach to study the OC problem in simple
networks such as the two-state model, which can be solved
analytically; see Sec. I.C in SM for details. Here, we study the
optimal control of changing the distribution from predomi-
nately in state-1 (P1 =0.8, P2=P3 =0.1) at t=0 to
predominantly in state-2 (P2 = 0.8,P1 = P3 = 0.1) in the
fully connected three-state model [Fig. 1(a)].

There are two paths to move from state-1 to state-2: a
direct path 1 — 2, and an indirect path 1 — 3 — 2. For
simplicity, we fixed the capacity of the direct path C;, =5
and studied the optimal transport processes for different C,3
and Ci3. In Fig. 2(a), the percentage of direct transport
(1 - 2) is shown in the space of relative capacities
(C13/C1a,Cs3/Cy,). In the lower left corner (black area)
where Cj, > min(C3, C»3), most of the probability trans-
port goes through the direct path 1-2; whereas in the upper
right corner (red area), where C;, < min(C)3, C,3), most
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of the probability flows through the indirect path 1-3-2.
Interestingly the critical line (red line), where the percent-
age is 50%, is close to the line Cj, = C3Cy/
(Cy3 + Cy3), where the effective resistance of the direct
and indirect paths are equal.

To understand the modes of optimal probability trans-
port, we studied the geodesics in probability space for
different choices of the parameters (C3/Ci,, C»3/C3). In
Figs. 2(b) and 2(c), two typical geodesics are shown in the
probability space for the direct and indirect dominated
transport regimes, respectively. Generally, the geodesics go
through the region where the metric is small to minimize
the dissipation length. For the case of direct path dominated
transport shown in Fig. 2(b), the metric is smaller near the
diagonal (P, + P, = 1), where P; =1 — (P, + P,) =0,
which attracts the geodesic there leading to a direct path
with small P5. But for the indirect transport case shown in
Fig. 2(c), the region of small metric is away from the
diagonal, leading to the indirect geodesic path that goes
through a region with high P;. See Secs. I.C and IIL.A in
SM for details of the geodesics in other parts of the
parameter space and the full OC “Phase-Diagram.”

A three-state gene circuit—Finally, to show how the
P;(t)-dependent R;;(¢) affects the optimal protocols in a
realistic system, we studied a gene switching model [18].
As shown in Fig. 3(a), the gene has three states: state-1 is
the open state that can bind with RNA polymerase to
transcribe, state-2 is the partially closed state binding a bare
repressor protein, and state-3 is the fully closed state
binding a repressor-corepressor complex, which has a
much lower dissociation constant compared with that of
state-2 (k_, = 0.072 min~! < k_, = 1.68 min~!).

We consider the switching process from the open
state-1 (P =0.9, P, =0.05, P; =0.05) to the fully

\ Indirect @

*
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5
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1
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Direct

0 0.5 1 1.5
log(C23/Cha)

FIG. 2. (a) Phase diagram shown for given C|, = 5 and 7 = 5.
The color represents the percentage of transport by the direct link
1-2 versus the indirect route 1-3-2. The black line is the line
where Cj, = C13C3/(Ci3 + Cy3). The red line is the exact
critical line where the percentage is 1/2. (b),(c) The reduced
metric element A}, (P}, P,) in the probability space for two sets
of parameters (Cy3/Cj, and C,3/C;,) marked in (a), which
represent the direct and indirect phases, respectively. The geo-
desics in each case are shown as black lines.

closed state-3 (P; = 0.05, P, = 0.05, P; = 0.9) within a
time window (= 5[min]) after receiving some upstream
signals. The transitions between different gene states are
mediated by binding or unbinding reactions. Here, instead
of fixing the total reaction rates {C;;} for each binding or
unbinding reaction, the dissociation rates (k_,, k_., k_,) are
fixed. The goal of OC is to control the binding rates by
controlling the concentrations R(¢) (bare repressor), C(¢)
(corepressor), and X(7) (repressor-corepressor complex) in
order to switch the gene state with minimum dissipation.

By using the circuit analogy, we find that the resistances
for each reaction are Ry(t) = (1/2k_.)(1/P,(1)),
Roy3(1) = (1/2k_.)(1/P5(1)), Ry3(t) = (1/2k_,)(1/P5(1))
for a given P(z). By solving the OC problem with the two-
step scheme, we obtained the optimal protocol and prob-
ability trajectory shown in Figs. 3(b)-3(c) (see Fig. S11 in
SM for details). The lower dissociation constant in reaction
path 1-3 causes a larger cost for direct transition from state-
1 to state-3. Thus, the optimal protocol is to drive most of
probability flow through indirect pathway 1 — 2 — 3 rather
than the direct pathway 1-3. Although state-2 is not the
target state, P, accumulates transiently as it serves as a
buffer to minimize the total dissipation. If we remove state-
2, the probability has to transport from state-1 to state-3
directly, and the energy cost for this two-state model is
higher than the three-state model as shown in Fig. 3(d).
However, the difference diminishes as k_, increases when
the direct path 1-3 becomes the energetically preferred
switching path.

() (b) ,
— % 10'f —RHO—X(t)—C(1) =
State-1 ﬁ(? 2
‘ @ 2 10 1
Y 4\\J = //_\
Coreressar © k. Reprossor 3 10° T
= pe [ I iand ]
State-3 kC(t) State-2 3
10%}-
0 1 2 3 4 5
© (d) Time t [min]

N

Corepressor model
Direct transport through
channel 1-3 (two state model)

-
o

/

Minimum  dissipation k7]

o

05 10 15 20 25 3.0 35
k_y [min™Y]

Timet [min]

FIG. 3. (a) Biochemical network of a repressor-corepressor
model, showing an operator site on DNA in three diffe-
rent states. Transition rate constants are given by [18]
k_, = 1.68 min~! k_. = 0.72 min~!, k_, = 0.072 min~! and
k, = 0.0191nM ™' min~!, k., =7.83 x 10~*nM~! min~!, k, =
0.9nM~! min~!. (b) The optimal protocol X(z), R(), C(¢).
(c) The optimal P(¢) trajectory. (d) The difference of total entropy
production between the original corepressor model and the direct
transport model.
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Discussion—In this Letter, we used a two-step approach
to solve the OC problem in CRNSs. In the adiabatic limit, a
“Kirchhoff’s law” applies, allowing us to show that the total
dissipation is determined by a L, distance (the dissipation
length) in the probability space with a dissipation metric
that depends on probability and network topology. The
optimal probability trajectory and the OC protocol can be
obtained by solving the geodesic equation for minimizing
this “dissipation length.” Application of our theoretical
approach to simple CRNs clearly demonstrates the impor-
tance of indirect paths in minimizing the energy cost of
changing probability distribution and reveals a rich set of
OC protocols depending on details of the network topology
and capacity of each reaction. Our approach also leads to a
tighter lower bound for the total dissipation that depends on
the network topology in the adiabatic limit.

In most cellular biochemical networks, the pseudoreac-
tion rate constants can be modulated by concentrations of
proteins (e.g., enzymes) whose production can be con-
trolled by transcription and translation of target genes,
which are slower processes. For example, accumulation of
the protein product can take many minutes to hours both in
bacteria and eukaryotes (slower) [50,51]. However, the
controlled system typically operate much faster than tran-
scription [52], such as the enzyme catalysis (~1-100 p sec)
[53,54], signal transduction (~1 msec) [55,56], and even
the regulation of the gene itself (transcription factor binding
to DNA ~ 1 sec) [57]. Thus, the adiabatic approximation
(r > ) should be valid in most biochemical networks.
Furthermore, our direct numerical results [58] with differ-
ent values of 7 for the fully connected three-node network
(Fig. 1) show that the main conclusions and qualitatively
features of the OC protocol and the corresponding optimal
transport trajectory found in the adiabatic limit hold true for
finite 7 even down to the shortest control time 7., which is
comparable to 7z (see Sec. III.B in SM for details).

The notion of thermodynamic length established
~40 years ago [32-34] has become an important concept
in the study of stochastic thermodynamics recently.
However, most previous studies focused on the thermody-
namic length defined in the Riemannian manifold spanned
by (mostly macroscopic) control parameters (e.g., the
conjugate forces in the Hamiltonian) [22,23,35-38,61],
whereas the “dissipation length” was derived directly in the
probability (state) space in our Letter.

The connection between OC and optimal transport has
been established in systems with continuous state variables
governed by Langevin equations where the minimum
dissipation is determined by a Wasserstein distance with
Euclidean metric in the state space [28-31,43]. However,
previous attempts in discrete systems have only led to a
distance measure that also depends on the control param-
eters [transition rates k;;(¢)] [40,44]. Here, by using the
Kirchhoff’s law, we first determined the optimal rates as a
function of probability. A true distance metric tensor

A*(P,C) in the probability (state) space is then derived,
which transforms the OC problem in the rate space into an
optimal transport problem in the state space.

Our general approach can be applied to study more
realistic problems with modifications. In addition to the
thermodynamic cost considered in this Letter, we can
include cost of control itself, which can depend on the
rates as well as the rates of changing the rates. The number
of controllable reactions can also be limited to a small
subset of all reactions. An interesting question there is
which are the key subset of reactions to control in order to
achieve the desired change in probability distribution with
minimum cost. Furthermore, the objective function can be
extended beyond minimizing entropy production. Other
functional costs (or benefits) such as the control time z,
accuracy, and robustness of the control process can also be
included in the overall target function.

Finally, we note that the circuit analogy was first
proposed to study steady-state behaviors of networks in
a pioneering work by Schnakenberg [62]. However, as far
as we know the Kirchhoff laws have not been applied in the
context of OC. It would be interesting to investigate how to
use other key concepts developed in [62] such as the cycle
flux for studying optimal control of CRNSs.
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