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The f-sum rules set general constraints on the response of a quantum many-body system to an external
probe and hold significant relevance in the realm of various spectroscopy measurements. In practical
conditions, a system unavoidably couples with the environment and acquires effective dissipation. In this
Letter, we derive and prove a set of f-sum rules for dissipative systems. Within the framework of linear
response theory, we obtain the system response in both linear order of probe field and dissipation
parameter. We formulate and prove one first-order and two second-order dissipative f-sum rules. These
rules are validated numerically for some example models, and the realization schemes are proposed. In
addition, the potential applications are discussed for two interacting many-body systems.
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Linear response theory occupies a pivotal position in the
study of quantum matters. It conveys the idea that the
susceptibility of a system can be determined by applying a
weak external field and measuring its subsequent response
[1]. In condensed matter physics, this concept is exten-
sively used in the understanding of magnetic susceptibility,
electrical conductivity, and optical spectroscopy of nearly
all kinds of systems [2]. As a notable example, based on
linear response theory one can obtain the well-known Kubo
formula, which links the electrical conductivity to the
Lehmann spectral representation of response correlation
function [3,4]. Despite the usually complicated dynamical
response of a quantum system, universal relations known as
f-sum rules can establish a connection between the
response correlation function to conserved quantities of
the underlying system. For electron spectroscopy, the f-
sum rule states that the frequency integral of conductivity is
constrained by the total density of electrons [5,6]. Recently,
f-sum rule has been generalized for nonlinear conductivity
[7], and optical spectrum [8] and spin correlation functions
of cold atomic gases [9]. These constraints play a unique
and irreplaceable role in explaining experimental results
and validating theoretical and numerical treatments, espe-
cially in systems with strong interaction.
On the other hand, real physical systems are typically

coupled to their surrounding environment. The semiclass-
ical motion of an open system can be described by the
Langevin equation, while the quantum evolution of density

matrix is governed by the master equation [10]. To facilitate
a simpler and more intuitive understanding, effective non-
Hermitian Hamiltonians are adopted when the quantum
jump operator terms can be neglected. Recently, much
effort has been devoted to the study of non-Hermitian
systems and leads to the discovery of many interesting
phenomena, such as exceptional points [11], skin effect
[12], and non-Hermitian topological states [13–16]. The
linear response theory has been extended into the realm of
open systems [17]. Meanwhile, dissipative response theory
has been proposed as a new tool for analyzing correlated
dissipative dynamics and measuring critical properties that
are difficult to access in traditional spectroscopy studies
[18,19]. As an extension of linear response theory, this
method is supported by the experiments on dissipative Bose
Hubbard model [20] and benchmarked by recent experi-
ment on dissipative Luttinger liquid [21].
Here, we formulate and prove a set of f-sum rules for a

dissipative system, which is coupled to a Markovian
environment with an effective dissipation parameter γ
and probed by an external classical field AðtÞ. The response
of the system is within the linear response theory. While the
contribution involving only A satisfies the conventional
f-sum rule, the terms proportional to both A and γ do not
in general acquire time-translational invariance but have
double frequency dependence. By connecting the response
correlation function and higher-order derivatives of the
time-dependent evolution of an observable, we obtain one
first-order and two second-order dissipative f-sum rules,
which contain double summation over frequencies. These
new rules were applied to three models as examples.
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From these applications, it is evident that the rules can
facilitate the measurement of certain physical quantities
that are previously unreachable. Additionally, possible
experimental implementations are proposed.
We consider a quantum system ĤS coupled to an

environment ĤE with particle and/or energy exchange.
The coupling is assumed to be weak and written in a linear
form ĤSE ¼ L̂†ξ̂þ L̂ξ̂†, where L̂ and ξ̂ are operators of the
system and environment, respectively. The environment is
assumed to be Markovian, such that the operator ξ̂ obeys

hξ̂ðtÞξ̂†ðt0ÞiE ¼ 2γδðt − t0Þ;
hξ̂†ðtÞξ̂ðt0ÞiE ¼ hξ̂ðtÞξ̂ðt0ÞiE ¼ hξ̂†ðtÞξ̂†ðt0ÞiE ¼ 0;

hξ̂†ðtÞiE ¼ hξ̂ðtÞiE ¼ 0; ð1Þ

at low temperature limit. Here, the bracket h·iE ≡
Tr½e−βĤE ·�=Tr½e−βĤE � denotes the trace over environment,
β ¼ 1=ðkBTÞ is the inverse temperature with kB the
Boltzmann constant, ξ̂ðtÞ ¼ eiĤEtξ̂e−iĤEt is the operator
in Heisenberg picture, δðtÞ is the Dirac delta function, and
γ is the loss rate [10,22].
Measurements on the system ĤS are facilitated through

the application of an external probing field AðtÞ by means
of the Hamiltonian function ĤcðtÞ ¼ AðtÞÔ, which is
employed to monitor the physical observable Ô. For
simplicity, we assume in the forthcoming discussion that
Ô is Hermitian and AðtÞ ¼ A cosðωftÞ, with A the external
field amplitude and ωf the frequency. As we provide in
Supplemental Material (SM) [23], the choice of cosine
function can facilitate the derivation of dissipative f-sum
rules. However, the proof of these rules does not require
any specific form of AðtÞ and is valid for all cases. When
subjected to the external field, the system is taken out of
equilibrium, and the dynamics is governed by the
Hamiltonian ĤS þ ĤE þ ĤSE þ ĤcðtÞ. Accordingly, the
expectation value of Ô responds to the classical field
AðtÞ. By denoting Ĥ0 ¼ ĤS þ ĤE and considering both
ĤSE þ ĤcðtÞ as perturbation, we can write the response
δOðtÞ in the interaction picture as

δOðtÞ ¼ hÛ†ðtÞÔðtÞÛðtÞi − hÔðtÞi; ð2Þ

where ÔðtÞ≡ eiĤ0tÔe−iĤ0t ¼ eiĤStÔe−iĤSt, the evolution

operator ÛðtÞ ¼ T̂ e−i
R

t

0
dt0V̂ðt0Þ with T̂ the time-ordering

operator, V̂ðtÞ ¼ eiĤ0t½ĤSEðtÞ þ Ĥc�e−iĤ0t. Notice that the
expectation value h·i is defined with respect to the initial
state as Tr½e−βĤ0 ·�=Tr½e−βĤ0 �.
The evolution operator can be expanded in orders as [5]

ÛðtÞ¼1− i
Z

t

0

dt0V̂ðt0Þ−
Z

t

0

dt0
Z

t0

0

dt00V̂ðt0ÞV̂ðt00Þþ��� :

ð3Þ

By substituting Eq. (3) into Eq. (2), we derive the complete
response δOðtÞ. In the scenario where the field amplitude A
is small, the term in the linear order of Awould dominate in
a short duration. Besides, the dissipation also affects the
response, with leading effect governed by the terms in
linear order of decay rate γ. With that, we can write the
response as δÕAðtÞ ¼ δOAðtÞ þ δOAγðtÞ, where the first
term denotes the linear response of a nondissipative
Hermitian system to the probe field A, while the second
term is the correction induced by dissipation Hamiltonian
ĤSE up to linear order of γ. Notice that when calculating the
expectation of Ô, there is also a term δOγðtÞ in linear order
of γ. However, this term describes the effect induced by
dissipation only and is present even in the absence of probe
field, it should not be considered when calculating the
response.
Compared to Hermitian systems [23], a dissipative

system does not in general hold time translational sym-
metry and the response correlation function will acquire
two independent temporal variables, each corresponding
to an independent frequency. By substituting Eq. (3)
into Eq. (2), and keeping the terms in order of Aγ,
we obtain

δOAγðtÞ ¼
Z

t

0

dt0Aðt0ÞχAγðt; t0Þ; ð4Þ

where the dissipative response correlation function

χAγðt; t0Þ ¼ iγ
Z

t0

0

dt00
���

ÔðtÞ; Ôðt0Þ�; ðL̂†L̂Þðt00Þ� − 2L̂†ðt00Þ�ÔðtÞ; Ôðt0Þ�L̂ðt00Þ�

þ iγ
Z

t

t0
dt00

���
ÔðtÞ; ðL̂†L̂Þðt00Þ� − 2L̂†ðt00ÞÔðtÞL̂ðt00Þ; Ôðt0Þ��: ð5Þ

Here, f·; ·g denotes anticommutation operation and h·i is defined with respect to the initial state as Tr½e−βĤS ·�=Tr½e−βĤS �.
Although the second line of Eq. (5) always acquires time translational symmetry, the first line does not in general. As a
result, one cannot use χAγðt − t0Þ and its Fourier transformation to represent the most general χAγðt; t0Þ. The detailed
derivation and symmetry analysis of χAγðt; t0Þ are given in SM [23].
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With the method provided in SM [23], we can derive and prove the following dissipative f-sum rules

F 1 ≡
Z þ∞

−∞

dω
2π

Z þ∞

−∞

dω0

2π
ωχAγðω;ω0Þ ¼ −γ

��
LÔ; Ô

��
; ð6Þ

F 2 ≡
Z þ∞

−∞

dω
2π

Z þ∞

−∞

dω0

2π
ω2χAγðω;ω0Þ ¼ −γ

��
L
�
Ô; ĤS

�
; Ô

��
− γ

���
LÔ; ĤS

�
; Ô

��
; ð7Þ

F 3 ≡
Z þ∞

−∞

dω
2π

Z þ∞

−∞

dω0

2π
ωðωþ ω0ÞχAγðω;ω0Þ ¼ −γ

�
L
��
Ô; ĤS

�
; Ô

��
; ð8Þ

where the Lindblad-like operator LX̂ ≡ �
X̂; L̂†L̂

�
−

2L̂†X̂ L̂. The first-order rule Eq. (6) is the expectation
value of the commutator between LÔ and Ô. If the
condition h½LÔ; Ô�i ¼ 0 can be established for some
circumstances, one can immediately conclude that the
system response always satisfies the first conventional f-
sum rule [23], regardless of the presence of dissipation. A
conspicuous example is when ½Ô; L̂� ¼ ½Ô; L̂†� ¼ 0. Equa-
tions (7) and (8) are the second-order dissipative f-sum
rules. It is evident that even when Ô commutes with ĤS,
Eq. (7) is nonzero due to the presence of h½½LÔ; ĤS�; Ô�i.
Thus, it emerges as a unique signature of dissipative
systems, in contrast to the Hermitian case where the
even-order f-sum rules remain constantly zero. Another
distinct scenario arises when ½L̂†; L̂� ¼ ½L̂†; ĤS� ¼
½L̂; ĤS� ¼ 0 is fulfilled, such that the right-hand side of
Eq. (8) is reduced to zero. In this case, the response
function χAγðt; t0Þ exhibits time translational invariance
[23]. Finally, we notice that Eq. (8) acquires a cross
frequency term ωω0 in the integrand, which is a direct
consequence of the broken of time translation invariance. In
this sense, only in this rule where the full information of
χAγðt; t0Þ is characterized, whereas the other two rules of
Eqs. (6) and (7) manifest solely the behavior of χAγðt; 0Þ.
We emphasize that the dissipative f-sum rules men-

tioned above pertain exclusively to Markovian environ-
ments with Dirac delta shaped autocorrelation functions
hξ̂ðtÞξ̂†ðt0ÞiE. On the other hand, deriving the f-sum rule
from the response correlation function χAγðt; t0Þ in Eq. (5)
requires only the application of the Heisenberg equation of
motion, without depending on the specific form of ĤS. As
such, the dissipative f-sum rule can be applied to a wide
range of models, especially the ones with various forms of
interactions.
Next, we discuss three examples to show the application

of sum rules Eqs. (6)–(8). The first example is a double-
mode model involving a mechanical oscillator coupled to
an optical cavity, as being widely applied in quantum
information [30] and quantum motors [31]. The
Hamiltonian reads

ĤS ¼ ω1â
†
1â1 þ ω2â

†
2â2 þ g

�
â†1â2 þ â1â

†
2

	
; ð9Þ

where two different bosonic modes â1 and â2 with
respective frequencies ω1 and ω2 are coupled with intensity
g. For simplicity, we assume the two modes are in
resonance with ω1 ¼ ω2 ¼ ω0. For the probing scheme,
an external field in the pulse form AðtÞ ¼ Aδðt − t1Þ is
assumed to interact with the position operator of one mode,
specified without loss of generality as Ô ¼ â2 þ â†2, and
the environmental coupling is applied to operator L̂ ¼ â1,
which describes a loss of particles in mode 1. By sub-
stituting Ô and L̂ into Eqs. (6)–(8), we obtain the
dissipative f-sum rules F 1 ¼ 0, F 2 ¼ 0, F 3 ¼ 0.
Although the results are all trivially zero, this simple

example is instructive to explain how to measure the
dissipative f-sum rules in experiment. To this aim, we
need the response correlation function in frequency domain
χAγðω;ω0Þ, which can be obtained from its temporal
counterpart χAγðt; t0Þ via Fourier transformation. In a
practical experiment, one prepares the system in a specific
initial state at t ¼ 0, and lets it evolve under the dissipative
Hamiltonian. Then a probe field is applied at some time
t1 > 0, and the system response is measured for t > t1. The
experimental sequence is schematically shown in Fig. 1(a),
where a meaningful measurement can only exist in the
shaded region with t1 > 0 (probe after initialize) and t > t1
(measure after probe). Repeating this protocol with differ-
ent t1, we can measure the system response in the shaded
area of the two-dimensional temporal space [Fig. 1(b)],
where the response function χAγðt; t0Þ is of physical mean-
ing. To conduct the double Fourier transform, we need to
extend the domain of χAγðt; t0Þ to the unphysical region, i.e.,
the white area in Fig. 1(b). For that, one can employ the
expression of Eq. (5) and assign the calculated results
to χAγðt; t0Þ.
For demonstration purposes, we assume the system is

prepared initially at jψð0Þi¼ð ffiffiffi
2

p
=2Þj1;0i−ð ffiffiffi

2
p

=2Þj0;1i,
which is one of the first excited states of ĤS. The response
δOðtÞ to the probe pulse applied at time t1 can be calculated
by numerically evolving the Lindblad equation [23]. Two
typical results for t1 ¼ 0 and t1 ¼ 30π=ω0 are shown in
Figs. 2(a) and 2(b), respectively. Upon subtracting δOA and
δOγ , we obtain the contribution δOAγ , from which the
dissipative response correlation function can be extracted in
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accordance with the choice of pulse shape of probe field,
i.e., δOAγ ¼ AΘðt − t1ÞχAγðt; t1Þ. In Fig. 2(c), we show
χAγðt; t1 ¼ 10π=ω0Þ from numerical evolution by blue
points as a simulation of what one would measure in an
experiment. The data coincide with the prediction of Eq. (5)
precisely for t > t1. For the region of t < t1, the response
function is zero by definition since the probe has not been
applied yet. We then use the results of Eq. (5) to replace the
trivial results within that region, as well as the physically
undetectable domain of t < 0. By applying the same
procedure of measurement (for t > t1 > 0) and extension
(for t < t1 and t1 < 0) for different t1, we can obtain
the complete set of χAγðt; t0Þ and χAγðω;ω0Þ, as shown in
Fig. 2(d). After performing the double-frequency integra-
tions numerically, the f-sum rules can be validated.
Furthermore, we notice that the frequency polynomials

in the integrations of F 1 and F 2 are about ω only. This
simple dependence suggests that we can analytically carry
out the integration over ω0 provided that χAγðt; t0Þ acquires
time translational symmetry with respect to t0. In experi-
ment, this corresponds to the simple case of fixed t1 ¼ 0,
i.e., the probe pulse is applied right at the time when the
system is initialized. The response correlation function
yields χAγðt; 0Þ, which is the time invariant part of χAγðt; t0Þ
[23]. In Figs. 2(e) and 2(f), we show the numerical
simulation of χAγðt; 0Þ and its Fourier transform χ̃AγðωÞ,
respectively. Thus, the first two rules F 1 and F 2 can be
extracted without using either the complicated double-
temporal measurement or the numerical extension of
Eq. (5). For this example, all dissipative f-sum rules are
satisfied with high precision by using the numerical
simulation results with time resolution 0.001π=ω0 −
0.1π=ω0 and cutoff 100π=ω0. Consider a system of
resonant frequency ∼100 MHz, such choice of parameters

corresponds to a sampling rate of 30 GSa/s–30 GSa=
s–0.3 GSa=s and evolution time of 3 μs, which are both
accessible in experiment.
The second example is a generalized Dicke model of N

two-level atoms coupled to two cavity fields, which holds
paramount importance in the fields of quantum optics and
quantum information as it offers a simplified framework for
investigating collective interaction phenomena between light
and matter, such as superradiance phase transitions [32] and
quantum chaos [33,34]. The Hamiltonian reads [35]

ĤS ¼ ωaĴz þ
X

n¼1;2

ωnâ
†
nân þ gnðâ†n þ ânÞĴx þUnâ

†
nânĴz;

ð10Þ
where â1;2 are the cavity field operators with frequency ω1

andω2, respectively, and Ĵz is the collective spin operator ofN
two-level atomswith the translation frequencyωa. The cavity

(a) (b)

(c)

(e) (f)

(d)

FIG. 2. The numerical results of the double-mode coupled
harmonic oscillator model. (a) and (b) Show the evolution of the
observable quantity δO=Aγ upon probe pulses applied at t1 ¼ 0
and t1 ¼ 30π=ω0, respectively. (c) The response correlation
function χAγðt; t0Þ can be obtained from the measurement of
observable. The solid line represents the definition of χAγðt; t0 ¼
t1Þ given in Eq. (5), while the blue points are simulated data
captured through the evolution of δOðtÞ. (d) The real part of
χAγðω;ω0Þ with magnitude denoted by false color. (e) Dissipative
response correlation function χAγðt; 0Þ. The part for t > 0 is
obtained from numerical simulation and can be measured in the
experiment. For theunphysical regimeof t < 0, an extension ismade
by either usingEq. (5) or relyingon time reflection symmetry. (f) The
real part of the Fourier transform of χAγðt; 0Þ. Parameters used are
g=ω0 ¼ 0.1 and γ=ω0 ¼ A=ω0 ¼ 10−3. The initial state jψð0Þi ¼
ð ffiffiffi

2
p

=2Þj1; 0i − ð ffiffiffi
2

p
=2Þj0; 1i is the first excited state of ĤS.

FIG. 1. (a)-(b) Scheme of measurement to validate dissipative
f-sum rules.
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fields and atomic collective spin are coupled by both linear
term gn and nonlinear term Un. For the probing scheme, an
external field is assumed to interact with the collective spin
operator Ô ¼ Ĵz. The dissipation is induced by considering
one of the cavity loss, say, L̂ ¼ â1 with loss rate γ1. Upon
substituting the definition of Ô ¼ Ĵz and L̂ into Eqs. (6)–(8),
the dissipative f-sum rules are F 1 ¼ 0, F 2 ¼ γ1hg1ðâ†1þ
â1ÞĴxi, and F 3 ¼ γ1hg1ðâ†1 þ â1ÞĴxi. Thus, from F 2 alone,
we can obtain the linear coupling energy between one of
cavity fields and atoms. The distinguishability between two
cavities is rooted from the fact that the Lindblad-like operator
L can selectively filter out a specific cavity mode. Moreover,
if we measure the atomic spin from another direction with
Ô ¼ Ĵy, the second dissipative f-sum rule becomes F 2 ¼
γ1hg1ðâ†1 þ â1ÞĴx þ 2U1â

†
1â1Ĵqzi, which contains both the

linear coupling energy and the nonlinear coupling energy
amplified by a factor of 2. Thus, by combiningwith the result
of Ĵz measurement, we can separately determine the linear
and nonlinear coupling energies for each individual cavity
which is not possible for conventional f-sum rule (see more
details in SM [23]).
The third example is the Ising-Kondo lattice model

ĤS ¼ −t
X

hi;ji;σ
ĉ†i;σ ĉj;σ þ J

X

j

ŝzjŜ
z
j þ Δ

X

j

Ŝxj ; ð11Þ

composed by itinerant electrons ĉj;σ¼↑;↓ with nearest-
neighbor hopping rate t and localized impurity spins Ŝj,
which are coupled by on-site Ising-type interaction of
strength J. Additionally, the impurities experience a trans-
verse magnetic field Δ. This many-body Hamiltonian is
extensively studied in the context of quantum magnetism
[36,37] and closely related to many real materials [38,39].
By considering an external field coupled with the impurity
spin operator Ŝxn at a specific site n, and a dissipation induced
by the lowering operator Ŝ−n at the same site with loss rate γ,
a measurement of the impurity spin Ŝxz gives f-sum rules
F 1 ¼ 0, F 2 ¼ γhJŝznŜzni, and F 3 ¼ γhJŝznð2Ŝzn þ 1Þi.
While F 2 provides the on-site Kondo coupling energy,
F 3 is mixed by the same Kondo coupling energy and the
local electron spin. Combining these two rules we can
determine the Hamiltonian parameter J with the aid of local
electronic spin measurement.
In this work, we generalize the f-sum rules to dissipative

systems. Within the linear response theory, we derive the
expectation value of an arbitrary observable Ô of a system
subjected to an external driving field and dissipative
coupling with a Markovian environment. Up to linear
order of both the probe field intensity A and the dissipative
coefficient γ, the response function is composed of one
term proportional to A denoted by ÔA, and another term
proportional to Aγ denoted by ÔAγ. While the ÔA part
satisfies the conventional f-sum rules for Hermitian

systems, we derive and prove one first-order and two
second-order dissipative f-sum rules, which connect the
frequency summation of the response correlation function
and some specific commutators of the system Hamiltonian.
Then we demonstrate the validity and application of the three
dissipative f-sum rules for three models as examples and
discuss possible experimental realizations. Furthermore, the
extension of the dissipative f-sum rule in non-Markovian
environments is indeed a worthy endeavor.
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