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Statistics of Stochastic Entropy for Recorded Transitions between ENSO States
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We analyze the transitions between established phases of the El Nifio Southern Oscillation (ENSO) by
surveying the daily data of the southern oscillation index from an entropic viewpoint using the framework
of stochastic statistical physics. We evaluate the variation of entropy produced due to each recorded path of
that index during each transition as well as taking only into consideration the beginning and the end of the
change between phases and verified both integral fluctuation relations. The statistical results show that
these entropy variations have not been extreme entropic events; only the transition between the strong
1999-2000 La Nifia to the moderate 2002-2003 El Nifio is at the edge of being so. With that, the present
work opens a long and winding avenue of research over the application of stochastic statistical physics to

climate dynamics.
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From chit-chat in a lift to ground breaking science paving
the way to the Nobel prize [1], climate is a hot topic. Besides
the climatic issues linked to humankind (in)actions that
have been in the spotlight, climate dynamics has its own
regular phenomena that create important distress in our
lives [2]. Among them, the El Nifio (EN) and La Nifia (LN)
episodes are certainly at the first tier [3]. Each event
corresponds to the opposing phases of the ENSO first
conveyed by Walker on his study over the “southern
oscillation” [4]: large-scale changes of the sea level pressure
across Southeast Asia and the tropical Pacific. Nonetheless,
ittook 45 years [5] to assert a connection between ENSO and
changes in the ocean, namely, the perception by South
American fishermen of the warming up of coastal waters that
occurred every so often around Christmas.

The EN corresponds to a warming or above-average
temperature of the ocean surface in the central and eastern
tropical Pacific [6]; the precipitation over Southeast Asia
decreases while rainfall increases over the tropical Pacific.
At the same time, easterly low-level surface winds along
the equator weaken or even turn westerly instead.
Conversely, during the LN, the ocean surface experiences
a cooling or below-average temperature and the weather
effect over Southeast Asia and the central tropical Pacific is

Despite the fact that EN/LN are coupled (ocean and
atmosphere) phenomenon [6—10], the identification climate
is getting in or out of one of them is widely related to the
southern oscillation index (SOI) that measures the intensity
of the Walker circulation: the driven tropical atmospheric
circulation in the longitudinal direction [5]. It defines a
measure of the difference in the surface air pressure
(anomaly) between Tahiti and Darwin expressed in stan-
dard deviation units [11]. Although commonly presented in
a monthly time frame, SOI daily values are accessible since
1991. The rule-of-thumb linking SOI and ENSO phases
goes as follows [12]: prolonged (average) positive SOI
values above +8 indicate a LN event, whereas continuing
negative values below —8 indicate an EN phase. In Table I,
we indicate the 11 fully established transitions according to
the World Meteorological Organization [13] since daily
records are available.

The dynamics of ENSO/SOI has been mimicked mani-
fold: from assuming a nonlinear systems approach [14—16]

TABLE 1. Transitions between cataloged El Nifio <> La Nifia
ENSO events comprising the neutral phases as well.

No.: direction

Start date

End date

opposite to that of EN; in addition, the typical equatorial 1: EN - LN 31st August 1992 Ist September 1995
easterly winds become stronger. In between, there is the so- ~ 2: LN — EN 31st March 1996 Ist March 1997
called neutral phase in which the tropical Pacific surface ~ 3: EN — LN 31st August 1998 Ist June 1999
temperature is close to its average or, more often than not, 4 LN = EN 31st May 2000 Ist March 2002
ocean conditions match a given “child” (EI Nifio and La > EN = LN 28th February 2003 Ist June 2007
Nifia literally translate from Castilian into “the boy” and 0: LN — EN 28th February 2008 st June 2009
_na et ; 7: EN - LN 31st May 2010 Ist June 2010
the girl,” respectively.) state, but the not the atmosphere or  ¢. | N, EN 31st May 2011 Ist March 2014
the other way around. 9: EN - LN 31st May 2016 Ist September 2017
10: LN — EN 31st May 2018 Ist September 2018
* . 11: EN - LN 31st May 2019 Ist June 2020
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to a stochastic perspective of the problem [17-21]. Praising
all the others, we rank the latter as particularly suited to set
forward an analysis within stochastic statistical physics
(SSP) [22,23]. Therein, the description of physical laws
hinges on the probability distribution, p({O,}), of a
trajectory assumed by the system—related to the observ-
able O—in going from a state into another and recurrently
presented in the form of (integral) fluctuation relations [24].
An instance of that is the Jarzynski relation [25], which can
be understood as the probabilistic version of the Clausius
inequality [26]. Moreover, this fluctuation oriented descrip-
tion lifted the veil over the different components of the
entropy identifying its informational contribution associ-
ated with the intrinsic modification of the probability and
those related to energetic quantities, viz, heat [27-29].
Although by heeding the thermodynamic limit, we would
expect such fluctuations were only meaningful for small
systems [30], the truth is that it is possible to set a
probabilistic description, namely, for entropy production,
of systems as big as wind-tunnel experiments under fully
developed turbulence [31] or rogue wave statistics [32].
Thence, even if we are treating the quintessential macro-
scopic system (the atmosphere), it is plausible that in
carrying out a SSP analysis of the SOI we can still obtain
relevant insights, namely, the probabilistic features of the
trajectories taken by that index when ENSO goes from state
into the other. At this point, natural questions arise: Owing
that EN and LN are the contrasting phases of ENSO, does
the blatant difference in the respective typical weather (i.e.,
heat or thermal entropy) and patterns have found quanti-
tative correspondence in the entropy variations derived
from the SOI dynamics? Do they correspond to extreme
events as one is readily prone to assert since they imply
extreme weather and heat phenomena? What further can we
learn by employing SSP to climate? The answer to these
questions constitutes our goal.

To learn over the dynamics of SOI, {s,}, we use its daily
series recorded between the 157th day of 1991 and 212th
day of 2023 [33]. These data are jointly listed and com-
puted from the pressure measurements used to get the
monthly SOI, which is more convenient to appraise trends
due to the natural reduction of the fluctuations. Still, in the
trajectory approach, we aim at being as close as possible to
the actual SOI path; thus, we focus on the analysis of the
smallest available sampling rate the monthly form would
wipe out valuable knowledge. For all that, within SPP [30], it
is often assumed a standard differential formulation con-
taining a time-dependent contribution, I1(7), representing
a driving process, dO/dt = f(O) +11(t) + +/29(O)n,,
where (,n,) = 8(t —1') in a Stratonovich representation.
Milestone findings in SSP [34] considered, I1(#) = const ¢,
yielding, O, = const r + &,, which concentrates the stochas-
ticity on &,. For the SOI, a similar description is possible and
relates to the usual geophysical procedure of describing a
trend ruled by some nonlinear I1(¢) though. Willing to keep

close to the methods usually employed in ENSO analysis, a
candidate to infer the SOI protocol, ®(z), is the use of the
multitaper method [35,36] used in several other areas as well
[37]. Following that [36,38,39], we applied the method for
K = 5 tapers and the subsequent spectral analysis indicated
as statistically significant the set of frequencies yielding,
{T} = {24,28,36,74,102,365,2168} days, a set that
matches several geophysical and astronomical phenomena
related to ENSO [40]. The inversion to the time domain of
the so-called background dynamics—i.e., protocol ®—
carried out conforming to the geophysical signal processing
technique [36,38] of a nearly optimal reconstruction
by means of a mean-square minimization of the numerical
adjustment of the reconstructed signal with respect
to ®(1) = Dy(r) + D7, Ai(t) cos [(2n/T;)t + 6];  the
details and further values are presented in [40]. Thence,
we define, & =5, —®,, as stationary following the

generic stochastic equation, d& = D' (€)dt+ /2D)(&)dW,,
where W, is a standard Wiener process. From the
data we evaluate the empirical Kramers-Moyal coefficients
[49], D,(&t) = 1/(tn){(&(t) = &)™),,» (ss stands for
averages assuming a stationary state). For ¢+ — 0, we have
D),(&.t) = D, (&) (D,(&) =0, for n>3). Following
Ref. [50], we incorporate the SOI sampling rate,
7 =1 day, and in the It6 definition we get (details in
Supplemental Material [40])

Di(§) =-al+b. Dy =@ +pE+y (1)
where a = 0.154+0.01, b =0.08+0.01, o*> =0.010 &
0.002, p=-0.14+0.03, and y*>=31.65+0.8 [see
Figs. 3(a) and 3(b) in [40] ]. To further probe the reliability
of & dynamics, we generated & series numerically and
compared D)(£) and D/,(£) with that found to the SOI &
component. The agreement corroborates the stochastic
model defined by Eq. (1). Blending both &, and @, dynamics
we get

ds = Dy (s, t)dt + /2D, (s, t)dW,, (2)

(Itd representation of the noise) with

D (s,t)=—as+a®(t)+b, D,(s,t)=a>s*+ps+72,

(3)
where, f; = f — 2a0>®(t) and y? = y? + > ®*(t) — pO(1).

As previously stated, we primarily want to evaluate the
variation of entropy, AS(s = LET s,f}) [51],

P(Stf;{sti’-'-’st,_l )
P(St,v;{st[+1 -ustf})
p,*i(s,,)pF(stM |St,~’q)>---pp(stf ‘stf_l . @)

=—In : (4)

p;kf (Szf)pR(Stf,, |Stqu))---pR(St,- |st,-+| @)’

AS(5)=-In
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(F and R stand for forward and reverse trajectory) produced
in the evolution of SOI along the trajectory segment starting
at day #; and ending at day 7 that took ENSO from a given
phase into its opposite with realized final and initial
probability distributions. Using the framework of SSP,
the southern oscillation protocol ®(t) acts on the system
and its outcome is its evolution from a given (local)
stationary state, p; (s) into a new state p; (s) [51], where
pi(s) is obtained by considering that at time 7 the
probability current j,(s) vanishes:

Ji(5) = Di(s. 0pi (5) = ~-Dals )pi(5) =0, (5)

or, [0j;(s)/0x] = —[dp;(s)/0t] = 0, which yields,

1 ap+2ba’ [ﬁ—i—Zaz(s—(I)(t))”
—-exp arctan
Z; a* /Aoty — 2 (427> — B2

[P +B(s— (1) +a2(s—@())?] " (6)

pi(s)=

To evaluate Eq. (4) we still need to compute the
conditioned probabilities p*®)(s,|s,, ®). To that, we
employ a path integral formulation [52], but first some
points must be handled. First, we tackle the multiplicative
noise nature of the SOI dynamics that is also found in other
atmospheric quantities [53]. Several techniques were cast at
providing a probabilistic solution to multiplicative noise
systems, but they fundamentally boil down to transforma-
tions of variables [54], parameters, and expansions [52,55—
58]. In order to maintain the work as straightforward as
possible, we opt to transform the original multiplicative
noise dynamics into an additive noise one as a means to
retrieve p(s,|s,, @) at the end. That is worked at in the
Supplemental Material [40] leading to the transformation
of variables [49] y = (1/a)arcsinh{(a/2)[s+ B,/ (2a%)] },
where A% = y? — #/(4a?). Second, we must remove the
impact of the trajectory direction on the stochastic dynam-
ics caused by the Itd interpretation of noise in Eq. (2). That
is made by rewriting Eq. (2) into its Stratonovich version
[59]. Combining both steps it finally yields

(G o sechiar) - (a2 antl V. ()

The derivation of p(y, t|yo, fy) from Eq. (7) equals [52]

pO.tho) = [ Dy exp |~ Sbio][ e (9

assuming the optimizing condition, §S[y(¢)]] = 0, of the
stochastic action, S[y fl (¢')dt', where the Onsager-

Machlup function reads [40]

L:_{y <i+2/1—ﬂ>sech[ay] (a—l—g)tanh[ay]}z, 9)

allowing the application of a saddle-point approximation.

The optimization is achieved by solving the Euler-
Lagrange equation, [(0L/dy) — (d/dt)(dL/dy)]|,—,- = 0.
Because such equation is not analytically solvable to the
best of our efforts, we focus on the parameters in Eq. (2)
and understand the SOI fluctuations are dominated by the
additive contribution to the noise given by y?, whereas the
remainder of multiplicative contributions act as perturba-
tions. Expanding the Euler-Lagrange equation in powers of
a and f so that (ay/f)* > 1—jointly with the inspection
of further relations between the parameters—yields,
* —c1y* + ¢o = 0, which is bounded by y*(7) =y and
¥ (1) = yo with co = (b/7) (a+a?) +a/(27)[1 + (a/a?)]
and ¢, = a*> + 2aa® — (ba® + ap)b/y*. The explicit sol-
ution thereto is presented in the Supplemental Material
[40]; utilizing that solution into the stochastic action, & into
Eq. (8), and finally reverting the change of variables
y =y(s), we obtain p“[s(t)|s(to)] and p"[s(to)|s(t)].
The (endless) formulas of both of them are shown in the
Supplemental Material [40].

At last, we compute Eq. (4) considering the trajectories
of the transitions in Table II as well as the average (S(5)),
and the standard deviation o, 4(5) over trajectories given by
Eq. (2). From Table II, we learn that only 3 out of the 11
transitions have |AS(5)| above 20, namely, transitions
No. 1, 2, and 4; only the last of these cases—a transition
from strong LN to moderate EN [60]—is a 4o event and
could statistically be considered an extreme event. Even so,
all the transitions abide by the integral fluctuation theorem,
(exp [-AS]) = 1, a probabilistic version of the 2nd law of
thermodynamics AS > 0 [26].

Still within SPP, our problem can be surveyed in a
slightly different way by strictly looking at the variation of
entropy, AS(t,1;) = Jdsiq1...ds;, AS(S). The respec-
tive outcomes are exhibited in Table III. Therefrom, we

TABLE II. Realized variation of the entropy AS(S), average
(AS(5)), and standard deviation 6,5 over trajectories.

Transition No. AS(5) (AS(5)) OASE)

1 1.61 x 107! 9.6x 1075  8.15x 1072
3 —-6x 1074 2.0l x 103 9.05x 1072
5 5% 107 —1.17x 1073 8.17 x 1072
7 4x 1074 -3.6x 107 4 %1072
9 -29x% 1073 —28x10™*  8.16x 1072
11 3.1 x 1072 8.6 x10™*  7.99x 1072
2 —1.553x 107" —-69x10™* 8.65x 1072
4 3.30 x 107! 3.1x107*  8.13x 1072
6 8 x 107 LIl x 1073 8.74x 1072
8 -53x1073 22x1073 8.33 x 1072
10 —1x10™* 8.6x107*  7.99x 1072
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TABLE IIl. Realized variation of the entropy AS‘(tf, t;), the

average (AS’(tf, t;)), and standard deviation, OpS(1,.1)» OVer
trajectories. '
Transition No. AS(ty.1;) (AS(ts,1;)) OAS(1,.0,)

1 1x107* 58x 107 9.64 x 1072
3 1.78 x 1073 -9 x 107° 9.85 x 1072
5 1.9 x 107 73x 107 9.98 x 1072
7 3.6x 1074 —-1.0x 1073  552x1072
9 1.75 x 1073 53x 107 1.01 x 107!
11 5.35x 1073 7.8 x 1074 9.34 x 1072
2 -1.727 x 107" -6.6 x 10™*  1.07 x 107!
4 2.622 x 107! -59x 10~ 1.0 x 107!
6 3.04x 1073 —1.55x 1073 8.82x 1072
8 2.24 x 1073 —1x107? 1.07 x 107!
10 1x10™ —-12x10™*  9.11x 1072

perceive all but events No. 2 and No. 4 have |AS]| less than
6/10, whereas for the former |AS‘ | is less than 26 and for
the latter is less than 3¢. Herein, we verify the integral
fluctuation theorem as well. Regarding these results, we
cannot assert transition No. 4 is an extreme event as in
specific trajectory approach.

In this Letter, we have aimed at learning whether the
acute difference in the typical weather and patterns of EN
and LN phases of ENSO are mirrored in a cornerstone
quantity such as the variations of entropy the SOI expe-
riences when climate evolves from one phase into the other,
as would be expected in a phenomenon-indicator relation.
We have done so considering the SSP framework and
asserting to the SOI a stochastic dynamics evolving under a
climate protocol that drives the changes in the system. To
the best of our knowledge, this work inaugurates the
application of such a mindset to climate variables. We
have proceeded by assuming the SOI path between phases
as provided by its daily records and also considering its
values at the boundaries of each transition. The results
indicate the EN — LN transitions have had quite regular
values of entropy variation during the process, usually a
less than 6/10 event. For LN — EN transitions we have
found more noteworthy values, namely, the transitions
No. 2 and No. 4 in Table I, which is a 4o event in the
first approach and a 3¢ event in the second one though. All
said and done, the transition from the strong 1999-2000
LN to the moderate 2002-2003 EN is the only case on the
brink of being an extreme event considering the statistics of
entropy variations. Thence, from these SOI data it is not
possible to consider the transitions between ENSO phases
have been entropic extreme events on the whole. Moreover,
we have analyzed the (mean) entropy variation rate,
AS/(t; —t;), for both approaches and could not find any
relation between them and the classification of the phases.
This result sheds light on the significant contrast between
eminently informational based entropy variations of the

indicator, namely, AS(s) and AS(t;.1,), and the thermal or
heat-related entropy variations in the transition between the
El Niflo (hotter) <> La Nifia (colder) ENSO phenomenon
phases. Ultimately, this raises the question over the extent
of the change in weather conditions when SOI extreme
entropic events befall (and they statistically will do so) as
the index is used to appraise ENSO states. Alternatively,
this can demote SOI into a minor role on the description of
the phenomenon. Regarding that, we plan this study be
enlarged to multivariate approaches of ENSO considering
not only the temperature dynamics, but also other quantities
like the outgoing long-wave radiation (anomaly) or pre-
cipitation [20,61-65]. Furthermore, minding the role of
entropy in image analysis [66] and studies on entropy
production and fluctuation relations for surface growth and
percolative models [67], a SPP methodology can be also
implemented on self-organizing maps (som) used to dis-
tinguish climate dynamics and its patterns [68] by defining
AS,, for sequence sets. Still, each EN/LN phase can be
studied in itself; in this situation, the analysis of (integral)
fluctuation relations equivalent to the Speck-Seifert [28]
and Hatano-Sasa [29] are among the future problems to be
worked at as well.
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