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We study driven atomic Josephson junctions realized by coupling two two-dimensional atomic clouds
with a tunneling barrier. By moving the barrier at a constant velocity, dc and ac Josephson regimes
are characterized by a zero and nonzero atomic density difference across the junction, respectively.
Here, we monitor the dynamics resulting in the system when, in addition to the above constant velocity
protocol, the position of the barrier is periodically driven. We demonstrate that the time-averaged particle
imbalance features a plateau behavior that is the analog of Shapiro steps observed in driven super-
conducting Josephson junctions. The underlying dynamics reveals an intriguing interplay of the vortex and
phonon excitations, where Shapiro steps are induced via suppression of vortex growth. We study the system
with a classical-field dynamics method, and benchmark our findings with a driven circuit dynamics.
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Superconducting Josephson junctions (JJs) exhibit a
transition between the dc and ac Josephson effect by
developing a dc voltage when the current exceeds a critical
value [1]. In the presence of microwave radiation driving
the junction, characteristic dc-ac transitions can occur as a
result of photon-assisted tunneling processes. Accordingly,
for an averaged voltage matching multiples of the driving
frequency, the supercurrent jumps between different “dc
plateaus,” reflecting that the Cooper pairs’ phase change is
effectively synchronized with the external ac source [2].
The resulting steps displayed in the I-V characteristics are
referred to as Shapiro steps [3,4]. Such picture has been
confirmed with experiments carried out on driven super-
conducting JJs [5-7]. Shapiro steps play an important role
both for the fundamental understanding of superconduc-
tivity and practical applications of JJs, such as metrological
voltage standards [8—10].

Similarly to the dc and ac Josephson effects in super-
conducting junctions, dissipationless-viscous transitions can
occur also in neutral *He and “He quantum fluids flowing
through suitable constrictions. This phenomenon has been
demonstrated to result from phase slips nucleating in the
hydrodynamical field [11-14]. By suitable driving of the
pressure across the constriction, a matter flow with Shapiro-
type step behavior was reported in superfluid *He [15].
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Ultracold atoms have emerged as ideal systems to
implement and study atomtronic analogs of superconduct-
ing circuits [16-24]. Atomic Josephson junctions (JJs)
were realized using weak links of atom clouds [25-28],
enabling the study of important effects as macroscopic
self-trapping [29] and current-phase relation [30,31].
Following the seminal paper of Giovannazzi et al. [32],
the Josephson effect in ultracold atom systems can be
studied by moving a barrier separating two degenerate gas
clouds at rest. An analog of a dc to ac Josephson response
occurs in which the difference of the particle densities of
the two sides of the junction (termed as particle imbalance
throughout the manuscript) changes from zero to a finite
value. The current-chemical potential (playing the role of
the voltage in superconducting JJ) relation was achieved
in a series of remarkable experiments [31,33,34]. Such a
behavior can be captured by a resistively and capacitively
shunted junction (RCSJ) circuit model [35]. Phase-slip
induced dissipation was studied in Refs. [36—40].
Theoretically, Josephson effects were studied using a
two-mode Gross-Pitaevskii equation model [32,41,42].
Even though specific resonances were noticed in periodi-
cally tilted double wells, experimentally feasible protocols
to realize Shapiro steps in condensates have not been
provided yet [42-45].

With the remarkable progress in dynamical light shaping
achieved recently [46-48], driven matter-wave circuits
are well within the experimental capabilities. Here, we
consider a driven JJ: while moving the barrier with a
velocity v, we drive its position periodically; see Fig. 1(a).
With this, we observe that the dynamics of the system
features steps of the Shapiro type that manifest themselves
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FIG. 1. Atomic Josephson junction and emergence of Shapiro

steps. (a) Simulation of a Josephson junction consisting of two
clouds separated by a tunneling barrier of height V, and width w.
The barrier is moved at constant velocity » (arrow) from the
position x; until the final position x, which induces an external
current /.. In addition, we modulate the barrier location using
the protocol x(7) = vt + x; sin(2zft), where f is the frequency
and x; is the amplitude of driving. N; (N) represents the atom
number of the left (right) reservoir. (b) Imbalance Az = z —Zasa
function of » for the undriven case (dashed line). z is the
equilibrium imbalance determined at x, that varies with v.
Time-averaged imbalance (Az) shown for f =45 Hz and
x; =1, 2,3, 4, and 5 pm. Inset shows the time evolution of
z(#) at different v for the driving with x; = 3 pm, where T, =
1/f is the driving period. We use the barrier height V/u = 1.5,
where p is the mean-field energy.

as a time-averaged atom imbalance; see Fig. 1(b). We
demonstrate how the observed dynamics is controlled by
specific features of phonon excitations and vortex nucle-
ation. The results are obtained by classical-field methods
that include fluctuating bosonic fields beyond mean-field
description [49-52]. We benchmark our results with the
dynamics of a driven RCSJ circuit model.

System and method—We simulate the dynamics of a
generic condensate of bosons using classical-field dynam-
ics within the truncated Wigner approximation [49-52]. We
consider a homogeneous cloud of bosons confined in a box
of dimensions L, x L,. The system is described by the
Hamiltonian

o= [ar [Z’ﬁnvw*m Vi) + 407 (00 (i)

¥ (") is the bosonic annihilation (creation) operator. The
interaction g = gh’/m is given in terms of the dimension-

less parameter § = v/8na,/¢,, where m is the mass, ay is

the s-wave scattering length, and ¢, = \/h/(mw,) is the
harmonic oscillator length in the transverse direction.
Within the classical-field representation we replace the
operators ¥ in Eq. (1) and the equations of motion by
complex numbers y. The initial states w(r,t=0) are
sampled in a grand canonical ensemble with chemical
potential x4 and temperature 7 via a classical Metropolis
algorithm [53]. The resulting distribution provides the
fluctuations of w(r,z =0) around its mean-field value.
Finally, each initial state is propagated using the equations
of motion

i) = (=2 v ol o, @)

which include the barrier potential given by V(r,7) =
Vo(t) exp[=2(x — x(2))?/w?]. Vo(t), w and x(z) are the
barrier’s strength, width, and location. For numerical
calculations, we discretize space on a lattice of size
N, x N, and a discretization length [ = 0.5 pm. While
we present our results for the concrete realization provided
by ®Li, molecules, we emphasize that our protocol can be
applied to any cold-atom degenerate gas. We choose
the density n~5.6 pm=2, §=0.1, T/T,=0.06, and
L, xLy,=512x27 pum?. The critical temperature T, is
estimated by T, = 2znh?/(mkgD.), where D, =
In(380/7) is the critical phase-space density [56,57]. We
use w/é=1.1 and V, in the range V,/u=V, = 1-4,
where & = i/\/2mgn is the healing length and y = gn is
the mean-field energy. To create the weak link at the
location x(¢) = xy = L,/2, we ramp up V, linearly over
200 ms and wait for 50 ms. Following [31,32], the
Josephson current can be obtained by moving the barrier
at a constant velocity v until it reaches the final position x,
as depicted in Fig. 1(a). Here, we will discuss the dynamics
of the system obtained when the barrier features a periodic
driving in addition to its motion with constant velocity,

x(t) = vt + x; sin(2zf1), (3)

where x; is the amplitude and f is the frequency of
driving. We calculate the atom number N, (¢) [Ng(#)] in
the left (right) reservoir to determine the imbalance
z(t) = [Ny (t) — Ng(1)]/N, where N = (N, + Ng) is the
total atom number. The barrier motion induces an external
current given by I (1) = (zN/2) x |v|/Ax, where Ax is the
displacement and Z is the equilibrium imbalance at the final
location x; = xo + Ax. Throughout the Letter we fix the
driving time 7, to four cycles. We calculate z(#) for various
values of v; see inset of Fig. 1(b). By fitting z(#) with a linear
function we obtain the value of the time-averaged imbalance
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FIG.2. Characterizing an atomic Josephson junction. (a) Imbalance z — Z as a function of v for V, = 1.5 (dots) and its correspondence
to the current-chemical potential results (second axes). We fit the response with {Au) = /12, — I2/G (continuous line) to determine the

critical current /. and the conductance G. (b) z — Z as a function of V, and I, /1, where Iy is the bulk current. The results of 1, (dots)
are compared with the theoretical prediction /., (continuous line); see text. (c) Total vortex number N, determined from the same
simulations as in (b), which shows a sharp onset of vortex growth above /.. (dots). (d) Conductance G (dots) and Stewart-McCumber

parameter /3, (squares) determined for V,, in the range 1-4.

(Az)atty, where (Az) = (z) — Z(xp) withx, = |v] x ;. (..)
refers to the time-averaged response throughout the
Letter. In Fig. 1(b), the driven response shows the formation
of Shapiro steps in comparison to the undriven system, which
we explain below. For the undriven case, we show Az =
7 —Z(xy) determined at the same 7, as the driven case.
We quantify the change in the chemical potential
Ay = NE.Az/2, where E.=4(du/oN) is the effective
charging energy.

Characterization of the dc-ac regimes—We first intro-
duce the driven RCSJ model and then analyze the dc-ac
regimes of the undriven junction. We note that this is
intrinsically different from the two-mode Gross-Pitaevskii
equations, which converge to the RCSJ model in the ideal
underdamped limit only. The RCSJ model is a lumped
elements circuit to model the dynamics of JJs [35]. The
Kirchhoff law of the driven RCSJ circuit reads

I+ Liwcos(wt) = I,.singp — GAu — CAp,  (4)

where [, is the critical current, ¢p = ¢p; — ¢ the phase
difference across the junction, G the conductance, and
C = 1/E, the capacitance. The Josephson relation for the
phase dynamics is /¢ = —Ay, meaning that Ay plays the
role of the voltage across the junction. /;@® is the amplitude
and w is the frequency of ac drive, with @ = @w/wj, where
wy = +/1.E./h is the Josephson frequency. By using the
expression of Auy we provided above, the circuit is
described as an effective driven resistively shunted junction
model

IN/2 + L@ cos(wt) = I.sing + hG. (5)

The undriven case (i.e., I; = 0) is solved analytically,
yielding the time-averaged chemical potential (Ay) =
G~'\/I%, — I?, which we use to fit our results for the
Ap(Iex, ty) curve. Based on this fit, we determine /. and G.
Here, for the wundriven case, we use the constant

displacement of Ax = 150 pm, which results in the same
equilibrium imbalance Z = 0.59 at x; for all v. As shown in
Fig. 2(a), there is a nonzero Ay only when I, exceeds /.,
which marks the transition from the dc to ac Josephson
effect. The junction becomes resistive with a finite Ay
above /.. We map out the ac resistive regime for a wide
range of V, in Fig. 2(b). The onset of the resistive regime
occurs at a low value of /. for high V,. We compare
the results of /. with the predictions of the critical current
I.,= Iyto(Vy, w) derived for an ideal Josephson junction
[37]. The bulk current I, = cnyL, is determined using the

sound velocity ¢ = y/gn/m and the condensate density .
We use the variational solution of the tunneling amplitude
to(V.d) obtained across a rectangular barrier of width d
and height V [37], with d~ 1.1w and V =V, [53]. In
Fig. 2(b) the results of ., show good agreement with the
simulation results.

To characterize the resistive regime, we study the
dynamics of the condensate’s local density and phase.
While we observe no distinctive change in the dynamics
for I, below I, characteristic density patterns due to
phonon and vortex excitations, resulting in an increase of
the imbalance, occur for I, above I. [53]. We identify
vortex excitations by calculating the phase winding around
the lattice plaquette of size [ x [ using > 560(x,y) =
5,0(x,y) +6,0(x+1.y)+60(x+1Ly+1)+6,0(x,y+1),
where 6(x,y) is the phase field of w(x,y) and the phase
differences between sites are taken to be &,/,0(x,y) €
(—r, x]. We associate a vortex (an antivortex) by a phase
winding of 2z (—2x). By counting all vortices and anti-
vortices we determine the total vortex number N, and
average it over the initial ensemble. Figure 2(c) shows a
rapid growth of N, above /. and no vortex excitation below
... This confirms that the energy in the resistive regime is
dissipated by the creation of vortex-antivortex pairs, which
is analogous to phase slips in “He [11,12] and atomic weak
links [36].
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In Fig. 2(d), we demonstrate that the dependence of both
the conductance G and the Stewart-McCumber parameter
B. = 1.C/(hG?) is consistent with an exponential depend-
ence on V. The characteristic dependence between G and
I. yields to G « I%, with a = 1.2 [53], resembling the
linear dependence of the Ambegaokar-Baratoff relation
[54]. The values of 3, are in the range between 25 and 500,
which fulfills the junction dynamics being in the under-
damped regime (. > 1). The dependence of . on G
follows the behavior . o« G™'17 [53].

Driven response and Shapiro steps—We now turn to the
dynamics of a periodically driven junction, which is
obtained using the barrier protocol described in Eq. (3);
see also Fig. 1(a). In Fig. 3(a) the time-averaged response of
(Ap) features the creation of regular steps occurring at
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FIG. 3. Shapiro steps and the underlying vortex and phonon

dynamics. (a) (Apu)-I. response of the driven junction for
f/fy=22and x; =1, 2, 3, 4, and 5 pm. The corresponding
undriven junction with V,= 1.5 gives I, = 1.6x 10> s7!,
hG = 157, and the Josephson frequency fj = 25 Hz. (b) Results
of the driven RCSJ model shown for the same parameters as the
simulations. (c) Time-averaged vortex number (N, ) correspond-
ing to the simulations in (a). (d),(e) Time evolution of the density
n(x) and the phase 6(x, L,/2) in the x direction of the driven
system at I.,./I, = 0.6, which is indicated by the open circle
symbol in (a). T}, = 1/f is the driving period. n(x) is averaged
over the initial ensemble and the y direction, whereas 6(x, L,/2)
represents the phase profile of a single sample. In (e), vortices
(triangles) and antivortices (dots) are calculated using the phase
change near the line at L,/2 and the dotted line denotes the
barrier motion.

(Ap) = khf, where k is an integer denoting the step index.
The onset current location and width of the step vary
according to the value of x;. To benchmark our results we
numerically solve the driven RCSJ model and analyze its
time-averaged response for various parameters, where the
current-driving amplitude /; is related to x; via x; =
Iv./(I.@y) in which v, is the critical velocity associated
with 7. [53]. The results of the driven model confirm the
formation of the Shapiro steps at (Au) = khf in agreement
with our simulations; see Fig. 3(b). The steps obtained by
the driven RCSJ model are smoothed out due to the thermal
fluctuations of the initial state and a driving-induced
depletion of the condensate density. As a result, especially
for k > 2, the steps are obtained with a specific broadening
and amplitude suppression.

Below, we monitor the formation of vortices taking
place while the system is driven. Figure 3(c) shows the
total number (N,) of vortices nucleating during driving,
averaged over two driving cycles [53]. Remarkably, (N, )
features a similar plateau structure as the (Au) response:
(N,) increases rapidly at the onset of the steps and
undergoes a suppressed vortex nucleation during the steps
formation. For x; = 5 pm, (N,) shows a distinct behavior
compared to the results at lower x;. (N,) starts out with a
nonzero value undergoing a plateau structure during the

0.5 0.5

Texe/1Le Texe/Le
FIG. 4. Maximal current at the Shapiro steps. Differential
resistance du/dl., as a function of I../I. and x;, for
f/fy =14, 138, 2.2, and 3. The maxima of du/dl.,, allow us
to identify the maximal currents I, I3, I5, I3, I, and IS of
the Shapiro steps 0, 1, 2, 3, 4, and 5, respectively. The gray
squares show the frequency and amplitude dependence of the
maximal currents /; of the driven RCSJ model, determined using
the same magnitude cutoff for all f, where the splitting of curve
indicates a broadening of maxima. k is the step index. We use
I, =1.6x10° s71, f3 =25 Hz, and 7G in the range 145-175,
which are chosen according to the undriven system.
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first step, whose onset and width feature an opposite
trend than the corresponding results of low x; in Figs. 3(a)
and 3(b). This occurs due to a Bessel-function type fea-
ture of the step width on x;, which is evident from the
results shown in Fig. 4. Even though /. is below I,
as a consequence of the periodic driving, both density
wave pulses in n(x,y) and slippages of the local phase
O(x,y) near the barrier occur at the beginning of each
driving cycle. Vortex formation and density waves are
clearly correlated: vortex-antivortex pairs are generated that
propagate behind the barrier; at the same time, density
wave pulses of low velocity are observed in the left
reservoir. Such phenomenon occurs in correspondence
of the maxima, where the current near the barrier exceeds
1., making the barrier effectively dissipative [53]; see
Figs. 3(d) and 3(e).

To quantify the maximal current that develops at each
step, we monitor the maxima I} of the differential resis-
tance du/dl.,, at different driving frequencies. Figure 4
shows that the numerically obtained /;, follow the behavior
of maximal currents of the driven RCSJ model. The
amplitude of the peak decreases for both high steps and
high driving frequencies, where the latter is partially
captured by the driven model. The high-step damping
originates from the depletion of the condensate density,
which is a feature of the dynamics and does not affect the
circuit model.

Conclusions and outlook—We have analyzed the time-
averaged response of a driven atomic Josephson junction
(JJ) at nonzero temperature. The JJ is created by separating
two two-dimensional bosonic clouds with a tunneling
barrier, where the barrier motion induces an external
current and the periodic modulation of the barrier position
acts as an external ac current drive. For the analysis, we
employed classical-field simulations that capture the
dynamics beyond mean field. The driven response dem-
onstrates dc-ac transitions in the form of Shapiro steps. We
compare these results with a driven RCSJ circuit model.
Indeed, the steps result from resonances between the
driving frequency f and the periodic oscillations in the
particle imbalance such that (Au) = khf, where k is
the step index. As a distinctive feature of our neutral
superfluid system, the phenomenon arises from character-
istic dynamics of vortex and phonon excitations. Our
results can be directly probed, for example on ultracold
®Li machines employed in LENS [31] and Hamburg [30].
Because of the possibility to tune interactions from negative
to positive values and relying on the know-how of the field
allowing to work with bosonic and/or fermionic systems,
spinor condensates [58], etc., Shapiro steps are expected to
bear a great potential to explore the coherent properties of
the artificial quantum matter as provided by cold atoms.
Our results are important for both fundamental research in
quantum dynamics of coherent systems and applications in
quantum technologies.
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