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Persistent currents circulate continuously without requiring external power sources. Here, we extend
their theory to include dissipation within the framework of non-Hermitian quantum Hamiltonians.
Using Green’s function formalism, we introduce a non-Hermitian Fermi-Dirac distribution and derive an
analytical expression for the persistent current that relies solely on the complex spectrum. We apply our
formula to two dissipative models supporting persistent currents: (i) a phase-biased superconducting-
normal-superconducting junction; (ii) a normal ring threaded by a magnetic flux. We show that the
persistent currents in both systems exhibit no anomalies at any emergent exceptional points, whose
signatures are only discernible in the current susceptibility. We validate our findings by exact
diagonalization and extend them to account for finite temperatures and interaction effects. Our formalism
offers a general framework for computing quantum many-body observables of non-Hermitian systems in
equilibrium, with potential extensions to nonequilibrium scenarios.
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Introduction—Recent intensive research in non-
Hermitian (NH) physics [1-4] has revealed intriguing
phenomena in both the classical [5-9] and quantum
realms [10-12]. The biorthogonal and non-Bloch frame-
works have reshaped the conventional bulk-edge corre-
spondence [13-16], while the symmetry classifications
of the NH matrices have enriched the topological phases
compared to their Hermitian counterparts [17-21].
Exceptional points (EPs), where the NH Hamiltonian is
not diagonalizable [22-24], can enhance sensing capabil-
ities [25-28] and trigger new critical phenomena [29-32].

In the field of open quantum systems, NH physics is
instrumental in characterizing the dissipative nature of
systems [33-35]. The Lindblad formalism [36-39] pro-
vides routes to address system-reservoir interactions. By
neglecting quantum jumps or focusing on Gaussian sys-
tems [40-42], the dynamics is dictated solely by an
effective NH Hamiltonian H. ;. The Green’s function
formalism presents an alternative path to H.y by integrat-
ing out external reservoirs E to include complex self-
energies ¥ # X' [43-48]. Although the spectral properties
of H. have been extensively explored, quantum many-
body observables [49], such as the supercurrents in phase-
biased superconducting—normal-superconducting (SNS)
junctions shown in Fig. 1(a), are currently under active
discussion. Existing approaches, such as the derivative of
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complex eigenvalues [50,51] and the expectation values
obtained from the left-right (LR) or right-right (RR)
eigenvectors [52], often yield anomalies at EPs [53], calling
for a microscopic approach to grasp the subtleties of the NH
persistent current transport.

In this Letter, we provide a resolution to this conundrum
grounded on a NH Fermi-Dirac distribution associated with
the biorthogonal single-particle eigenstates. We find that
the supercurrent /(¢) in an SNS junction biased by a phase
¢ and coupled to reservoirs is given by (in units of e/A):

1d
I(¢) = —;@ImTT(Heff In Hege). (1)

This formula is derived in the wide-band limit, which
is nonperturbative and can also accurately describe the
strong coupling regime. Moreover, it also applies to the
persistent current in a normal mesoscopic ring threaded
by a magnetic flux, as shown in Fig. 1(b). Our results
align with the exact diagonalization of the full Hermitian
system including the reservoir and do not exhibit any
singularities at EPs for both models [see Figs. 1(c) and
1(d)]. We further generalize Eq. (1) to finite temperatures
and find that persistent currents are reduced, which is also
observed when many-body interactions are taken into
account. Finally, as shown in Fig. 4, the signatures of
EPs can instead become evident in the current suscep-
tibility associated with response to an ac phase bias
drive. Our formalism not only clarifies the behavior of
persistent currents in fermionic NH systems but also

© 2024 American Physical Society
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FIG. 1. Schematic of systems coupled to external reservoirs [E:
(a) an SNS junction with a phase bias ¢; (b) a normal metallic
ring threaded by normalized magnetic flux ¢. Each system is
characterized by an effective NH Hamiltonian H, that includes a
complex self-energy X from E. In equilibrium, both models
maintain persistent currents /(¢) and zero leakage currents /. (c)
and (d) Complex spectra e, showing EPs around 7z (black lines)
and persistent current /(¢) as a function of ¢. The current 1(¢)
calculated using Eq. (1) shows no signs of singularity at the EPs.
Parameters: (¢) N, = Ny =Ny =4, N, =101, t = -A = —1,
k=04t uy=g=-1.1; dN=6,N; =101, t =x=pu=—1,
g =0, t; ~t x Unif(0.7, 1.3).

sets the stage for analyzing other quantum many-body
observables with dissipation.

Phenomenology and methodology—Initially, we outline
a heuristic explanation of our main findings, deferring
the technical details to subsequent sections and the
Supplemental Material [54]. We focus, for simplicity,
on spinless fermionic systems with Hamiltonians that
depend on a parameter ¢, such as in phase-biased SNS

:6TH5y5(¢)6/2, where Hy () is
the Bogoliubov—de Gennes (BdG) Hamiltonian, C=
(Cls.cnCxnCluonn,cl)™ is a 2N-dimensional spinor, and
cJT- (cj) is the fermionic creation (annihilation) operator

junctions  Hy ()

at site j. The discussion below also applies to normal
metals described by Hsys(qﬁ) on an N-dimensional basis

C = (c1, ..., cn)T, substituting 2 for 1. For brevity, we will
use calligraphy to denote the first quantized operators and
omit the explicit dependence on ¢ in our notation for
Hamiltonians, eigenvalues, and eigenvectors hereafter.

For isolated and Hermitian systems H, the
persistent current /i, (¢) n the many-body ground state
with energy E, follows [56],

ll) =253 = Y- Ga= S AT )

€,<0 €,<0

where the factor of 2 stems from the Cooper pair,
J=C'gC /2 is the persistent current operator, €, and
ly,) are eigenvalues and eigenstates of H,y. Given the
local conservation law of n; = cjc] in the N segment
(e.g., the normal part in SNS Juncnons), the site-resolved
current operator [35], J; = —itj(cjfcjﬂ - cj-ch), follows
the continuity equation in equilibrium: 0= (;) =
([Heys.ny]) = (J;) = (J;=1), Y JEN, where ¢; is the
hopping strength at site j. Therefore, we set J =J; at
the first site of N and omit the subscript.

To account for dissipation, we couple the system to a
thermal reservoir E. In the long-time limit, the system
reaches equilibrium and E acts as a source of dephasing
[57-65]. This coupling leads to the emergence of a
complex self-energy X(w) in the system. In the wide-band
limit X(w)~ X(0) [66-68], the system is -effectively
described by the NH Hamiltonian My = Hys + Z(0),
which exhibits a complex spectrum g, with Ime, <0
and supports biorthogonal single-particle modes [69]:
Heirlyrh) =ealwh), Higelwi) = enlys), and (wilwh) =6,
Using this biorthogonal basis, we represent the retarded
Green’s function of the system as [70-72]

1 ) (vl
w_Heff_zn: w—€, ®)

and obtain the density of states operator p(w) =
i[Gyys(w) — Giys(a))]/ 27x. In thermal equilibrium, any cor-
relator can be calculated by (cic;) = [(jlp(w)]i)x
feo(@)dw, where fi,(®) is the Fermi-Dirac distribution
of the entire system. Given fu(w)=0O(-w) at zero
temperature, we derive an analytical correlator (cjcj) by
integrating over w:

Gsys (a)) =

i
(ciej) == (whiwhyne, —yiiwi;Ine;).  (4)

where 1// j <J|l//L/R>, Ine, =Inle,| +iarge, and
—-n < arge, <0 [73]. Similarly, (c;c;) is obtained by
replacing i with N + i on the right-hand side of Eq. (4).
Therefore, the expectation value of a general quadratic

Hermitian operator O = 6‘*(’)6‘/2 is [54]
ImTr[(’)f oft (Hefr )]
= Imz 3 , (5)
where (O):% = (y4|OWS) and fur(e) = —(1/m)Ine acts

as a Fermi-Dirac distribution for NH systems, whose
imaginary part reduces to ®(—¢) as Ime —» 0 [74].

feff €n
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Equation (5) represents one of our main results and remains
continuous at EPs [75]. The persistent current can be
calculated by substituting O with J in Eq. (5).
Furthermore, applying the identity (J),* = 2d,¢, for each
biorthogonal single-particle mode and rearranging the deriv-
atives, one can obtain Eq. (1) and verify that it recovers
Eq. (2) in the Hermitian limit. It is important to emphasize
that our Eq. (1) is distinct from a simple continuation of
Eq. (2) to complex eigenvalues ) g.. < 094€, (Or, equiv-
alently, the LR-basis current I;x($) =D ree,<0(T)i"/2)
recently proposed in Refs. [50-52], as well as the RR-basis
current Ipg(¢) = D pee <0(J)5"/2 widely adopted with
postselection [76-78]. As demonstrated below, both of
these definitions fail to accurately describe the persistent
current in equilibrium, whereas Eq. (1) is in full agreement
with the exact diagonalization.

Model reservoir and self-energy—To validate our find-
ings, we connect the system Hy to an Ny-site fermionic
reservoir  H = Zj[(tc;cﬁl +H.c.) + gc;cj],
t <0 is the hopping strength and ¢ is the chemical
potential. This specific reservoir is chosen for its dual
analytical and numerical merits. First, connecting one end

where

of [ to the [ site of the system via H,, = K(C;VECI + C;CNE)
with coupling strength x <0 will induce a self-
energy X,(0) = Z(0) ® [/){I| onto Hy, where X(0) =
—«?/1*[r.g/2 +i\/1* — (g/2)?] and 7. is the Pauli-Z matrix
acting in the particle-hole space [34]. This expression is
exact when Ny — oo and also applies to normal metals
upon removal of 7, [54]. Second, the tight-binding
form of H,, allows us to compare Eqs. (1) and (2)
by performing an exact diagonalization of the entire
Hermitian system H, = Hys + Hyeg + Hyn. Next, we
apply this benchmark framework to two concrete NH
models: a phase-biased SNS junction and a normal ring
threaded by a magnetic flux.

NH SNS junctions—The SNS junction is a pivotal
platform for quantum transport, whose Hamiltonian reads

HSNS = Z(tjcj:c/'_i_l + Aje_i¢f C;Cj+l +HC) +”C;Cj7 (6)
J

where A; is the superconducting gap with phase ¢; at site j,
w is the chemical potential and #; = 7. The number of sites
in the left, middle, and right parts is N, , Ny, Ny, respec-
tively. The middle segment is normal metal by setting
A;=¢;=0, VjeN=[N_,N_+ N,]. The outer seg-
ments are superconductors A; = A # 0 with phase bias
applied such that ¢p; = ¢ in the right segment and ¢; = 0 in
the left segment.

As depicted in Fig. 1(a), the SNS junction incorporates
self-energies X, =%,(0) and X; = X(0), after being con-
nected to two separate reservoirs at its ends. This results in

- ](¢) ]tot(@) — Iiso(@)
+0.1 (a) +0.3

Inr(9) Re[lr(0)]

o= 27

o= 27

FIG. 2. Methodological comparisons of persistent currents in
two NH systems: (a) a phase-biased SNS junction; (b) a normal
ring threaded by a magnetic flux. The current /(¢p) (dashed)
computed by Eq. (1) matches the exact diagonalization (gray) of
the full Hermitian system. The isolated system (green) acts as a
reference, showing an enhanced (reduced) current for the SNS
(ring) model upon coupling to reservoirs. In (a), LR-basis currents
(blue) diverge at the EPs (black lines), a feature not observed in (b),
where a pair of EP modes ¢ cancel out the divergence. RR-basis
currents (red) violate the local conservation law and exhibit
asymmetry around z. The parameters are the same as in Fig. 1.

an effective NH Hamiltonian H; = Hes + 2 + Zko
whose spectrum exhibits pairs (+¢,, —¢}) pertaining to
the particle-hole symmetry of NH systems [18]. Figure 1(c)
highlights a pair of complex spectra ¢, with EPs near
¢ = n, where Ree_. are pinned to zero. The calculation of
supercurrents in the presence of EPs has recently garnered
attention and sparked ongoing debates. As mentioned
above, considering ()X = 20,¢,, a simple generalization
of Eq. (2) to complex eigenvalues ZR%”SO 04€, [50,51] is
equivalent to the LR-basis current 7, (¢) [52]. However, as
shown in Fig. 2(a), this approach results in a divergent
supercurrent due to the nondifferentiable nature of EPs. On
the other hand, the RR-basis current I, (¢) has a finite but
nonsmooth value at EPs, and also exhibits asymmetry
around z. Furthermore, I (¢) does not adhere to the local
conservation law and will show distinct curves for different
j €N (see Supplemental Material [54] for details). In stark
contrast, the current /(¢) computed by Eq. (1) exhibits no
anomalies at EPs. It matches excellently with the current
calculated from Eq. (2) by exact diagonalization for the
entire Hermitian H,,, with a large reservoir. Compared to
current I;,,(¢) in an isolated SNS junction, we observe
an enhancement in I(¢) within the moderate coupling
regime « = 0.4¢. This seemingly counterintuitive effect
arises because the lower-energy mode e¢_ has a negative
contribution to the current, which is effectively balanced
by e, due to level broadening in the NH case. However,
as k/t increases, I(¢) starts to decrease, since dissipation
also suppresses the positive current contribution from
other states [54].

NH normal rings—A mesoscopic ring threaded by a
magnetic flux @ also carries a persistent current because
the coherence length of the wave function extends over
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Effects of temperature and interactions on persistent currents 7(¢) in NH systems. Panels (a) and (b) display /(¢) at finite
1/k,T for an SNS junction and a mesoscopic ring, compared to isolated systems at 7 = 0 (green). The currents

computed using Eq. (9) (dashed) are consistent with the exact diagonalization (solid), indicating a decrease in I(¢) as T increases.
(c) Mustration of the imaginary part of the NH Fermi-Dirac distribution at zero and finite temperatures, where Imf (¢, ) in Eq. (8)
will reduce to the conventional Fermi-Dirac distribution (dashed) as Ime — 0. In (d) and (e), many-body interactions are shown
to suppress the amplitude of /(¢) in both systems. The parameters are as in Fig. 1. No singularities are found at EPs (black lines)

in all cases presented.

its entire circumference [79-83]. The gauge-invariant
tight-binding Hamiltonian is given by [84-86]
Hpo = Z(tje‘i‘ﬁfc']‘fcjﬂ + H.c.) +,uc']’fc,
J

(7)

ring

where the normalized magnetic flux ¢y = ¢p = 272D/ D, is
placed between the Nth and first site, leaving other ¢; = 0.
Here, ®, = h/e is the flux quantum that reflects the
periodicity of Eq. (7) in the flux ® [87]. We account for
elastic scatterings by assigning uniformly random hopping
strengths along the ring [88]. However, since the local
conservation law spans the whole ring, (J;) remains uni-
form across all sites.

As illustrated in Fig. 1(b), the fermionic reservoir is
connected to a single site within the ring [89], inducing a
self-energy X = X (0). Consequently, the ring is described
by Hepr = Hying + 2. When p =0, similar to the SNS
junctions, the LR-basis current I;(¢) of the ring will
diverge at EPs near ¢ = n. Here, in order to explore
different impacts of EPs, we set u = —1 and shift two
EP modes e, below the Fermi level, as depicted in
Fig. 1(d). Since &, contribute to Iz(¢) in pairs, their
divergences cancel out, resulting in a smooth curvature for
I,x(¢) in Fig. 2(b). The RR-basis current I, (¢) violates
the local conservation law and exhibits a nonsinusoidal
curve due to inhomogeneous hopping strengths. Neither of
these approaches can accurately describe the persistent
current /(¢). However, the current I(¢) calculated using
Eq. (1) aligns with exact diagonalization results that include
a large reservoir. Compared to the current in the isolated
ring, 1(¢) is reduced because the positive current contri-
butions from single-particle modes are diluted by dissipa-
tion-induced level broadening [90]. These conclusions
remain consistent regardless of the number of reservoirs.

Finite temperature and interaction effects—First, we
consider the effect of thermal fluctuations on the persistent
current [91]. This requires integrating p(w) over @ using
fin(@,B) =1/(e’” 4+ 1) with p=1/k,T and k, is the

Boltzmann constant. Subsequently, f.;(g) in Eq. (5) is
extended to form an effective NH Fermi-Dirac distribution

at finite temperatures:
ipe iz
2r 2]

where the digamma function ¥ [92] is defined as the
derivative of the log-gamma function logI" [93]. Using
Eq. (8), we find that at finite temperatures, Eq. (1) becomes
(see Supplemental Material [54]):

fer(e.f) = —% {T<2+ (8)

(¢, p) = ——ReTrlogF(1 +— i Heff> 9)

Bdg 2 2z

which extends the expression 20,F for the persistent
current, where F' denotes the free energy in Hermitian
systems [56], to encompass NH scenarios. As shown in
Figs. 3(a) and 3(b), Eq. (9) includes Eq. (1) when at T = 0
and accurately matches the currents for 7 # O calculated by
exact diagonalization. This indicates a decrease in currents
for both systems as T increases. As illustrated in Fig. 3(c),
such an excellent agreement is grounded on the fact that
Imf s (e, B) in Eq. (8) will revert to fi, (¢, ) as Ime — 0.
The smoothness of persistent currents near EPs can be
attributed to the analytic properties of f (e, ) in the lower
half of the complex plane [54].

To examine potential characteristics of EPs in the presence
of many-body interactions, we introduce the electrostatic
repulsion Hip = U ;en(nj = 1/2)(njyy — 1/2), where
U is the interaction strength. In such interacting scenarios,
the first equality in Eq. (2) remains valid for the ground state.
To maintain each reservoir as large as N, = 101, we perform
the density matrix renormalization group (DMRG) algo-
rithm via DMRGpy [94]. Figures 3(d) and 3(e) show that as
U increases, the amplitude of 7(¢) in both systems will
eventually be suppressed to zero due to the enhanced
electron-electron scattering [95]. No signatures of EPs are
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detected in the current in any of the cases presented with
respect to temperatures and interactions.

Current susceptibility—To elucidate the presence of
EPs in systems with a phase-dependent spectrum, here
we derive their linear response to a time-dependent
phase driving ¢(7) = ¢ + 5¢p(7), with 6¢(r) < 1. The
current susceptibility that characterizes the response is
given by [96-98]:

(¢, 7) = =i0(z)([/(z), J(0)])- (10)

We first transform Eq. (10) to the frequency space

(¢, w) = [T(¢,7)e™™ dr and use the biorthogonal
modes to obtain

ImI1(¢, w) = ﬂt?Re[IP(dr, +w)

P(h. @) = +Pji1jr1(@)

+ Pj i1 (@)

- P(¢, —o)],
- Pj,j.,j+1,j+1(w>

_Pj+1,j+1,j,j<w)v (11)

with Pyj(@) = [{ilp(e")|) (Klp(@ + @) |1) fro (@ )da. Tn
the case of SNS junctions, P(¢, w) contains four additional
terms stemming from the contributions of the holes [99].
Nevertheless, the integral P;j,(w) is shared by both
systems and possesses an analytical expression at 7 = 0:

Pyl = S Piji + Pifir + Pifii
ijkl = )
nm 4
1 . , ferr(£€,) = fere(£e, F )
Piii = = WV Wi — F—

(j: n) - (1)) ’

(12)

where the tilde over m conjugates the m eigenvalue and
exchange L <> R on the m-biorthogonal wave functions.
Equation (12) embeds f(¢) and reduces to the Hermitian
case Pijkl<a)) = an Wniw:jlzumkl//jnl@(_en)é(w+€n _em)
in the decoupled limit k — 0. In NH systems, ImII(¢, w)
will peak at level transitions w = Reg,, — Ree,, with a
larger linewidth due to a finite Ime,,. As shown in Fig. 4,
this broadened effect is more evident when transitions
between levels encounter EPs. As x/t increases, these
peaks will be significantly enhanced and accumulate
towards the regions between EPs. Our results agree with
the full exact diagonalization [54] and are consistent with
the Lindblad formalism [40]: (i) the effect of EPs cannot be
observed in the steady state (including equilibrium); (ii) any
manifestation of an EP has a dynamical nature.
Conclusions and outlook—In this Letter, we identified an
effective distribution that captures the quantum many-body
observables of NH fermionic systems in equilibrium. This
distribution, derived microscopically from the biorthogonal
Green’s function, serves as an extension of the Fermi-Dirac
distribution for NH systems. We utilized this formalism in
the context of quantum transport and derived an analytical

(£en F

+04 @ 20 ® !+1
vy 16

3 0 v - 0
A 14 il

-0.2 12

-04 — P Qg -]

FIG. 4. Normalized imaginary part of current susceptibility
I1(¢, w) of NH systems. (a) ImII(¢, w) for the SNS junction,
incorporating negative w to reflect the particle-hole symmetry.
(b) ImIl(¢, w) for the normal mesoscopic ring. Peaks of
ImII(¢, w) correspond to energy level transitions (dashed lines)
and are concentrated between two EPs (black lines). The
parameters are the same as in Fig. 1.

equation for the persistent current flowing in SNS junctions
and normal mesoscopic rings connected to reservoirs.
We demonstrated that there are no anomalies in the
persistent currents near EPs, showing that their amplitudes
are suppressed by thermal fluctuations and many-body
interactions. Our findings have been validated through
exact diagonalization with excellent agreement. We con-
clude that the signatures of EPs are only discernible in a
dynamical quantity—the current susceptibility—rather
than a static observable.

Our formalism extends beyond quantum persistent
current transport and holds promise for broader applica-
tions. It can be adapted to systems such as multi-Josephson
junctions [100-102] and quantum spin chains [103],
potentially unveiling new insights into their topological
and entanglement characteristics. Furthermore, generaliz-
ing this formalism to encompass nonequilibrium scenarios,
such as quantum pumps [104-106], shows great potential.

Note added—Our formalism fully agrees with the
scattering matrix theory [107] and can be applied to
calculating additional thermodynamic quantities [108].
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