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Quantum Anomalous Hall Crystal at Fractional Filling of Moiré Superlattices
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We predict the emergence of a state of matter with intertwined ferromagnetism, charge order, and
topology in fractionally filled moiré superlattice bands. Remarkably, these quantum anomalous Hall
crystals exhibit a quantized integer Hall conductance that is different than expected from the filling and
Chern number of the band. Microscopic calculations show that this phase is robustly favored at half-filling
(v = 1/2) at larger twist angles of the twisted semiconductor bilayer tMoTe,.
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Moiré superlattices provide an exciting venue for real-
izing correlated and topological quantum states due to
strong interaction effect in minibands [1,2]. As a common
manifestation of electron correlation, a variety of symmetry
breaking phenomena have been observed in graphene and
semiconductor moiré materials. These include supercon-
ductivity [3], spin or orbital ferromagnetism [4,5], and
Wigner crystallization [6,7], which spontaneously break
gauge symmetry, flavor symmetry, and lattice translation
symmetry, respectively. Another exciting aspect of moiré
physics lies in topological quantum phenomena, which
are characterized by quantized transport and thermody-
namics responses. These include the quantum Hall effect
arising from graphene Hofstadter band at strong magnetic
field [8,9], and the recently observed quantum spin Hall
effect in semiconductor moiré band at zero field [10,11].

Moiré quantum matter may also exhibit intertwined
symmetry breaking and topological phenomena. One
example is the quantum anomalous Hall (QAH) states
observed in graphene and semiconductor moiré super-
lattices exhibit integer quantized anomalous Hall effect
at zero magnetic field [12—-14]. Even more remarkably, the
fractional quantum anomalous Hall (FQAH) states have
recently been observed for the first time in twisted semi-
conductor bilayer tMoTe, and pentalayer rhombohedral
graphene—boron nitride moiré heterostructure [15-19].
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In twisted semiconductors, the existence of QAH and
FQAH states was theoretically predicted [20-24] as a
consequence of spin ferromagnetism spontaneously break-
ing time reversal symmetry as well as topological moiré
band with spin-contrasting Chern numbers [25]. At frac-
tional band filling, ferromagnetism lifts the spin degen-
eracy, and Coulomb interaction drives spontaneously spin
polarized electrons in Chern band into a fractional Chern
insulator state—the lattice analog of the fractional quantum
Hall state [26—29]. Importantly, ferromagnetism and topo-
logical order both arise from the same electrons in moiré
band, and therefore are strongly intertwined.

In this work, we present a novel type of topological states
intertwined with both time-reversal and translation sym-
metry breaking in moiré superlattices. Specifically, we
uncover the emergence of integer QAH effect in a com-
mensurate charge density wave (CDW) state at fractional
filling of the moiré unit cell. Focusing on twisted semi-
conductor bilayer tMoTe,, by exact diagonalization (ED)
study and many-body Chern number calculation, we find a
novel QAH state with 2 x 2 CDW at half filling (v = 1/2) in
a previously unexplored twist angle range. This state
features a quantized Hall conductance o,, = 1 in units of
e?/ h, which differs from the underlying band Chern number
multiplied by the filling factor (as in FQH states in a Landau
level): 6, # vCpqng- The existence of QAH effectin a CDW
state defines a novel quantum phase of matter that inter-
twines ferromagnetism, charge order, and topology. Such
state was recently termed a QAH crystal [30].

Historically, the possible coexistence of the quantized
Hall effect and charge density wave was theoretically
considered for two-dimensional electrons in a strong mag-
netic field [31-35]. Recent advances on moiré materials
have stimulated interest in QAH crystals. While the original
“Hall crystal” breaks continuous translation symmetry
and therefore exhibits a gapless neutral mode [34,35],
QAH crystals in a moiré lattice setting break discrete
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symmetry and therefore are not expected to have gapless
excitations. Evidence for “symmetry-broken Chern insula-
tors” has been observed in several systems, including magic-
angle graphene aligned with boron nitride and twisted
monolayer-bilayer graphene. While these states are
consistent with broken lattice translation symmetry, their
quantized Hall effect was found at finite magnetic field.
Theoretical studies have also explored the possibility of
(zero-field) QAH crystals in twisted multilayer graphene at
half-integer fillings [36,37] as well as semiconductor moiré
materials at v =2/3 [30,38,39]. Despite significant
progress, the QAH crystal has not yet been experimentally
found in any system, and to our knowledge, the possibility of
QAH crystals at v = 1/2 with o,, # vCy,q has not been
considered before.

Twisted bilayer semiconductors host time-reversed
pairs of topological moiré bands, which feature opposite
Chern numbers in opposite spin or valley sectors: Cy =
—C, =1 [25]. At small twist angle, the lowest hole band
is sufficiently narrow, which favors strong interaction
effect [20]. Previous theoretical studies on fractional-
filling states have focused on € < 4°, where FQAH states
have been experimentally observed [39—46].

As a function of twist angle, the dispersion and wave
function of low-energy moiré bands change considerably. At
small twist angles, the density of states is mostly concen-
trated at MX and XM stacking sites of each moiré unit cell,
which collectively form a honeycomb lattice, thus leading to
an effective Kane-Mele tight binding model description [25].
At larger twist angles, the local density of states is more
uniform, but peaked at the triangular lattice of MM
stacking sites where interlayer tunneling is strongest [40,47].
Moreover, the bandwidth changes nonmonotonously on
the twist angle: it reaches a minimum at a magic angle
and increases away from it [20,48]. The twist-angle-
dependent character of the lowest band’s wave function
and dispersion play an important role in the competition
between crystalline and liquid states at fractional fillings such
asv = 1/3and2/3[40,45]. In the following we shall explore
their consequence at v = 1/2.

Ferromagnetism—Using the ED method, we first study
tMoTe, at the filling of v = 1/2 holes per moiré unit cell.
We consider a finite system with lattice vectors L, L,,
with the number of moiré unit cells N, N, along these two
directions, respectively. We mainly focus on twist angle
6 = 4°, where the lowest hole band is more dispersive and
its Berry curvature is less uniform [40]. These features
motivate us to explore the possibility of new quantum states
beyond those of the lowest Landau level. Since the
numbers of spin-1 and | holes—denoted as N, and
N, respectively—are separately conserved, we perform
ED calculation for all spin configurations (N4, N ) with
hole number N, = Ny + N| = N, where Ny = N| X N,
is the number of unit cells in the system. S, = (N, —
N;)/2 denotes the total spin S,. Our ED calculation is
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FIG. 1. The spin gap A, for N, = 16 system as a function
of the spin flip AS, = S, — S, for twist angles 8 = 4.0° and
4.5° In the inset, we show A, for N, = 16, 20, and 24 with
0=45°at AS, = 1.

carried out within the Hilbert space of the time-reversed
pair of lowest bands.

Using the continuum model Hamiltonian in Ref. [40]
with parameters for rMoTe,, we compare energies of
lowest states in different spin sectors and determine the
ground state spin polarization. The spin gap A, =
Ein(S.) = Enin(S,max) as a function of spin-flip AS, =
S,max — S 1s shown in Fig. 1 for the twist angle range of
our interest, § = 4° — 4.5°, where a clear gap is shown for
all spin sectors for Ny = 16. Furthermore, as show in the
inset of Fig. 1, spin gaps of N, = 16, 20, and 24 site
clusters are robust, and a finite-size scaling with system size
N, shows that the spin gap remains finite for large system
limit. Thus our results demonstrate that under Coulomb
interaction with dielectric constant ¢ = 10, the ground state
at v = 1/2 is fully spin polarized over a wide range of twist
angles, up to at least @ = 4.5°. Since the underlying band
structure is strongly spin dependent due to spin-valley
locking, the system lacks SU(2) spin-rotational symmetry,
thus leading to a finite spin gap in the ferromagnetic ground
state [22,40,44]. In the rest of this work, we perform ED
calculations within the Hilbert space of spin-1 holes in the
lowest Chern band, which allows us to access much larger
system sizes up to 32 sites.

Charge density wave—We explore the evolution of the
ground state and low-lying states of tMoTe, atv = 1/2 with
the twist angle. Consistent with previous studies [42,43], the
ground state is a composite Fermi liquid (CFL) for a wide
range of twist angles. Figure 2 shows the many-body energy
spectra as a function of the momentum k = K| T; + K, T,
with T;, T, as unit vectors of crystal momentum for
6 = 3.5° 4.0°, and 4.5° with N, = 28 cluster and ¢ = 10.
We find a pair of quasidegenerate ground states with center-
of-mass momenta at M, similar to the energy spectrum of the
CFL state in half-filled lowest Landau level at @ = 3.5°. As
the twist angle further increases, however, a level crossing
between CFL ground states and higher-energy states occurs
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FIG. 2. Energy spectra evolution from CFL to candidate Hall
crystal states for (a) 8 = 3.5° (b) 8 =4.0°, (c) 0 =4.5°, with
Ny =28 and (d) = 4.5°, N, = 32 at filling number v = 1/2.

around # = 4.0°, indicating a quantum phase transition into
a new phase at larger twist angle.

At 6 = 4.5° on both N, = 28 and 32 clusters, we find
four nearly degenerate ground states with center-of-mass
momentum at I" and three M points, which are separated by
an energy gap from higher-energy states [Figs. 2(c)-2(d)].
To understand the nature of the ground state, we study its
projected density structure factors

and the pair correlation functions

(n(r)n(r')) = 6(r —r')(n(r))
(N4/A)? '

)

gr.r') =

Here p, = PY ;e ™"P is the projected density fluc-
tuation operator, where P is a projector onto the first
moiré hole miniband. The local density operator is
n(r) =3yl (r)y,(r), where w](r) creates a hole at
position r in layer /. A is the area of the system. We
also take an average over Moiré unit cell so that g(r —r/)
only depends on r —r’.

As shown in Fig. 3, S(g) shows prominent peaks at three
M points and the peak intensity increases with the system
size from Ny = 28 to 32, which indicates the emergence of
CDW order in the thermodynamic limit. To illustrate the
real space order, we show pair correlation function g(r) (see
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FIG. 3. (a), (b) Density structure factors for Ny, = 28 and 32,
respectively; (c) pair correlation function for N; = 32 at filling
number v = 1/2 at twist angle 6 = 4.5°.

Fig. 3), which demonstrates a 2 x 2 CDW consistent with
the three M-point peaks in S(g). Strong peaks in g(r) are
found on 1/4 of MM sites on the moiré superlattice, where
the local density of states of the moiré band is high.
Importantly, the ordered 2 x 2 structure in the pair corre-
lation extends throughout the entire system of N, = 32
sites—the largest size accessible in our ED study, and
similar results are found for Ny = 24 and 28. Notably, even
though the 32 site cluster geometry is not threefold
symmetric as the 28 site cluster is, the pair correlation
function here still shows the 2 x 2 CDW pattern. This
strongly suggests that the CDW state at v = 1/2 has a
bidirectional 2 x 2 ordered structure, rather than a unidi-
rectional 2 x 1 stripe. By performing similar calculations
for various twist angles, we find that for ¢ = 10, the 2 x 2
CDW state at v = 1/2 exists for twist angles in the
range 4.0° <60 < 5.0°

Many-body Chern number—To probe the topological
order of this CDW state, we further calculate the many-
body Chern number as an integral invariant of many-body
wave function over twist boundary condition [27,49]. The

Chern number is defined as
i oy | oy
€= 2ﬂ/d¢ld¢2{<a¢1 a¢2> C'C}’ ®)
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FIG. 4. Left axis: Chern numbers averaged over each member
of nearly degenerate lowest energy states, as well as the first
excited state in the same momentum sector, versus 6 for Ny = 28
system at filling v = 1/2. Right axis: Excitation gap Es—F,
between the fifth and fourth lowest energy levels.

where |y) is the many-body state and the integral is over
the 2z x 2z boundary phase space with twist boundary
phases ¢; and ¢, along lattice vectors L; and L, directions,
playing the role of magnetic fluxes. The twist angles shift
the kinetic momentum of each particle by (¢,/27)T; +
(¢po/27)T,. We discretize the boundary phase space into at
least 12 x 12 square meshes and numerically obtain total
Berry phase summing over each square. We calculate the
consecutive wave function overlaps (w (1. ¢,) |y (@), ¢5))
around each square, which gives the Berry phase [50] from
both the single particle basis states of the moire band and
the many-body contribution. Energy spectrum flow with
inserted flux always shows finite gaps between different
energy levels within the same momentum sector, which
warrants a well-defined Chern number for many-body
states (see Supplemental Material [51] for more details).
For such many-body systems, the boundary phase averaged
Hall conductance can be obtained as 6,, = C [49].

We focus on larger twist angle € and identify the Chern
numbers for two lowest energy states to characterize the
topological nature of the crystal state. As shown in Fig. 4
for a system of N, = 28 sites, we demonstrate an integer
quantization C,, = 1 for a QAH phase with ¢, =1 at
larger € = 4.0° side [51]. To determine the quantum phase
transition between the CFL and the crystal phase, we show
the energy gap Es—FE,, which separates the lowest four
levels from the next excited level. Clearly we find this gap
is identically zero for CFL regime for N, = 28, which
grows monotonically for larger € into the crystal phase,
demonstrates a robust fourfold degenerate ground state and
a robust excitation gap for the latter phase. The transition is
accompanied by Chern number fluctuations around the
twist angle 6, ~ 3.9°-4.0°.

Remarkably, this topological phase transition from a
compressible CFL phase to an incompressible QAH phase

(@) Ns=28

E (meV)

K kK M
FIG. 5. The momentum space occupation number obtained
from ED for Ny, = 28 at @ = 4.5°. (b) The energy band splitting

and Chern numbers in the phenomenological model with weak
potential Vj = 1 meV.

coincides with the symmetry breaking transition, i.e., the
emergence of 2 x 2 CDW order as seen from the structure
factor and pair correlation [51]. We have also found that, for
the QAH crystal phase, both the ground state and the 1st
excited state have the same integer quantized C =1
demonstrating the robustness of the topological quantiza-
tion. Near the phase boundary at = 4.0°, the ground state
already has C = 1 (see additional results for N, = 24-32 in
the Supplemental Material [51]). Combining all these
findings, we conclude that at larger twist angle, the ground
state of tMoTe, at v = 1/2 is a QAH crystal that exhibits
spontaneous ferromagnetism, 2 x 2 CDW order, and quan-
tized anomalous Hall effect 6,, = 1. This state exemplifies
a topological quantum phase possessing multiple sym-
metry-breaking order parameters. We also present numeri-
cal evidence for a QAH crystal with o,, =1 at filling
number v = 3/4 in the Supplemental Material [51].

The existence of a 2x2 CDW at v=1/2 with a
quantized anomalous Hall conductance 6,, = 1 is unex-
pected and seems counterintuitive. For comparison, we
note that CDW states were previously found at v = 1/2 in
semiconductor moiré superlattices with topologically trivial
bands [6,7]. However, those CDW states are generalized
Wigner crystals with 2 x 1 stripe order, which host one
charge per enlarged unit cell. Such Wigner crystals arise
from strong Coulomb interaction between charges in a
triangular lattice and are insulating states with zero Hall
conductivity. Our QAH-crystal state in the half-filled
topological band of tMoTe, is clearly different.

To better understand the origin of the QAH-crystal state,
we calculate its momentum space occupation number 7 (k)
at @ = 4.5°, shown in Fig. 5(a) for N, = 28 site cluster.
Notably, n(k) is highly nonuniform: it is close to 0 near y
(hole band maxima) and close to 1 near «, ' (hole band
mimima). This behavior contrasts with the nearly uniform
momentum distribution previously found in the CFL state
at smaller twist angles [42], but shares more similarity with
n(k) of the noninteracting metal at v = 1/2. This motivates
us to introduce a phenomenological “mean-field” descrip-
tion for the 2 x 2 CDW state. Our mean-field Hamiltonian
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consists of the noninteracting continuum model of ftMoTe,
that describes the kinetic energy of holes, as well as an
effective potential with 2 x 2 periodicity that represents the
CDW order parameter: V., (r) = =2V, >3 cos(M; - r),
where M, are the three M points. Because of the enlarged
real-space periodicity, the original hole band folds onto four
minibands. We find that a small V|, is sufficient to induce
CDW gaps, resulting an insulating ground state at v = 1/2.
The CDW-reconstructed band structure is shown in Fig. 5(b).
Moreover, we find that the lowest four minibands of holes
carry Chern numbers C =1, C =0, C = —1, and C = 1,
respectively. At half filling v = 1/2, corresponding to
completely filling the lowest two minibands, our system
with 2 x 2 CDW order has a ground-state Chern number
C = 1, and therefore is a QAH crystal with 6,, = 1.

To summarize, our main finding is a QAH-crystal phase
at v = 1/2 in fMoTe, at larger twist angles than hitertho
studied. This state is interesting for a number of reasons.
First, it exhibits a quantized Hall conductance that is
unexpected from the filling factor [52]: o, # vCpynas
unlike all observed QAH states. Second, it exhibits a 2 X
2 bidirectional CDW order rather than the 2 x 1 stripe order
observed or proposed in other moiré materials [6,7,53].
Third, as a function of twist angle, there appears to be a
direct transition between CFL and QAH crystal (although
the possibility of a narrow intermediate phase cannot be
excluded).

Our work raises new questions for future investigation.
While our study is focused on tMoTe, at zero displace-
ment field, it will be interesting to explore the possibility
of inducing crystal and QAH-crystal states by applying a
displacement field. The nature of the CFL to QAH-crystal
phase transition calls for theoretical understanding. Last
but not the least, other physical realizations of QAH and
FQAH crystals in moiré superlattices [30,54-56], as well
as the theoretical possibility of QAH crystals without
lattice effect [57,58], remain to be explored.
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