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The flow rate of a granulate out of a cylindrical container is studied as a function of particle shape for flat
and elongated ellipsoids experimentally and numerically. We find a nonmonotonic dependence of the flow
rate on the grain aspect ratio a=b. Starting from spheres the flow rate grows and has two maxima around the
aspect ratios of a=b ≈ 0.6 (lentil-like ellipsoids) and a=b ≈ 1.5 (ricelike ellipsoids) reaching a flow rate
increase of about 15% for lentils compared to spheres. For even more anisometric shapes (a=b ¼ 0.25 and
a=b ¼ 4) the flow rate drops. Our results reveal two contributing factors to the nonmonotonic nature of the
flow rate: both the packing fraction and the particle velocity through the orifice are nonmonotonic functions
of the grain shape. Thus, particles with slightly nonspherical shapes not only form a better packing in the
silo but also move faster through the orifice than spheres. We also show that the resistance of the granulate
against shearing increases with aspect ratio for both elongated and flat particles; thus change in the effective
friction of the granulate due to changing particle shape does not coincide with the trend in the flow rate.
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Flow of a granular material out of a container is a
common process in everyday life, agriculture, and indus-
trial operations. Typically, a granulate discharges through
the orifice with a constant flow rate, independent of the
filling height [1,2]. This feature was used when the
hourglass was constructed as a time measuring device long
ago, and it is very useful as the required flow rate can be
easily set by simply choosing the appropriate orifice size.
The flow rate changes with increasing orifice size as a
power law function (Beverloo law [2–7]) and also depends
on the internal friction of the granular material, which is
changing with the surface roughness as well as the shape of
the grains. Naturally, increasing particle roughness neg-
atively impacts the flow rate, but it is much less obvious
how it should change with grain shape. On one end of the
spectrum, very irregular grains can get entangled during the
discharge and flow less easily, but what should we expect
from shapes that deviate only slightly from a sphere:
ellipsoids with ricelike or lentil-like shapes?
Elongated or flat particles are observed to develop

orientational ordering in a shear flow, with their smallest
cross section facing almost in the flow direction [8–12].
The average orientation angle decreases with increasing
grain anisometry, and, e.g., is around 10° for a ricelike
ellipsoid with elongation a=b ¼ 3. Naively, this would then
suggest easier flow and thus faster flow rate through a
constriction for simple elongated or flat ellipsoids than for
spherical particles. However, taking a closer look at the
dynamics of such particles in a shear flow, we observe that

they perform irregular rotation as dictated by the shear
stress related to the interaction with their neighbors. On
average, they rotate slower when they are nearly parallel
to the flow direction and rotate faster when they are
perpendicular to it [9]. So during their rotation, they spend
most of the time nearly parallel to the flow, which leads to
the above-described average orientation. But as they rotate,
neighboring particles actually get into conflict and hinder
each other’s motion. This leads to a nontrivial rheology for
such types of granular materials.
Previous studies focusing on the fundamental question of

the effect of the grain shape on the rheology of a granular
material or discharge rate from a silo are mostly numerical.
This is because discrete element model (DEM) simulations
offer a straightforward way to systematically change the
particle shape without changing the other parameters
(microscopic surface friction, etc.). As for the rheology,
recent DEM studies show that for frictional particles the
effective friction μeff of the system is increasing with grain
anisometry. This was found for spherocylinders in quasi-
static shear flow for interparticle friction μp > 0.4 [13], or
in more dynamic inclined plane flows for μp ≥ 0.5 [14].
Similar observations were made in a simplified two-
dimensional (2D) system [15]. Interestingly, for systems
with lower interparticle friction (μp < 0.4) a nonmonotonic
tendency was found: starting from a spherical shape μeff
first increases and then decreases with a=b. Focusing
on previous DEM results on the discharge of a 3D silo
with frictional grains one finds contradictory observations.
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On one hand, Liu et al. found a reduced discharge rate for
both elongated and flat ellipsoids compared to the case of
spheres [16]; on the other hand, Li et al. reported a larger
flow rate for round disks than for spheres [17]. In a recent
work by Hesse et al. decreased and increased flow rate was
found for elongated and flat ellipsoids compared to spheres,
respectively [18]. Finally, for frictionless grains Langston
et al. reported the same flow rate for spherocylinders
and spheres [19].
To our best knowledge, so far no systematic experimen-

tal tests have been performed to measure how the discharge
rate changes with particle shape when all other parameters
(surface roughness, density, hardness, etc.) are identical.
For rodlike shapes, a flow rate decrease was detected with
increasing aspect ratio comparing two samples of glass rods
with two samples of plastic rods [20].
In this Letter, we investigate experimentally the effect

of particle shape on the flow rate of a granulate out of a
container. We use custom-made particles which differ only
in shape, while their volume and all other parameters are
identical. We also test the resistance of our samples against
quasistatic shearing. Our experiments are complemented
with discrete element modelling (DEM).
In the experiments, we used nine different samples of

polyoxymethylene rotational ellipsoids (produced by injec-
tion molding by Yuyao Strong Co., China [21]). Each
sample contained 50 000 identical particles; see Fig. 1(a)
for photographs of the particles and their characteristic
dimensions. The flow rate experiments were performed

using an acrylic cylinder with an inner diameter of either
Dc ¼ 172 mm or 144 mm and a length of 800 mm with
an orifice at the bottom with adjustable diameter D [see
Fig. 1(b)]. The granulate was filled into the cylinder
manually, and after opening the orifice, we recorded the
flow rate by measuring the weight of the discharged mass
with a load cell. In a complementary experiment, we
measured the resistance of the granulate against shearing
in a cylindrical split-bottom shear cell [see Fig. 1(c)].
Here, the middle part of the sample was rotated with a
rotating plate under it and thereby stationary shear was
applied in the shear zone [see red region in Fig. 1(c)]
between the moving and standing regions. The applied
torque was measured during stationary shearing.
The DEM implementation handles nonspherical par-

ticles and their contact interaction using the superquadric
equation [22]. In particular, we employed a self-written
GPU-NVIDIA implementation as a parallelization procedure
[23] based on [24,25], which allowed the examination of
system sizes comparable with the experiments. A super-
quadric is defined by the length of its half axes a, b, c, and
the blockiness parameters n1 and n2. To mimic the experi-
ments, the parameters n1 ¼ n2 ¼ 2 were set, representing
ellipsoids. Moreover, the values of a, b≡ c were the same
as those of the experimental particles. Complementarily,
additional simulations were also done with triaxial ellip-
soids (a ≠ b ≠ c) to check the generality of the results [26].
In all the cases, the system is composed of N ¼ 50 000
monodisperse superquadrics, of the same equivalent diam-
eter d�. Polyoxymethylene has relatively low surface
friction; therefore in the simulations presented here we
use an interparticle friction coefficient of μ ¼ 0.3 [27].
After defining the particle-particle and particle-wall contact
forces, the DEM computes the movement of each particle;
see more details in Supplemental Material [26]. For the
computation of the density, velocity, and stress macro-
scopic fields, we have taken advantage of a useful coarse-
graining technique, described in [28–31].
The evolution of the normalized flow rate obtained in

both experiments and simulations is presented as a function
of the mass in the cylinder during the discharge process in
Fig. 2. The mass in the cylinder is normalized by the mass
corresponding to the filling height of Dc. The datasets
are normalized by the average flow rate of beads.
The average flow rate is calculated using data in the
middle of the discharge process, i.e., in the range of
1.4 < m=mDc

< 2.8. Similar plots were obtained in the
smaller silo (Dc ¼ 144 mm). We mention that for a narrow
cylinder, a surge is observed at the end of the discharge
process for a certain range of the orifice diameter [32].
For most of our current measurements, there was no surge;
for those where a surge occurs, we average the flow rate
before the surge.
We summarize our findings by plotting the average

flow rate as a function of the particle aspect ratio in

FIG. 1. (a) Photographs and dimensions of the particles. All
particles are rotational ellipsoids; they have the same volume,
equivalent to the volume of a sphere with the diameter
d� ¼ 7 mm. (b),(c) Schematic diagrams of the experimental
setups: silo and cylindrical split-bottom shear cell.
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Figs. 3(a) and 3(d). Starting from the spherical shape and
going toward lentil-like shapes we first find a clear increase
of the flow rate having a maximum around the aspect ratio
of a=b ≈ 0.6 and then a strong decrease for the grains with

a=b ¼ 0.25. When we go in the direction of elongated
grains, around the aspect ratio of about a=b ≈ 1.5 we again
find a peak, but this is smaller than for the case of lentils,
and the effect is more pronounced for the DEM data than in

FIG. 2. Normalized flow rate as a function of the mass in the cylinder for all nine ellipsoidal samples during the discharge process. The
average flow rate for beads is calculated in the range of 1.4 < m=mDc

< 2.8. Top row: experimental data obtained in the cylinder with
Dc ¼ 172 mm with orifice sizes of D ¼ 40, 52, and 64 mm. Each curve corresponds to the average of five measurements. Bottom row:
numerical results for the same setting. The curves correspond to a single run except for the cases of a=b ¼ 0.25 and a=b ¼ 4.0 for which
four runs are averaged.

FIG. 3. Experimental results: (a) average flow rate, (b) static packing fraction, and (c) shear torque and tangent of the angle of repose as
a function of particle aspect ratio. All quantities normalized by the value obtained for beads. The average flow rate was obtained by
averaging the data in the range of 1.4 < m=mDc

< 2.8. Numerical results: (d) average flow rate, (e) packing fraction, and (f) velocity as a
function of aspect ratio.
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experiments [compare Figs. 3(a) and 3(d)]. Above the
aspect ratio of a=b ¼ 2 the flow rate clearly decreases. In
Fig. 3(a) we also included a curve obtained in experiments
with denser initial packing, which shows the same trend
as the other curves. A recent work has highlighted the
importance of the shape of the orifice rim on the flow
rate [33]; thus we performed further experiments with a
conical orifice that also show the same trend. Details about
the measurements with denser initial packing and a conical
orifice can be found in the Supplemental Material [26].
We also mention that the above results are consistent
with other experimental observations in a conical hopper,
where the discharge rate is found to be larger for lentil-like
grains (a=b ¼ 0.6) and slightly lower for ricelike grains
(a=b ¼ 3) compared to spheres [34].
In order to explore the nonmonotonic nature of the

flow rate curves [Figs. 3(a) and 3(d)], we first investigate
whether this can be rather related to variations in packing
fraction or grain velocities through the orifice.
In the experiments, we can measure the bulk packing

fraction of the initial state of each sample by measuring the
weight of the sample in dry state and then submerged in
water. As we see in Fig. 3(b) the initial packing in the
cylinder slightly depends on the grain shape with a non-
monotonic dependence for both lentil-like and ricelike
shapes. The densest packings correspond to aspect ratios
a=b ¼ 0.5 and a=b ¼ 2, and are about 6% denser than the
packing of spheres. A very similar dataset (not shown
here) is obtained from our DEM simulations. All this is
consistent with the results of earlier numerical calcula-
tions predicting similar shape dependence for the random
close packed density [35] and poured density [36] for
both elongated and flat ellipsoids. Altogether, for the case
of lentils the modulation of the initial bulk packing
fraction with shape is small compared to the changes
in flow rate, so it does not fully explain the flow rate
behavior [Figs. 3(a) and 3(d)].
In the numerical simulations, we can quantify the

packing fraction as well as the velocity of the grains in
the orifice region [see Figs. 3(e) and 3(f)]. As we see, they
both show nonmonotonic shape dependence, and for the
friction coefficient used here (μ ¼ 0.3) they give approx-
imately an equal contribution to form the trend observed in
the flow rate. We mention that for μ ¼ 0.5 the contribution
of grain velocity becomes stronger (see Supplemental
Material). Analyzing the data of the packing fraction first
[Fig. 3(e)], we find that dividing the normalized packing
fraction in the orifice region by the normalized bulk
packing fraction the resulting curve becomes nearly shape
independent in the range of 0.5 ≤ a=b ≤ 2. This means,
that the flow does not significantly impact the packing in
the orifice region for slightly elongated or flat ellipsoids, so
the two peaks on the packing fraction curves basically
come from the peaks in the bulk packing fraction. Focusing
on the nonmonotonic trend of the particle velocity, we plot

the average acceleration above the orifice as a function of
the distance from the orifice in Fig. 4. Far from the orifice,
the velocity and acceleration of all types of grains are
negligible. Interestingly, grains with nonspherical shape
start accelerating from a higher position than the spheres,
but as they get close to the orifice their acceleration
becomes slightly smaller (compared to the case of spheres).
Recovering the analysis done in [6], the vertical acceler-
ation profile reads as aeffðzÞ ¼ dvz=dt ¼ vzdvz=dz. Thus,
a test particle coming downward in the center, far from the
orifice, will gain vexit vertical velocity arriving at the orifice
level, based on the integral Δ ¼ R

∞
0 aeffðzÞdz ¼ v2exit=2.

The inset of Fig. 4 illustrates Δ as a function of particle
aspect ratio a=b. Remarkably, it resembles the nonmono-
tonic dependence of the vertical velocity appearing in
Fig. 3(f). Additionally, we also looked into the details of
particle orientations in the orifice region. The analysis
indicates that the nonsphericity significantly impacts the
particle orientation and ordering with respect to flow (for
details, see the Supplemental Material [26]). Interestingly,
we find that for lentils and for short rice grains the flow
rate and apparent particle size anticorrelate, i.e., particles
with a smaller cross section toward the orifice display a
higher flow rate.
Finally, coming back to the experimental data, we

analyze how the resistance of the material against shearing
is changing with grain shape, and whether this correlates
with the flow rate behavior. We quantify this by measuring
the shear torque needed for a stationary quasistatic rotation
of the sample in the split-bottom shear cell. The normalized
shear torque is presented as a function of the aspect ratio
in Fig. 3(c). The data were obtained using samples with
the volume of 7 l corresponding to a filling height of
H ≈ 3.5 cm. The data were normalized first by the weight
of the sample and then by the normalized shear torque

FIG. 4. Average acceleration of grains in the cylindrical region of
diameterD above the orifice normalized by gravity as a function of
the normalized distance z=D from the orifice. The inset shows
Δ ¼ v2exit=2 at the orifice as a function of the aspect ratio.
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obtained for beads. As we see both elongated and flat
shapes are characterized by an increased shear resistance
compared to the case of spheres. The increase in the shear
torque reaches about 50% for both ricelike and lentil-like
ellipsoids, with aspect ratios of a=b ¼ 2 and 0.5, respec-
tively. The increasing tendency is in accordance with our
previous numerical findings on elongated shapes in simple
shear [13] and inclined plane flow [14], as well as with the
tangent of the angle of repose (tan θr), which is also
presented in Fig. 3(c). The data for tan θr were obtained
in a quasi-two-dimensional cell [26,37] as an other measure
to characterize the frictional property of the granulate. We
emphasize that the data in Fig. 3(c) evidences larger bulk
friction for both elongated and flat grains compared to the
case of spherical particles, which would suggest smaller
flow rate through a constriction for such particles. This is
not in line with our observations on the flow rate, as
described above. Thus, the trend in the flow rate can not be
explained by the shape dependence of the shear resistance
and that of the angle of repose.
In summary, we find a surprising nonmonotonic behavior

of the silo flow rate as a function of grain shape for rotational
and triaxial ellipsoids. Slightly nonspherical particles dis-
charge faster than spheres, the effect is stronger for lentil-like
shapes than for ricelike shapes. Analyzing the packing
fraction and grain velocity in the orifice region, we find
that they both contribute to the nonmonotonic tendency of
the flow rate. The contribution of the packing fraction mainly
originates from the nonmonotonic shape dependence of the
bulk packing fraction, while the contribution of grain
velocity is related to two factors: (i) the height above the
orifice line at which grains start accelerating (this is larger for
nonspherical grains than for spheres), and (ii) the rate at
which they speed up, which certainly depends on the
dissipation in the region right above the orifice. The
optimum of these two effects is found for the slightly flat
lentil-like shapes, which produce the largest discharge rate in
the silo. Finally, the resistance of the granulate against
shearing considerably increases for both lentil-like and
ricelike particles (compared to spheres); thus its trend does
not coincide with the trend of the flow rate.
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