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Robust and Deterministic Preparation of Bosonic Logical States in a Trapped Ion
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Encoding logical qubits in bosonic modes provides a potentially hardware-efficient implementation of
fault-tolerant quantum information processing. Here, we demonstrate high-fidelity and deterministic
preparation of highly nonclassical bosonic states in the mechanical motion of a trapped ion. Our approach

implements error-suppressing pulses through optimized dynamical modulation of laser-driven spin-motion
interactions to generate the target state in a single step. We demonstrate logical fidelities for the Gottesman-
Kitaev-Preskill state as high as F = 0.940(8), a distance-3 binomial state with an average fidelity of
F =0.807(7), and a 12.91(5) dB squeezed vacuum state.
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Fault-tolerant quantum error correction (QEC) for quan-
tum information processing necessitates the implementa-
tion of redundant encoding within a sufficiently large
Hilbert space to yield protection against local hardware
errors [1]. At present, the predominant strategy focuses on
encoding a logical qubit with multiple discrete-variable
physical qubits manipulated with ultralow operational
errors [2,3]. This approach is resource intensive, and,
despite many impressive demonstrations [4-9], the viability
of using QEC in this way to deliver net improvements in
hardware error rates remains challenging. Many analyses
indicate that a large ratio of physical-to-logical qubits is
necessary for fault-tolerant operation in target algorithms,
posing a substantial resource penalty and far outstripping
device sizes available in the near future [10]. An alternative
approach involves encoding logical qubits within continu-
ous-variable systems [11,12]. In particular, the infinite-
dimensional Hilbert space spanned by the bosonic mode of
a harmonic oscillator offers a highly symmetrical physical
system that lends itself to logical encodings including
Gottesman-Kitaev-Preskill (GKP) [13], binomial [14],
and cat [15] codes. This approach demands fewer individ-
ual physical devices at the cost of increased complexity in
preparing and controlling the logical code words.

Several experimental works have successfully created
different classes of bosonic logical states [16-21], imple-
mented logical gate sets [22], and demonstrated QEC
protocols [23-29]. However, preparing high-quality bosonic
codes for use in QEC remains a significant challenge. For
instance, attaining fault tolerance by concatenating the GKP
code with discrete-variable error-correcting codes requires a
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squeezing parameter currently estimated at approximately
10 dB [30,31], a threshold yet to be experimentally reached.
Additionally, only the lowest-order binomial code words
(distance-2) have been experimentally realized so far, while a
minimum distance of 3 is necessary to correct all types of
bosonic errors [14].

In this work, we experimentally demonstrate high-fidelity
deterministic preparation of a variety of bosonic states by
integrating concepts of error suppression via robust control
into the protocol for QEC encoding. Code word generation
is achieved in a single step using optimized time-domain
modulation of the control fields used to manipulate the qubit
and motional modes of a trapped ion. The control pulses,
obtained from a numerical optimizer, are designed to exhibit
robustness against motional dephasing [32]. We demon-
strate the versatility of our approach by creating several
classes of bosonic states: a highly squeezed 12.91(5) dB
state; square and hexagonal GKP states with a logical
fidelity and squeezing as high as 0.940(8) and 7.5(2) dB,
respectively; and the first realization of a distance-3 bino-
mial logical state that can simultaneously protect against
universal (correctable) bosonic errors. Finally, we demon-
strate the robustness of our protocol to systematic imper-
fections by demonstrating up to 4.8x lower error than
nonrobust solutions in the presence of quasistatic
motional-frequency offsets.

State-preparation is implemented by laser-induced spin-
boson interactions for a single trapped ion described by the
effective Hamiltonian

Q,(1)

5+ 50t (1)
> 6" ae +

‘QbT(l)a.JraTei!ﬁh(t) + H.c., (1)

where 6 = |1)(] | is the raising operator of the qubit and a
(a") is the annihilation (creation) operator of the oscillator.
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The two terms in the Hamiltonian are referred to as the red-
(RSB) and blue-sideband (BSB) interactions [33] with their
respective time-dependent Rabi rates, Q, (), and phases,
¢, ,(t). This Hamiltonian provides sufficient control to
produce the bosonic states considered in this work, where
the required nonlinearities for these states are generated
from noncommuting terms in the Hamiltonian at different
times [34]. Furthermore, universal control of the qubit-
oscillator system may be obtained through the addition
of a carrier interaction H,(r) = Q.(t)6" <) /2 + H.c.
[19,43], but is not necessary to prepare the states consid-
ered in this Letter.

We numerically design the time-dependent controls of
H (1) such that a target bosonic state is created via the time

evolution operator e~ S A0 iy {Q, (1), ¢,,(1)} as
optimizable control parameters. Optimized control pulses
are obtained through a gradient-based constrained optimi-
zation using Q-CTRL’s Boulder Opal package [32,44].
Constraints are included on candidate control pulses to
improve experimental implementation: first, the Rabi
rates of the RSB and BSB interactions are kept constant
throughout the evolution [Q,(¢) = Q,(¢) = 2z x 2 kHz] to
avoid unwanted time-varying Stark shifts; second, slew-
rate and filtering constraints are added to the optimized
waveform phases to comply with hardware limitations. We
define the cost function to maximize pulse fidelity for a
target state-preparation task in the presence of motional
dephasing (the dominant source of noise in our system)
while also minimizing total pulse durations [34].

Our experiment is performed with a single '”'Yb* ion
confined in a macroscopic Paul trap, with radial frequencies
{o, 0y} =27 x {1.33,1.51} MHz. The bosonic states
are encoded in the radial-x mode, while the ancillary qubit
is made up of the two magnetically insensitive hyperfine
levels of the 2S; /, ground state with |}) = |[F = 0, mp = 0)
and |1) = |F = 1,mp = 0). Coherent spin-motion inter-
actions are enacted by a 355 nm pulsed laser through
stimulated Raman transitions. Phase modulation of the
RSB and BSB interactions is implemented by adjusting a
radio-frequency (rf) signal that drives an acousto-optic-
modulator in the path of the Raman beam (see Refs. [45,46]
for more details on the experimental system).

The experimental pulse sequence used in state-prepa-
ration is shown in Fig. 1; after initializing the qubit and
bosonic mode to their ground state, ||) ® |0), we apply the
Hamiltonian of Eq. (1) with the numerically optimized
pulses to prepare the target state ||) ® |w). This is
followed by a state reconstruction protocol that aims to
retrieve the density matrix of the experimentally generated
state. To this end, we measure the characteristic function

x(B) = (D(p)), (2)

where D(f) = #*'~F'@ s the displacement operator and
peC is a point in phase space.
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FIG. 1. State preparation of nonclassical bosonic states in an
ion trap. (a) Two orthogonal Raman beams couple the spin and
motion of a trapped ion, inducing spin-dependent forces. (b) Ex-
perimental pulse sequence: (i) the bosonic mode and qubit are
initialized to their ground state; the control pulse evolves the
system to the target bosonic state under H(r) [Eq. (1)].
(ii) Reconstruction of characteristic function, y(f3), by applying
a displacement, D(4/3/2), conditioned on the qubit state in the &,
basis. Readout of the ancilla qubit in the &, basis measures
Re[y(B)]. (c) Target bosonic states are prepared by modulating
¢, (1) of the bichromatic fields. Insets show the time evolution of

the Wigner function for the (|0) + v/3|6))/2 binomial state.

The characteristic function is sampled using the protocol
outlined in [47]. We apply a state-dependent force (SDF)
DIp(1)6,/2], where f(1)/2 = Qte™"¢=®)/2/2 which
maps information from the bosonic mode onto the qubit
for readout. The SDF is implemented by simultaneously
applying the RSB and BSB interactions with Q, = Q, = Q.
The real part of the characteristic function, Rely(f)], is
determined through projective readout of the internal qubit
state of the ion (the imaginary part of the characteristic
function can be obtained by applying a qubit rotation prior to
the SDF). We only perform measurements in the positive
quadrant of phase space. For the states considered in this
work, the remaining quadrants are obtained in postprocess-
ing by the symmetry of y (/) with respect to both phase space
axes. Furthermore, we only reconstruct Rely(f)] as the
imaginary part vanishes under this same symmetry.

We experimentally generate several bosonic states to
demonstrate the versatility of our protocol. Each state is
prepared by implementing a targeted control solution
obtained from the numerical optimizer with results
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TABLE 1. Fidelities, squeezings, and durations of experimen-
tally prepared bosonic states. The state-preparation fidelities,
defined as F = (y,|pexplw:), are calculated from the recon-
structed density matrices pey, Of the data in Figs. 2 and 3. We
also report the logical fidelities of the GKP states, denoted by the
subscript L. Uncertainties correspond to the 1-sigma deviation
obtained from bootstrapping.

State Fidelity Squeezing (dB) Time (ps)
8(r = 1.55)|0) 0.7534)  12.91(5) 1057
GKPS_ 547 0.90(1); , 0.60(1) 5.5(2), 6.3(2) 1301
GKPS_ 301 0.940(8), , 0.83(1) 7.5(2), 7.5(2) 933
GKPR_ 30, 0.91(1),, 0.77(3) 6.5(3), 6.3(4) 978
(10) +14))/v2 0.889(9) 514
(10) +v3[6))/2 0.843(9) 688
(V/3[3) + |9))/2 0.77(1) 780

summarized in Table [. The density matrix, peyp, is retrieved
from the experimentally measured characteristic function
using a convex optimization procedure [34,48]. State-
preparation fidelity is then computed as F = (y/,[Dexp|¥:)>
where |y,) is the target state. For GKP states, we also report
the logical fidelity that quantifies the amount of logical
information contained in the state [49]. We bootstrap these
measurements to determine the associated uncertainties [50].

We first prepare a squeezed state S(r)|0), where S(r) =
exp[s (r*a* — ra'?)], with a target squeezing parameter of
r = 1.55. The reconstructed characteristic function is

S(r)|0) GKP:=0.247|0>L
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shown in Fig. 2(a), which we fit to theory [47] and find
a squeezing parameter r = 1.487(5) [12.91(5) dB]. We
detail squeezing estimations using multiple analysis meth-
ods in the Supplemental Material [34]. We determine a
fidelity of 0.753(4), where the accuracy is limited by
motional dephasing during reconstruction.

We next prepare approximate GKP code words (see the
Supplemental Material [34] for a detailed description). The
exact GKP codespace is defined as the mutual 41 eigen-
space of the stabilizer displacement operators Sy = @(Za)
and S, = D(2p), for pa* — f*a = iz and a,fC. This
definition admits unphysical GKP code words whose
Wigner functions are two-dimensional grids of delta
functions with infinite extent. GKP states can be made
physical by applying a Gaussian envelope characterized by
the parameter A € [0, 1], where the exact code words are
recovered in the limit A — 0 [13].

We prepare the |0); logical states of a square and a
hexagonal GKP code with target squeezings of 10.43 dB
(A =0.301), and an additional square GKP code with
12.15 dB (A = 0.247) [see Figs. 2(c)-2(h)]. The prepara-
tion of |1) states is not shown experimentally; however,
our pulse optimization scheme produces similar results in
fidelity and duration. The state-preparation fidelity, F, and
logical fidelity, F [34], are reported in Table I.

The achieved squeezings of the GKP states are
calculated from pe,, with (Sy) and (8,), as defined
in Ref. [51] (see Table I). Alternatively, using the

GKP:=0.301|O>L GKP2=0.301|0)L
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FIG. 2. Experimentally reconstructed characteristic functions of squeezed and GKP states. (a),(b) Squeezed state with a target
squeezing parameter r = 1.55 created with only coherent first-order sideband interactions. (c)—(f) Approximate square GKP states with
target envelope parameters of A = 0.247 and A = 0.301, respectively. (g),(h) Approximate hexagonal GKP state with target A = 0.301.
The theoretical characteristic functions of each GKP state are plotted below each subfigure. The phase space coordinates are normalized

with = f3/\/2z for the square and 3 = //+/3x for the hexagonal GKP plots. The achieved fidelities, squeezing levels, and pulse
durations are summarized in Table I. The theoretical decoherence-free fidelities are F, > 0.99 for the squeezed state and Fy, > 0.975
for the GKP states. We attribute the circular smearing in (c) and (e) to motional mode dephasing.
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analysis method of Ref. [19] results in squeezings
of  {GKP}_g247. GKPL_g 301 GKPY_ 30} = {10.4(1),
9.47(8),9.1(1)} dB, which are considerably higher than
the values calculated above. The discrepancy in the results
obtained by the two methods motivates a more compre-
hensive characterization method for GKP states (a dis-
cussion on these methods is included in the Supplemental
Material [34]).

We also prepare binomial code words, which encode
logical qubits in finite superpositions of Fock states [14]
(see the Supplemental Material [34] for a detailed descrip-
tion). Binomial codes can exactly correct for errors that are
polynomial in creation and annihilation operators [52]. We
first create the state |+Zg_; )i, = (1/v/2)(|0) + |4)) [see
Figs. 3(a)-3(c)], which can protect against linear errors in & or
a'. We then create distance-3 binomial states, |+Zg_s)pin =
5(10) +v36)) and |=Zs_s)py =5 (V3]3) +19)) [see
Figs. 3(d)-3(i)], which protect against errors quadratic in a
or @' [14]. The achieved fidelities are reported in Table I. To
the best of our knowledge, this work appears to be the first
experimental preparation of distance-3 binomial code words.

Finally, we examine the impact of incorporating robust-
ness against motional dephasing by comparing robust and
nonrobust optimized state-preparation protocols. Here, we
remove duration constraints in the optimization for both
pulses, and the nonrobust pulse is optimized without a’a
Hamiltonian terms [34]. Experimentally, we compare both
protocols for binomial state |+Zg_;)y;, preparation (see
Fig. 4) and measure a pseudofidelity

F= %Z}(axp(ﬂi)}(lh(ﬁi)’ 3)

which computes the overlap of experimental and theoretical
characteristic functions [53]. Here, N = 1/ 3", yu(B;)? is a
normalization factor. This strategy provides a qualitative
comparison with fewer measurements. We quantify the
robustness in the presence of applied quasistatic da’a
offsets, which can be associated with miscalibrations of
the motional frequency. Figure 4 illustrates that the fidelity
of the state generated using a robust pulse remains stable
despite errors up to §/Q = +0.1, while errors accumulate
rapidly for the nonrobust pulse as |§| increases from zero.
Furthermore, the robust pulse achieves up to 4.8x lower
error for §/Q = —0.1. Measurements for both cases align
well with theoretical predictions when incorporating state-
preparation and measurement (SPAM) errors.

The main error mechanisms affecting achieved fidelities
and squeezing parameters are thermal noise and motional
dephasing [34]. Thermal noise results from imperfect
cooling, with typically achieved average phonon occupan-
cies of 7 = 0.05-0.1. Motional dephasing noise arises from
noise in the ion trap’s rf resonator and its electronic circuit.
Numerical simulations suggest that dephasing also leads to
significant infidelities during the reconstruction protocol,
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FIG. 3. Reconstructed characteristic function of bino-

mial code words. Experimental and theoretical characte-
ristic  functions of (b),(c) [+Zs_i)pm = (1/v/2)(|0) + |4)),
©.(0) [+Zs—2)pin = 3(|0) + V316)), and (h).()) |—-Zs_o)pin =
L(V3]3) +9)). (a).(d).(2) Theoretical (unshaded, black) and
experimental (shaded, red) Fock number occupation probabil-
ities, calculated from p,,. Preparation of |-Zg_,)y;, begins with
the ancilla qubit in the |1) state. The theoretical decoherence-free
fidelities for each state are F, > 0.9999.

potentially dominating the results reported in Table I.
Approximately 3%-7% of the measured characteristic
function error also results from residual spin-motion
entanglement, causing Re[y(0)] # 1 after the pulse. This
can be mitigated by a midcircuit measurement before the
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FIG. 4. Robustness against errors in motional frequency in
preparing a binomial state. Experimental offsets are engineered in
software by adding symmetric frequency shifts to the red- and
blue-sideband fields. Pseudofidelity measurements indicate that
the robust pulse (blue, T = 1073 ps) is less sensitive to noise
than the nonrobust pulse (black, T = 759 ps). The inset shows
the top right quadrant of the (|0) 4 [4))/v/2 binomial state’s
characteristic function, and black markers indicate the 5 x5
points that were sampled to measure F [Eq. (3)]. The dashed
theory line is obtained from numerical simulations. The solid
theory line includes a scaling correction to account for infidelities
during preparation and reconstruction to indicate the qualitative
agreements between SPAM-adjusted theoretical results and ex-
periment. The gray shaded region depicts the SPAM error floor,
which we define by the fidelity of the robust pulse at § = 0. The y
error bars indicate the uncertainty from quantum projection noise
(500 repetitions). The x error bars are the uncertainty of the
applied frequency offset due to drifts of the motional mode.

reconstruction pulse; we have opted against this due to
substantial motional dephasing-induced errors during
measurement.

In summary, we have demonstrated a deterministic
protocol for generating a wide range of high-fidelity
bosonic states relevant to QEC using numerically opti-
mized and error-robust pulses. Our scheme only requires
phase modulation of first-order red- and blue-sideband
transitions, compatible with conventional experimental
techniques. This approach surpasses gate-based methods
[26,54] as pulse-level optimization enables higher theo-
retical fidelities for a given duration [34].

The protocol’s versatility, robustness to dephasing, and
the quality of the states demonstrated in this work suggest
that this method is promising for bosonic QEC. Our
achieved squeezed state only uses first-order sideband
interactions and offers an alternative to previous trapped-
ion demonstrations [55-57]. Furthermore, the distance-3
binomial code words created by our protocol demonstrate
the experimental feasibility of implementing logical codes

that can simultaneously protect against boson loss, gain,
and dephasing events [14]. Our GKP states show high
logical fidelities and squeezings and may also be useful for
quantum sensing of displacements [51], opening new
opportunities in precision measurement.
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