PHYSICAL REVIEW LETTERS 133, 050202 (2024)

Editors' Suggestion Featured in Physics

Maximally Entangled Mixed States for a Fixed Spectrum Do Not Always Exist
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Entanglement is a resource under local operations assisted by classical communication (LOCC). Given a
set of states S, if there is one state in S that can be transformed by LOCC into all other states in S, then this
state is maximally entangled in S. It is a well-known result that the d-dimensional Bell state is the
maximally entangled state in the set of all bipartite states of local dimension d. Since in practical
applications noise renders every state mixed, it is interesting to study whether sets of mixed states of
relevance enable the notion of a maximally entangled state. A natural choice is the set of all states with the
same spectrum. In fact, for any given spectrum distribution on two-qubit states, previous work has shown
that several entanglement measures are all maximized by one particular state in this set. This has led us to
consider the possibility that this family of states could be the maximally entangled states in the set of all
states with the same spectrum, which should then maximize all entanglement measures. In this work,
I answer this question in the negative: There are no maximally entangled states for a fixed spectrum in
general, i.e., for every possible choice of the spectrum. In order to do so, I consider the case of rank-2 states
and show that for particular values of the eigenvalues there exists no state that can be transformed to all
other isospectral states not only under LOCC but also under the larger class of nonentangling operations.
This in particular implies that in these cases the state that maximizes a given entanglement measure among
all states with the same spectrum depends on the choice of entanglement measure; i.e., it cannot be that the

aforementioned family of states maximizes all entanglement measures.
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Entanglement is a strong form of correlation for quantum
bipartite systems that has no analog in classical physics. It
plays a key role in the foundations of quantum mechanics
and in quantum information theory, and it fuels quantum
technologies to overcome the limitations of their classical
counterparts. Thus, extensive work has been devoted over
the last decades to characterize, classify, and quantify the
different forms in which this phenomenon manifests itself
and to obtain protocols and understand the ultimate
limitations for the manipulation of this resource (see,
e.g., the review articles [1-3]). All these efforts have given
rise to the field of entanglement theory. One of the
cornerstone results of this theory is the existence of a
maximally entangled state, which provides the most useful
form of entanglement and sets a gold standard to quantify
this resource.

In more detail, entanglement theory is formulated over
the paradigm of local operations and classical communi-
cation (LOCC). This is the most general form of quantum
dynamics that can be implemented by spatially separated
parties that do not exchange quantum communication.
Thus, entanglement cannot be created by LOCC alone,
and this sets the basic rule to order the set of entangled
states and to construct entanglement measures. If p and o
are bipartite quantum states and there exists an LOCC
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protocol A such that A(p) = o, then ¢ cannot be more
entangled than p, and every entanglement measure £ must
satisfy that E(p) > E(o). In particular, for any nonen-
tangled (i.e., separable) state p and LOCC transformation
A, A(p) must remain so and it must hold that E(p) = 0.
Local unitary (LU) transformations are special examples of
LOCC protocols that are moreover reversible. Therefore,
the above entails that every entanglement measure E fulfills
that E(p) = E(U, ® UgpU’, ® U},) for arbitrary bipartite
states p and unitaries U, and Ug. Hence, LU-equivalent
states have the same entanglement properties and, when-
ever we speak about state transformations in the following,
a state should be understood as an equivalence class in the
above sense. This formalism has enabled the derivation of a
huge collection of different entanglement measures, many
of them endowed with meaningful operational interpreta-
tions [1-3]. Moreover, its simplicity and conceptual
elegance has been generalized giving rise to quantum
resource theories [4], which allow us to study in a unified
manner other forms of quantum advantage such as Bell
nonlocality, coherence, quantum thermodynamics, or sta-
bilizer computation, to name a few.

However, unfortunately, the mathematical structure of
the set of LOCC transformations is rather cumbersome [5],
and the characterization of LOCC convertibility is in
general a formidable problem. In this respect, Nielsen’s
theorem stands out as a landmark achievement providing a

© 2024 American Physical Society


https://orcid.org/0000-0002-6508-5709
https://ror.org/03ths8210
https://ror.org/05e9bn444
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.133.050202&domain=pdf&date_stamp=2024-07-30
https://doi.org/10.1103/PhysRevLett.133.050202
https://doi.org/10.1103/PhysRevLett.133.050202
https://doi.org/10.1103/PhysRevLett.133.050202
https://doi.org/10.1103/PhysRevLett.133.050202

PHYSICAL REVIEW LETTERS 133, 050202 (2024)

simple characterization of LOCC convertibility between
pure but otherwise arbitrary bipartite states [6]. Among
other important consequences, this result implies that the
d-dimensional Bell state

1 &
|ba) :73;|”> (1)

can be transformed by LOCC into any other pure bipartite
state of the same dimensions. Since the set of LOCC maps
is convex, this entails that it can be transformed as well to
any state (i.e., including mixed states). Thus, |¢,) is the
maximally entangled two-qudit state. This means that this
state maximizes all entanglement measures among all such
states and that it has to be the most useful state for any task
to be implemented under the LOCC constraint independent
of the particular goal to be accomplished.

Thus, in the LOCC scenario the generalized Bell state is
the best resource one can aim for. Nevertheless, the starting
point of this work is that in many situations one may not be
able to prepare any state of choice. Suppose we are bound
to a particular set of states S (which does not include the
maximally entangled state), can we define a notion of a
maximally entangled state in S? From the perspective of
entanglement theory outlined above, the answer is clear:
Given the set S, a state in § is the maximally entangled state
in S if it can be transformed by LOCC into any other state in
S. It is not clear in principle, however, which sets S enable
such a notion. Since in practice noise renders all states
mixed and pure states are an idealization, a particularly
relevant instance is the case where S is a set of mixed states
with a predefined mixedness structure. A particularly well-
motivated choice is to consider the set of all states with the
same spectrum, as this characterizes all states that can be
prepared by unitary evolution starting from any given noisy
separable state [7,8]. In fact, Nielsen’s theorem corresponds
to the case in which the spectrum is a delta distribution (i.e.,
rank equal to 1), so this question is a natural generalization
of the above. However, although Nielsen’s work has
been extended to characterize probabilistic [9] and approxi-
mate [10] transformations among pure states and trans-
formations from pure states to ensembles [11] and mixed
states [12], the case of transformations from and to mixed
states seems to have remained unexplored territory.

Remarkably, following previous work in [13], Ref. [14]
has proven that in the case of two-qubit states for any
choice of the spectrum, the same state maximizes three
different and widely used entanglement measures: the
entanglement of formation [15], the relative entropy of
entanglement [16], and the negativity [17]. This suggests
that this family of states could be the maximally entangled
two-qubit states for any fixed spectrum. If this was the case,
then they should maximize all entanglement measures
within the corresponding set of states. However, the
evaluation of entanglement measures for mixed states boils

down to very hard optimization problems and even for two-
qubit states explicit formulas are in general unavailable
(with only a few notable exceptions such as the negativity
and the entanglement of formation [18]). Thus, no advance-
ment has been made in this problem in the last years. In this
Letter, I will solve this question on the negative: There
exists no maximally entangled states for a fixed spectrum in
general. In order to prove this, I will show that in the case
where the rank is 2 there exist choices for the spectrum such
that the states of [14] cannot be transformed by LOCC into
other isospectral states. Since the result of [14] and the
monotonicity of entanglement measures imply that these
states cannot be obtained by LOCC from any other
isospectral state either, this leads to the desired result.
With this, one can construct an entanglement monotone
that is not maximized by the states of [14] among all states
with the same spectrum. This solves Problem 5 in the Open
Quantum Problems List maintained by the Institute for
Quantum Optics and Quantum Information in Vienna
[19,20]. Thus, this result shows that, unlike in the case
of pure states, in the LOCC paradigm there is not a mixed
state that is the most useful for all entanglement-related
applications among all isospectral states, and the best state
one could prepare by unitary evolution on a noisy separable
input is task dependent (i.e., it depends on the entanglement
measure one would like to maximize). Actually, I will
prove something stronger. I will not only show that the
above conversions are impossible by LOCC but also under
the more general class of nonentangling (NE) transforma-
tions. Since this is the largest class of transformations that
leads to a well-defined resource theory of entanglement in
the one-shot scenario [4], we therefore have that no such
theory allows in general for maximally entangled states for a
fixed spectrum. Interestingly, once the problem is
approached from this perspective, the proof is simple and
relies only on elementary techniques. The idea of using outer
approximations to LOCC in the study of entanglement
theory is old and can be traced back at least to the work
of Rains [21-24], which considers the classes of separable
and positive-partial-transpose operations. For the particular
case of NE transformations, see Refs. [25-33].

In order to establish the aforementioned result, I begin
by setting some notation. Throughout this Letter, I will
only consider two-qubit states, and D and S will denote,
respectively, the corresponding sets of states (density
matrices) and separable states. That is, the elements of
D are given by 4 x 4 unit-trace Hermitian positive semi-
definite matrices and the elements of S by density matrices
p €D such that

p= Zmlw»(wi\ ® |ri) (xil. (2)

for some choice of convex weights {p;} and unit-norm
vectors |y;), |x;) €C? V i. The precise definition of the
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class of LOCC maps will not be needed here (the interested
reader is referred to, e.g., [5,34]). I will only use that this
class is a subset of the class of NE maps. A completely
positive and trace-preserving map A: D — D is NE if
A(p)eS V peS. The four Bell states that are all LU
equivalent to the maximally entangled state |¢,) and give
rise to the Bell basis are denoted by

1) =—=(100) +11)),

@) =—=((00) =[11),

|<1>3>:%<|10>+|01>>, ©)=—~(10)=[01)).  (3)

and the corresponding density matrices by @; = |®D;)(®D;|
(i€{1,2,3,4}). A state peD is Bell diagonal if it is
diagonal in the Bell basis, i.e.,

N

4
pP= ZP:"D[, <4)
i=1

where > ;p;=1 and p; >0V i. These states are
known to be entangled if and only if max;p; > 1/2 [35].
In fact, given any state p € D, its fully entangled fraction is
defined as

Fp) = maxtr(pUy ® Up® Uy, ® Up).  (5)

where the maximization is over arbitrary 2 X 2 unitary
matrices U, and Up, and if F(p) > 1/2 then p must be
entangled [36]. Thus, in particular, tr(p®;) < 1/2 must
hold for any i € {1, 2, 3,4} if p is separable. For any given
spectrum distribution on D, 1= (A1, 42, A3, A4) arranged in
nonincreasing order and with > ;4;, =1 and 4, >0 V i,
it was found in [14] that the unique maximizer of the
entanglement of formation, the relative entropy of entan-
glement, and the negativity is given by (the LU-equivalence
class of) the state

In the following, we consider rank-2 instances of the
states (6) and (4) denoted by

. 0=+ (1-2)05,  (7)

where A € [1/2, 1]. Notice that p, and o, are isospectral for
any choice of 4.

With this, I can now state and prove the main result of
this Letter.

Theorem [—There is no NE map A such that A(p;) = o,
for A€ (2/3,1).

Proof—We will assume that there exists an NE map A
such that A(p,;) = 0;, and we will reach a contradiction in

the case that A€(2/3,1). By the linearity of A, we
have that

AN(Dy) + (1 = A)A(|01)(01]) = AD; + (1 — 1) D5. (8)

Therefore, taking tr(®,0;) in this expression, we obtain
that

A = r[®A(Dy)] + (1 — A)tr[D;A(|01)(01])]

(1-4)

< ltr[q)]/\(q)])] + ) ’

©)

where in the last line we have used that A is NE and, hence,
tr[®;A(|01)(01|)] < 1/2. This imposes that

3A—-1

ul@A@)] 27 (10)
Analogously,
1= 2 = Ar[®sA(®,)] + (1 - A)u[@sA(]01)(01])]
smmmM@n+U;@, (11)
which leads to
Dy A(D,)] = 2. (12)

2

However, considering these two conditions together, we
see that

3A-1 1-1

1> (0] O HA (D )| > P
> tr[(@) + D3)A(Py)] > 22 + 27

=1, (13)

which imposes that both Egs. (10) and (12) must hold with
equality. In turn, looking at Egs. (9) and (11) and using that
A # 1, this entails that

@ A(01)(01])] = u{@3A(J01)(01])] = % (14)

With these restrictions, we consider now the action of A on

1 1 1 1 1 1
=-0 -o -b, =-D —101)(01 —[10)(10]|,
T=3 1+4 3+4 4= 5 1+4| ) |+4| )(10]
(15)

which is a Bell-diagonal state of the form (4) with
max; p; < 1/2 and, consequently, separable. However,

using Egs. (10) (which, as we now know, holds with
equality) and (14) we arrive at

tr[@, A ()] = 3{1—;1+1+ tr[@, A(]10)(10])]
S 31-1

4

_|_

8
1
5 (16)
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But if 1 > 2/3, this implies that tr[®;A(z)] > 1/2 and, in
turn, that A(z) is entangled. Since 7 is separable, we
have thus reached a contradiction with the assumption that
A is NE. =

The results announced in the introduction follow now
immediately from Theorem 1.

Corollary 2—There is no maximally entangled mixed
state for a fixed spectrum in general.

The reason for this is that Theorem 1 implies that for
i= (2,1 =4,0,0) and 2 € (2/3, 1) the transformation p, to
the isospectral state o, is impossible by LOCC. On the
other hand, the results of [14] show that there exists an
entanglement measure E such that E(p,;) > E(p) for any
p €D with spectrum (1,1 —24,0,0) that is not LU equiv-
alent to p,. Consequently, by the monotonicity of entan-
glement measures under LOCC, the transformation p — p,
is impossible by LOCC for any such p. Therefore,
there exists no state with spectrum (4,1 —4,0,0), and
A€(2/3,1) that can be transformed by LOCC into any
other state with the same spectrum. Furthermore,
Theorem 1 forbids the transformation p; — o, under the
more general class of NE operations. Analogously, no
LU-inequivalent state to the state p, can be transformed to it
by NE operations since the above strict inequality holds
choosing E to be the relative entropy of entanglement,
which is known to be monotonic not only under LOCC
transformations but also under NE transformations (see
Lemma IV.5 in [27]). Thus, there exists no maximally
entangled mixed state for a fixed spectrum in general even
in the most general resource theory of entanglement in
which the free operations are relaxed from LOCC to NE.

Corollary 3—There exist choices of A for which the
states p; in Eq. (6) do not maximize all entanglement
monotones among all states with the same spectrum.

Let procc(p = o) and pyg(p — o) denote the optimal
probability of converting the state p to ¢ by, respectively,
LOCC and NE operations. It has been proven in [37] that,
for any fixed state o, piocc(p = o) is an entanglement
monotone as a function of p. Thus, E;(p) = procc(p — 0;)
defines a family of entanglement monotones. The corollary
follows because for 1€ (2/3, 1), while it obviously holds
that E;(c;) = 1, we on the other hand have that

E;(p)) < pnelpr — 0,) < 1, (17)

where in the first inequality we have used that the class of
LOCC operations is a subset of the class of NE operations,
and in the second inequality Theorem 1 and that the class of
NE maps is closed. This last property follows from the
well-known fact that the set of separable states is closed.

In summary, I have introduced here the problem of the
existence of a maximally entangled state within a given set
of states, and I have studied in detail the particular case
of isospectral states. While previous work had shown that
the states (6) maximize several important entanglement

measures among all two-qubit states with the same spec-
trum, this Letter proves that this is not the case for all
entanglement measures. In fact, it has been demonstrated
here that maximally entangled states for a fixed spectrum
cannot exist in general in the standard resource theory of
entanglement: There are choices of the spectrum where no
state can be transformed by LOCC into all other states with
the same spectrum. This situation is reminiscent of the case
of multipartite pure states, where the analogous property
holds [38]. However, in this latter case it has been shown
that a notion of a maximally entangled multipartite state can
be obtained in more general resource theories where the
class of allowed transformations is relaxed from LOCC to a
bigger but still meaningful class [29]. Unfortunately, this
cannot be the case for bipartite mixed states with a fixed
spectrum. Even though it is known that NE transformations
enable bipartite state conversions that are impossible by
LOCC [28,30,32,33], the impossibility proof obtained here
not only applies to the case of LOCC but also to NE
transformations, the largest class of allowed transforma-
tions that can be considered in a consistent resource theory
of entanglement in the one-shot scenario.

Despite this negative result, several questions are left open
for future investigation. The entanglement measure which is
not maximized by the states (6) is constructed ad hoc, and it
would be interesting to study whether there is a more
physically relevant measure with this property. Is the fact
that the states (6) maximize for a given spectrum the
entanglement of formation, the relative entropy of entangle-
ment, and the negativity an accident, or is this a property of
all entanglement measures with a certain structure? Also, the
impossibility argument obtained here only covers certain
particular values of the spectrum; do there exist particular
spectrum distributions where a maximally entangled state
exists beyond the case of rank-1 states (and the trivial case in
which all states in the set are separable)? Are there other
operationally or physically motivated choices of the set S for
which a maximally entangled mixed state in S might exist?
What are in general necessary and/or sufficient conditions
for a set S with this property to exist?
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