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Two Distinct Transitions in a Population of Coupled Oscillators with Turnover:
Desynchronization and Stochastic Oscillation Quenching
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Synchronization, which is caused by mutual coupling, and turnover, which is the replacement of old
components with new ones, are observed in various open systems consisting of many components.
Although these phenomena can co-occur, the interplay of coupling and turnover has been overlooked.
Here, we analyze coupled phase oscillators with turnover and reveal that two distinct transitions occur,
depending on both coupling and turnover: desynchronization and what we name stochastic oscillation
quenching. Importantly, the latter requires both the turnover and coupling to be sufficiently intense.
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Introduction—The emergence of order in open systems
comprising many interacting units is widely observed in
nature. In particular, mutual synchronization is observed
in a wide range of coupled oscillator systems [1], from
biological systems [2,3] to social [4] and artificial systems
[5,6]. Another phenomenon broadly observed in open
many-body systems is turnover owing to the addition
and removal of components. Examples include the protein
and cell turnover in biological systems [7,8]. Other exam-
ples are found in social [9,10] and bioinspired chemical
systems [11]. Further, a growing population may be
effectively modeled as a system with turnover when the
growth causes the dilution of components [12,13]. These
two phenomena, mutual synchronization and turnover, may
manifest in the same system, and their timescales are not
always clearly separated. For example, KaiC proteins in a
cyanobacterial cell exhibit a collective rhythm of phospho-
rylation and dephosphorylation with a period of approx-
imately 24 h, and their average half-life has been estimated
to be approximately 10 h [14].

Recent studies have revealed that turnover can deterio-
rate the collective oscillation; it has been shown numeri-
cally [12] and experimentally [15] that the synchronous
phosphorylation-dephosphorylation cycle of KaiC proteins
loses robustness when the turnover rate is a sufficiently
large constant. Moreover, Ref. [12] has suggested that their
collective oscillation disappears when the turnover rate is
further increased. However, little attention has been paid to
the synergistic effect of the interaction among oscillators,
which is essential for mutual synchronization, and the
turnover. In particular, these previous studies lack analyses
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on how the effect of the turnover changes as the properties
of the coupling are varied.

In this regard, we study a simple model of coupled phase
oscillators with turnover and show that their collective
oscillation disappears via two distinct transitions depending
on both the coupling and turnover. For sufficiently small
coupling strengths, the collective oscillation is lost via
desynchronization [16] as the turnover rate increases, while
for stronger coupling strengths, we may observe what we
refer to in this study as stochastic oscillation quenching
(SOQ), which can be interpreted as a stochastic analog
of oscillation quenching [17]. Interestingly, SOQ may be
induced not only by increasing the turnover rate but also by
strengthening the interaction among oscillators. Thus, this
extinction of the collective oscillation is caused by a
synergistic effect of the turnover and coupling. Our model
is based on the Kuramoto model [18-21], which has been
successfully applied to investigate synchronization in
various systems [1,3,4,6,16,22,23], and incorporates the
effect of the turnover as stochastic resetting [24,25]. The
tractability of the model enables us to obtain transition
curves.

Kuramoto model with turnover—The dynamics of N
identical Kuramoto oscillators are given as follows [16,18]:

O e KN (0,0 1
E—w'*‘ﬁj;sm(j— i), (1)

where 0; (i = 1,2, ..., N) is the phase of the ith oscillator,
o # 0 is the natural frequency of the oscillators, and k¥ > 0
represents the coupling strength. The Kuramoto model
exhibits mutual synchronization and has the advantage of
ease of analytical treatment [21]. However, modeling the
turnover of such oscillators in a tractable manner is a
nontrivial problem because the removal and addition of
oscillators involve changes in the number of variables
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comprising the dynamical system. We circumvent this
difficulty by constructing a model as follows.

Suppose one of the oscillators is randomly chosen and
replaced by a new oscillator. This event is equivalent to
resetting the phase of the selected oscillator to that of the
newly added oscillator. Hence, as a model for oscillators
with turnover, we adopt a system that involves phase
resetting. Specifically, we consider a population of
Kuramoto oscillators where each oscillator experiences a
reset event with probability adt during an infinitely short
time width dz. In other words, the resetting events are such
that aN oscillators are expected to be substituted per unit
time. Such dynamics can be described by the following 1t6
stochastic differential equation with jumps:

N
do, — [a) +%IZ sin (6; — 9,-)} dr

+ (=0; + ¢;)dP(¢;; @), (2)

where dP;(¢;;a) is the differential of a marked Poisson
process P;(¢;; a) with intensity «, describing the resets of the
ith oscillator. The number of resetting events during a period
At obeys the Poisson distribution with intensity aAt, and the
value of the random variable ¢;, which is called the mark [26]
of the Poisson process P;, is drawn from a distribution f(¢)
upon each resetting event. When a resetting event of the
ith oscillator occurs, 8; changes by —6; + ¢;. Thus, ¢; is a
random variable corresponding to the phase of the ith
oscillator just after its reset. Hereafter, we refer to a as the
turnover rate. Note that the resetting events occur independ-
ently; i.e., the counting processes {P;(¢;;)}Y | are inde-
pendent and the values of the marks at different resetting
events are independently drawn from f(¢).

Equation (2) was simulated using the Euler-Maghsoodi
method [27]. Consistent with previous work [12], the
increase in the turnover rate a in Eq. (2) causes the
extinction of the macroscopic oscillation. The snapshots
of the phase distribution in Figs. 1(a) and 1(b) indicate that
the distribution for @ = 0.1 has a sharp peak and changes
with time, whereas that for « = 0.3 is almost uniform and

steady. In the numerical simulation, we adopted f(¢) with
the form of a Poisson kernel:

1 1 - o2

f(#) T 211 -20c0s¢ + o2

3)

where ¢ determines the sharpness of f(¢); f(0) = 1/(2x)
for 6 = 0 and f(6) — 6(0) as 6 — 1. Similar results were
obtained for other unimodal distributions (not shown here).
Let us quantify the macroscopic oscillation by introduc-
ing the complex order parameter r, Kuramoto order
parameter R, and mean phase © as follows [16,20]:

1N .
D e, (4)
j=1

According to this definition, R reflects the coherence of the
phases; R = 0 when the phases are uniformly distributed,
and R =1 when all oscillators have the same phase.
Note that the system without turnover, Eq. (1), has a stable
synchronized oscillatory solution with R(f) =1 and
O(t) = ©(0) + wt. The time series of Re(r) oscillates
for ¢ = 0.1, whereas it remains constant for a = 0.3;
see Fig. 1(c).

We define the intensity of the macroscopic oscillation as
the fluctuation of r:

H(1) = R(1)e® =

=z

0= /{Ir=(nP), (5)

where (), denotes the longtime average. Note that Q = 0 if
r is constant. As shown in Fig. 2, the dependence of Q on
phase resetting changes qualitatively as the coupling
strength k varies. For sufficiently small x, the value of Q
is hardly affected by the width ¢ of the distribution f and
gradually decreases as « increases. In contrast, for larger
values of k, ¢ also affects Q; when 6 ~0, Q gradually
decreases as a increases [Fig. 2(a)], whereas Q suddenly
drops to near 0 when o ~ 1 [Fig. 2(c)]. For the intermediate
values of o, the system behaves like something between
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FIG. 1. An increase in the turnover rate a quenches the collective oscillation. (a),(b) Snapshots of the phase distribution for
t = 1001, r = 1003, and ¢ = 1005, obtained from the numerical simulation of Eq. (2) by the Euler-Maghsoodi method [28]. These
panels share the same legend. (a) The propagation of the distinct peak of the distribution is observed for @ = 0.1. (b) For @ = 0.3, the
distribution is steady and flatter compared to that for @ = 0.1. (c) Time series of the real part of the complex order parameter r. The
black solid and blue dotted curves illustrate the dynamics of Re(r) for @ = 0.1 and a = 0.3, respectively. The oscillation observed
for a = 0.1 disappears for a = 0.3. In all the simulations, the initial state is the uniform distribution. Other parameters are w = 1,
k =0.3, 6 = 0.5, and N = 50000.
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(a) o =0 (b)

FIG. 2. Two transition curves explain the disappearance of the collective oscillation. The index Q of the intensity of the collective
oscillation, defined by Eq. (5), is averaged over 5 realizations of the Poisson processes and shown in color scale for (a) o =0,
(b) 6 = 0.50, and (c) 6 = 0.99. When « and « are sufficiently small, the critical coupling strengths below which Q vanishes coincide
with the desynchronization transition curve, x = k., which is shown via a white dotted line in each panel. In contrast, when « is
sufficiently large, the boundary of the region of collective oscillation depends on o; in (a), the boundary depends on x almost linearly
even for a ~ 1, while in (c), the line k = k() does not explain the boundary for x > 2 at all, and thus another transition curve is needed
to fully describe the boundary. The supplementary curve obtained by analyzing SOQ in the limit of 6 — 1 is illustrated by a cyan solid
curve in (c). As illustrated in (b), for intermediate values of o, the boundary lies between those of the two extreme cases. The initial
condition is set to the uniform distribution. Other parameters are @ = 1 and N = 2000.

these two extreme cases [Fig. 2(b)]. The choice of initial
conditions does not seem to affect the results; completely
synchronized initial conditions, 6,(0) = 0,(0) =--- =
Ox(0) = 0, yielded almost the same results as in Fig. 2,
where the initial phase distribution was set to the uniform
distribution. Additionally, no hysteresis was observed when
the value of o was varied backward and forward near the
transition point (not shown here).

Mean-field approximation—To analyze the transitions to
the state with Q ~ 0, let us reduce the system by employing
a mean-field approximation in the same manner as in [29].
First, let p(@,r) and p;(6;,1) be the probability density
function for 6:=(0,,6,,....,0y) at time ¢ and
its marginalization over all phase variables except 6;,
respectively. From Eq. (2), the time evolution of p;(6;, )
is given by

0pi 0
—_— = - 0, t i 0 d0, - i 6
v s | [ o008 s —an. @
where 0,’ = (91,92, "'79i—179i+17 ...,GN), fS,- d0, =
02” s 0277 dgldQZ‘"dgi—ld9i+l"'d9N’ and 7],’(0) =

@+ xkN~! Z}":l sin (0; — 6;) [28]. In Eq. (6), the effect
of stochastic resetting is described by the second and third
terms on the right-hand side of the equation. Because the
stochasticity of the system arises only from jump processes,
the equation has a linear term —ap; rather than terms
with 0%p;/d6?.

Now we invoke the mean-field approximation: we assume
pi(0:.1)p;(0;.1) = p; j(6;.0;,1) = 0 and  p;(0;.1) -
p;(0;t) >0 a N —oo for any i#j, where
pi;(0;.0;. 1) is the joint probability distribution function
for 0; and 6;. Then, from Eq. (6), the time evolution equation
of the phase distribution p(6,t) is obtained as

dap d

5 —ﬁ[lw] +af —ap, (7)

2r . o
v=u0(0,1)=w+ K‘/O p(0,1)sin(0 —0)do. (8)

In the following, we set @ = 1 without loss of generality by
normalizing ¢, x, and a by ®.

Desynchronization—When a = 0, Eq. (7) has the uni-
form steady solution p(®(@):=1/(2z). This solution
corresponds to the desynchronized state in the sense that
the cohesiveness of the phases is completely lost. For
a#0, pl) (@) is no longer a solution of Eq. (7); however,
Fig. 1(b) suggests the existence of a steady solution
obtained by slightly deforming p(®)(8). The stabilization
of such a solution, formally analyzed below, explains the
extinction of the collective oscillation observed for small k
and a in Fig. 2.

Let p be the deviation from a steady solution p; i.e.,
p = p — p. Linearizing Eq. (7) around p yields

dap d

P o= S Lphlp) + (1 -+ U} - ap=Llp), ()

where the linear functional ¢/ is defined by

Ulp|(6) =k A Tsin@-0p@dd.  (10)

Assume further that p and £ are expanded as follows for
sufficiently small values of a:

p(O;ax) = pO©) + Y apV(6:),  (11)
=1

L= dcLo. (12)

=0
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The expression for £!) is obtained by inserting Egs. (11)
and (12) into Eq. (9) and collecting the terms of O(a').
It is straightforward to find that £©u) (0) = 2Vu{Y (0)
holds for any integer m, where uY(0)=¢"® and
A = —im 4 (K/2)8 .1

Now, we define an inner product (-,-) of smooth
2z-periodic functions z;(0) and z,(0) as

(a1,22) = 5= / 1 (0)5(0)d6. (13)

where z,(6) is the complex conjugate of z,(8). The adjoint
operator £ of £ defined on this inner-product space
satisfies E(O)*uﬁ?) = l@%uﬁ,?). Thus, u,(,(,))(é) is an eigenvec-
tor of both £ and £©*. This allows us to apply the
Rayleigh-Schrodinger perturbation theory [30] to evaluate
the eigenvalues of L. Specifically, we assume that the
eigenvalues and eigenvectors of £ can be expanded around
those of £():

Lu,, = AU, (14a)

(5] o0
u, = aull), Ap = Zalﬂ%). (14b)
1=0 1=0
To ensure the uniqueness of the expansion, we also impose

the orthogonality condition <u£,9 ), uf,?) = 8-

Inserting Eqs. (12) and (14b) into Eq. (14a) and
extracting the terms of O(a), we obtain

AWV U = £O4) 4 £0yD 0,0 (15)

Then, computing the inner product <Af,})u,(,9>, uﬁ,(,))> yields

AV = —1. Hence, Am = —im + 8}, 1(k/2) — a to the order
of a, and the maximum of the real parts of the eigenvalues
exceeds 0 when

kK ~2a=:kK. (16)

Figure 2 implies that, for small @, the boundary on which Q
vanishes agrees with the curve x = k., which is delineated
by the white dotted curves. Consistent with the numerical
simulation, x, depends on a but not on &, the width of f(6).

It should be noted that the stability analysis presented
here is formal but not mathematically rigorous because
(1) the validity of the perturbative calculation is assumed
without any proof and (2) the continuous and residual
spectra are ignored. Nevertheless, the agreement with
numerical simulation indicates the validity of the analysis.

Stochastic oscillation quenching—The dependence of O
on the turnover rate @ for 6 = 0, shown in Fig. 2(a), does
not change qualitatively when « is increased. However,
when ¢ approaches 1, the transition observed for large « is

(El)1 —r=1001  r=1005| (P) 3
2 [--1=1003 — =< /<
b7} D N\
= ~— e —
% 0.5F - (0] SEEEEEEERESS C
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0 7Oy 2n 0 b 2r
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FIG. 3. SOQ occurs for sufficiently large . (a) Snapshots of the

histogram of the phases in the system near the transition point of
SOQ. The line colors are the same as those in Figs. 1(a) and 1(b).
The parameters are (k,a,0) = (2.5,0.5,0.99). (b) The SOQ
transition involves the emergence of the zeros of velocity field
v(0). The blue dotted and green dot-dashed curves show v(6) for
x = 2.2, around which the SOQ transition occurs, and for
k = 3.0, where the system is far beyond the transition point,
respectively. The black solid curve is for k = 0.3, corresponding
to the desynchronized state.

no longer explained by desynchronization discussed above;
see Figs. 2(b) and 2(c).

Numerical simulations indicate that the phase distribu-
tion after this transition is steady but far from uniform, as
shown in Fig. 3(a). Furthermore, the velocity field,

v(0) :=w+;</sin(é—9)p(é)dé, (17)

is qualitatively different from that of the desynchronized
state; the transition involves the emergence of the zeros of
v(0), and these continue to exist when « or « is further
increased. See the blue dashed and green dot-dashed curves
in Fig. 3 for v(6) just after and far beyond the transition,
respectively. In contrast, v() in the desynchronized state,
which is indicated by the black solid curve in Fig. 3, has
no zero.

In deterministic systems, the zeros of the velocity field of
the oscillators imply oscillation quenching, the phenomenon
where individual oscillators cease their oscillation [17].
Although our system involves stochastic resetting, we can
make an analogy as follows. Consider a “test oscillator,” i.e.,
an oscillator that changes its phase according to »(6) but
does not affect the system nor undergo phase resetting. If we
incorporate it into the system, its phase changes toward 0, a
point at which »(0) = 0 and dv(0)/d6 < 0 hold, and then
becomes almost static after initial transients. Thus, the steady
distribution with which »(6) has zeros implies the quenching
of the test oscillator, and we refer to the realization of such a
distribution as stochastic oscillation quenching.

In the analyses of oscillation quenching, the condition
that the time derivatives of the state variables vanish is often
combined with the definition of order parameters to
develop self-consistency arguments [31,32]. However, in
the case of SOQ, such a condition cannot be used because
the phases keep changing toward 6. Therefore, we use a
condition regarding v(6) instead. Specifically, in the
following, a transition curve that explains numerical results
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for 6 ~ 1 is obtained by imposing the condition that v(6)
has exactly one zero in the limit f(6) — 5(6).

Setting (dp/ar) = 0 in Eq. (7) in this limit and imposing
v(0,) = (dv/d6)(6,) = 0 yields

%{mﬂn—cqu—mn+apwyﬂww)=a (18)

We seek a solution p(6) such that p(6) > 0 in [0, 6,) and
p(0) = 0in [f,, 27) because the phase of a new oscillator
continues to approach from 0 to 6, when SOQ occurs. This
ansatz is consistent with the phase distribution obtained by
numerical simulation for 6 = 0.99 ~ 1, where most of the
oscillators are located in the range [0,6,), as shown
in Fig. 3(a). Noting that the derivative at a discontinuous
point yields Dirac’s delta function, we obtain such a
solution as follows:

1 1
lan—q tan Cl

p(@) = l—cos(féYq—é‘)2 (0 <0< eq) (19)

0 (otherwise),

which is continuous at & = ¢, but discontinuous at & = 0.

Inserting Eq. (19) into Eq. (17) and imposing
v(6,) = (dv/d6)(6,) = 0, we find that the parameters x
and a satisfy

K = 01(cq(@); @) =Ky (@), (20)
where
ac 1 xe—ax/v 1-x? -l
gi(cia) = 2a€m/ o2 & . @2y
c —-X

and ¢, := cos(6,/2) is a zero of the function

1 (2)(?2 _ ])e—ax/\/ 1—x?
92(0;(1) - / (1 —x2)3/2 dx. (22)

We solve g, = 0 numerically and insert the solutions into
Eq. (20) to obtain k, which is plotted as a cyan solid curve
in Fig. 2(c). The curve agrees with the value of @ at which O
vanishes for large «, supporting the assertion that the
disappearance of the collective oscillation is due to SOQ.

Conclusion—This study has investigated a model of
coupled oscillators with turnover. In contrast to a previous
study [12] that focused solely on turnover, we have high-
lighted the synergistic effect between coupling and turn-
over. As a result, the collective oscillation has been shown
to disappear via two types of transitions depending on both
the coupling strength and the turnover rate: one is desynch-
ronization and the other is a novel type of transition termed

SOQ. Importantly, SOQ cannot be induced by turnover or
coupling alone, but by their synergistic effect.
Characterizing these two distinct types of transitions has
potential implications for the control and design of the
collective behavior of oscillatory assemblies. First, it helps
avoid the unexpected disappearance of synchronous oscil-
lations. In the original Kuramoto model, increasing the
coupling strength enhances phase cohesion and promotes
the collective oscillation, so one would expect the same
to be true for oscillators with turnover. However, if the
turnover rate is sufficiently large, increasing the coupling
strength causes the collective oscillation to disappear
through SOQ. Second, the type of transition may be
exploited for designing appropriate forcing to steer the
system to a desirable state, as has been done in Ref. [33].
Previous experimental studies have proposed various
open reactors that sustain nonequilibrium chemical reac-
tions by controlling the fluxes into and out of the system
[11,34-36]. Desynchronization and SOQ may be observed
if self-sustained oscillators are incorporated into such an
apparatus and parameters are varied. A candidate system
might be constructed by combining techniques to maintain
constant protein turnover [36] with protein molecules
whose states change periodically [37,38]. Our work might
also be relevant to tissue formation in multicellular organ-
isms because proliferation and differentiation sometimes
involve phase resetting of cellular oscillators [39,40].
Desynchronization transition has been observed in vari-
ous coupled oscillator systems. In contrast, whether SOQ
occurs robustly in different oscillator systems needs to be
investigated in future studies, although we have confirmed
that it also occurs in a population of oscillators with
inhomogeneous natural frequencies (not shown here).
The investigation of other oscillator models will provide
insights into the robustness of the transition [41].
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