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In the high-energy limit, soft gluons can be approximately described by quasiclassical gluon fields. It is
well known that the gluon field is a pure gauge field on the transverse plane at eikonal order. We derived the
complete next-to-eikonal order solutions of the classical Yang-Mills equations for soft gluons in the dense
nuclear regime. Utilizing these solutions, it is shown that Low’s soft theorem at small x can be obtained by
considering off-diagonal matrix elements of quasiclassical chromoelectric field between single-gluon states
in the dilute regime. We further propose on extending Low’s soft theorem at small x to incorporate the

effects of gluon saturation in the dense regime.
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Introduction.—Using quasiclassical gluon fields to char-
acterize soft gluons particularly in small x physics has a
long history [1]. In the high-energy limit, nuclear objects
are highly Lorentz contracted along the longitudinal
direction so that a two-dimensional shockwave picture
becomes applicable in describing high-energy collisions
[2]. In the McLerran-Venugopalan (MV) model [3,4], soft
gluon fields from large nuclei are solved from the classical
Yang-Mills equations with color current sourced by hard
gluons. This eikonal order quasiclassical gluon field, valid
in the parametrically dense regime O(1/g) in which non-
linear QCD interactions cannot be ignored [5,6], was used
to estimate the Weiszacker-Williams gluon distribution
inside a large nucleus in the quasiclassical approximation
[7]. Phenomenological applications in relativistic heavy-
ion collisions [8-15] and high-energy proton-nucleus
collisions [16—19] using the classical field approach were
actively pursued in the past three decades [20].

A quasiclassical gluon field at eikonal order is insensitive
to spin information of the nuclear object. To study spin-
related physical quantities, particularly to understand the
spin structure of proton at small x [21,22], a subeikonal
order gluon field is needed. There have been a lot of efforts
in recent years to identify the effective interactions at
subeikonal order [23-29] and to derive small x evolution
equations for polarized parton distributions inside a
proton or nucleus [30-35]. Notably, the spin-dependent
part of subeikonal order quasiclassical gluon fields was
obtained using a diagrammatic approach in Lorenz gauge
in [36].

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

0031-9007/24/133(2)/021902(6)

021902-1

In this Letter, we derived the complete solutions at
subeikonal order for quasiclassical gluon fields including
both spin-dependent and spin-independent parts in the
dense nuclear regime. The solutions are presented in the
Lorenz gauge and can be readily transformed to the light-
cone gauge. We found that, in addition to the piece found in
[36], there exists a novel spin-dependent term induced by
gluon saturation, which becomes significant only in the
dense regime. The spin-independent part bears a resem-
blance to the next-to-leading-order magnetic multipole
expansion in two dimensions, as inferred from Ampere’s
law. Regarding the external color currents originating from
hard gluons, our findings indicate that, apart from the color
charge density at subeikonal order, the color spin density
and transverse color current also serve as sources for the
quasiclassical gluon fields.

A closely related topic to soft gluons involves Low’s soft
theorem [37-41], which states that, at amplitude level, the
radiative amplitude can be expressed as a factorized
product of a soft factor and the nonradiative amplitude
when taking the soft limit. In the past decades, there have
been reviving interests in understanding Low’s soft theo-
rem in the standard model of particle physics and gravity
from the perspective of asymptotic symmetries [42-44].
Subleading-order Low’s soft theorem was rederived from
various approaches [45-48].

It is worth noting that current research on Low’s soft
theorem has primarily focused on the dilute regime, where
the soft gluon field is of the order of O(g). However, our
ultimate objective is to understand Low’s soft theorem in
the dense regime, where the soft gluon field is of the order
of O(1/g). In this dense regime, nonlinear gluon merging
processes, akin to those depicted in Fig. 1, play an equally
important role in contributing to Low’s soft theorem,
necessitating their resummation. The classical field
approach provides a unique avenue for understanding
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FIG. 1. Schematic diagram showing gluon merging contribu-
tion to Low’s soft theorem in the dense regime O(1/g).

Low’s soft theorem in the dense regime, particularly in the
small x limit. We propose that the small x limit of Low’s
soft theorem can be obtained by calculating the off-
diagonal matrix element of quasiclassical chromoelectric
fields between incoming and outgoing nuclear states. We
explicitly demonstrate this proposal in the dilute regime by
showing that the classical field approach effectively repro-
duces the small x limit of Low’s soft theorem up to
subleading order.

In the following, we first present the details of obtaining
complete next-to-eikonal-order solutions by solving
classical Yang-Mills equations and then establish its
equivalence to Low’s soft theorem at small x.

Eikonality expansion of Yang-Mills equations.—We
consider a pure glue theory and solve classical Yang-
Mills equations. The inclusion of quarks and solving the
coupled Dirac equation for soft quark fields are left for a
future work. Starting from the Yang-Mills action § =
-1 [ Fo,F™e  with F9, =0,A% —0,A% + ig[A,. A",
one separates the full gluon field into soft gluon field
A, and hard gluon field A, according to their longitudinal
momenta:

Al — A + Ay (1)

Let A" be some longitudinal momentum scale. Soft gluon
fields represent modes with k™ < A", while hard gluon
fields are associated with k™ > A™. This division of
degrees of freedom aligns with the spirit of color glass
condensate framework [49] and the idea of rapidity
factorization [50]. By implementing this separation and
eliminating terms that are linear in hard gluon fields as well
as terms exclusively concerning hard gluons, the effective
action for soft gluons becomes

1 v . a via
S==g [ (FEFL + 419 @ A, A ) + (A, F)

+2(ig)* ([A*, A (AL ALY + [Ay A A, AV
= [A A (A A1), (2)

The equations of motion for soft gluons follow:

D,F = Jt (3)
with the hard gluon color current
Jt = iglA,, F*] + igD’|A*, A,]. (4)

The covariant derivative is defined with respect to the soft
gluon field D, = 9, + ig[A,, ]. The field strength tensor for
the hard gluon field is defined correspondingly
F = DHAY — DYA¥ + ig[A#, A¥]. Our goal is to solve
Eq. (3) up to subeikonal order.

The general rule of counting the power of eikonality of
gluon fields comes from their transformations under
Lorentz boost [28]:

AT — AT (e, ¢, x),
A — EAT (&t 6707, x),
Al — Al(ExT, &, x). (5)

We used light-cone coordinates x* = (& z)/ V2. Here,
& = e with @ characterizing the amount of the Lorentz
boost. In the high-energy limit, £ — 0. Expansion in
eikonality is equivalent to Taylor expansion in powers of

¢ [51):

The arguments for the leading terms in the expansions are
(07,%7,x,), in which we have redefined ¥~ = & 'x™.
Similar eikonality expansions are understood for the color
current J# and the field strength tensor /** when solving
Eq. (3) order by order in eikonality.

Solutions in Lorenz gauge.—We derive solutions in the
Lorenz gauge 9,4 = 0. From the expansions in Eq. (6),
A~ = A" =0 at the eikonal order. One looks for static
solution A(_l) that satisfies

RALy =T, (7)

The solution at eikonal order is formally obtained as

1 -
Aty =390, :/dzyG(x—y)Jj_l)(x ¥ (@®)
with G(x —y) = —(1/2z)In(|x —y|A) regularized by
some IR scale A.

At subeikonal order, A~ = 0 and we look for solutions

Azf)) #0 and -Aéo) # 0 in the background of .AEL_I). The
Lorenz gauge condition reduces to (LA(*O) = —0,»A’('0). It is
apparent that at subeikonal order A(+0) is dependent on the
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light-cone time x* while Aéo) is a static field. Imposing

these requirements, the Yang-Mills equations reduce to

20,0_Ajy R Al +2zg[,4+ a+A+}
Y + g
+2ig| A 0. AL | =15,

=0 Ay +ig| A ;.0 Ay | +ig| A 1. iy | =Ty 9)

For the more general parametric regime in which
-’4(+—1)’“4(+0)’ AEO) ~O(1/g), the above equations are non-
linear, and it is unclear whether closed-form analytic
solutions exist or not. We consider subeikonal order
solutions in the parametric regime ‘AZB)’AEO) ~O(1) as
~O(1/g). In this

regime, the nonlinear equations are reduced to linear
equations. This is also the parametric regime where
helicity-dependent ~ generalization of the McLerran-
Venugopalan model was studied in [36]. The mixing
between eikonality expansion and coupling constant
expansion is a new feature at the subeikonal order.

With these considerations, the equations of motion to be
solved are

compared to the eikonal order field A(tl)

2 A+ i 7+
—6LA(0) — 2aiD_A<O) = J(O),

—GiAEO) = J’(O). (10)

The covariant derivative here is defined as

D_=o0_+ ig[Aj_
order as that of the ordinary derivative because of
A(+—1) ~O(1/g). We also consider J(+0> to be of the order

of O(1), and it is dependent on x*. Current conservation at
subeikonal order becomes 6+JZB) +0;J éo) = 0. The solu-

{ ),]. The commutator part is the same

tions are readily obtained:

+ _ i +

"4(0) (25'D A —I—J )>

Al = —1 Ji 11
0=~ or (11)

In subsequent sections, it will become evident that the
transverse current J EO) contains a piece that is dependent on

the helicity state of hard gluons. Therefore, in the dense

regime, both the transverse field AEO) and A(+o)’ which

contains the commutator i g[@iA(tl),Ai |, exhibit sensitiv-

(©
ity to the helicity state of hard gluons. This latter helicity
dependence arises solely from dense gluon effects and
vanishes in the dilute regime. It is convenient to have the

field strength tensor computed:

[. . 200, 9,
po (9205 L
- 1 .. .
Fil =~ (00 =0T").
€L

Ft= 32’ Ji, Fi=0. (12)

Low’s soft theorem at small x.—In the dilute regime,
Low’s soft theorem at leading and subleading orders states
that radiative amplitude can be expressed as soft factors
acting on nonradiative amplitude when the radiated gluon
becomes soft (k < p;):

M({pi}ik) = [SCV + SO]gTt, M({p:}). (13)

The leading soft factor S(-!) and the subleading soft factor
S have the following expressions [45-48]:

Zpl Eﬂ(k

It is considered that there are n hard gluons with momenta
Di- T(“l.> is the color matrix associated with gluon “i” and

" (k)kM T
50 =iy G O i S (1)
i pPi:

& (k) is the polarization vector of the soft gluon. J,, =
L,, + Z,, is the total angular momentum of the hard gluons.
The orbital angular momentum is L,, = i[p,(0/dp*)—
p,(0/9p*)], and the spin operator for gluons is (Z*)% =
i(¢"*g”? — g’ ¢*). Unlike the case for photon, the gluon soft
theorem receives loop corrections [52,53]. We restrict the
discussion to tree level in this Letter.

Low’s soft theorem up to subleading order was derived
by assuming k¥, k < p™, p. On the other hand, in the
small x limit, one requires only that longitudinal momen-
tum be much smaller kT < p™ while the transverse
momentum is of the same order k ~p. In the small x
limit, particularly into the gluon saturation regime,
the typical transverse momentum of the soft gluons is
characterized by the emerging gluon saturation scale Q.
With Q> Aqcp, a perturbative treatment becomes
applicable [1,49]. To extract the small x limit of Low’s
soft theorem, we expand the soft factors to linear order in
power series expansion of z = k*/pt <« 1.

The leading-order soft factor becomes

Kk 2K’k pl
SN =228 | — S — 1 O2). (15
=i (005 ) et 0@ 9

Terms from expanding the soft factors are purely organized
by counting the power of z. Although Eq. (15) should be
understood with the assumption k < p, as will be shown in
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the next section, the validity of the first two terms actually
extends to the momentum region k ~ p in the limit z < 1.

For the subleading-order soft factor, the part involving
spin angular momentum becomes

et (k)k, (ZH) )
ik, ()7 ;](( ) eX(p)el (p)

16”8’*k1

+ O(?). (16)

= 2726044

For the part involving orbital angular momentum,
only derivatives with respect to the longitudinal momentum
0/0p* contribute. The nonvanishing components of
the orbital angular momentum operator are L_, =
ipt(d/op*) and L, = ip;(0/dp™). One gets

i (k)k“L,, kel a
AT 2§ T O(z 17

It is interesting to observe that in the small x limit the only
components of angular momentum that contribute are S° =
€% for spin and L™~ for orbital angular momentum.

Putting all the pieces together, the soft factor up to
subleading order in the small x limit is

ki (. 2kiki\ p/
P+Z(51— k2 >F

i€k’ k' 0 .
t0—5+z5(pt = )| +0O(2%). (18
T2 ‘K2 (p (3p+>};’1 (2%). (18)

S =26,y [—

In the dilute regime.—We show that Eq. (18) can be
obtained using the dilute limit of the quasiclassical gluon
field from Eq. (12) by calculating its matrix element
between incoming and outgoing single-gluon states. In
the dilute regime, the chromoelectric field 7+ ~ O(g), and

it has the expression
20000\ o_ .
5 >2_JJ . (19)
o1 ) o1

. 0 .
}“+ 07 Jt — <51.I —

We use mode expansions for hard gluon fields to express
the color current in terms of gluon creation and annihilation
operators. For J} (kT,x) = p%(x) + J<+0> (k*,x),

p(x) = iof™ [ et xalanx) (20)

and

The total transverse current can be decomposed into
Ji(x) = —€d'j,(x) + ji,(x) with the color spin density

J(x) wm/—ﬁ%m xal,(ghx)  (22)

and the spin-independent transverse color current

0 = [ o el a 0anuta”
- &Zj(q ,X)d’abqﬁ(qﬁx)]. (23)

Unlike the case at eikonal order, in which the effective
degrees of freedom for hard gluons are completely deter-
mined by the color charge density p“(x), one needs the
color spin density j¢(x), the transverse color current j’,(x),
and the subeikonal-order correction J+ (k™. x) at subei-

konal order.

Using these expressions, one calculates the matrix
element of chromoelectric fields between incoming and
outgoing single-gluon Fock states:

(0

é\ld',o" (p/Jr

p)F (k" k)&fz,g(p+,p)‘0>
) k! k! 0
— add's
7] A { e (p —0p>

ie''k! . 2k'k/\ p/
k2 +Z(5'l— k2 )k2:|

x (22)2p*8(p* = p')(22)87 (p' + k —p). (24)

+ o0z

Equation (24) formally reproduces the soft factor at small x
given in Eq. (18). The overall factor 2 accounts for the
inclusion of both gluon emission and absorption in the
classical fields, ensuring consistency with Low’s soft
theorem. Unlike Eq. (18), Eq. (24) is justified even when
the transverse momenta are comparable k ~ p. Therefore,
the small x limit of Low’s soft theorem turns out to be
applicable when k <p, extending the conventional
requirement k < p.

In the dense regime.—In the dense regime, the chromo-
electric field 7' ~ O(1/g) is given by Eq. (12) rather than
Eq. (19). Low’s soft factor at small x is then calculated
using incoming and outgoing states of dense nuclear
objects such as large nuclei or protons at high energies:

a)y- (25)

Here, |P,s,a)y, which is also of the order of O(1/g),
represents the nuclear wave function for hard gluons with
P, s, and a labeling the momentum, spin, and color,
respectively. The chromoelectric field 71 for soft gluons
is sourced by dense color currents of hard gluons Eq. (4);
F* can be derived by solving classical Yang-Mills

SLowlsmallx ~ H<P/’ 3/7 a
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equations in the dense regime, the nuclear wave function
for hard gluons, which is presumably related to the
hadronic (nuclear) structure of the proton (nucleus) and
is, in principle, nonperturbative. Further analyses in the
dense regime necessitate the modeling of off-diagonal
elements of color currents beyond the conventional
MV model.

Conclusions.—In this Letter, we have proposed to study
the small x limit of Low’s soft theorem using a quasiclass-
ical field approach. To that end, we obtained the full
subeikonal-order solutions Eq. (11) to the classical Yang-
Mills equations with external currents in the dense regime.
We explicitly demonstrate the equivalence between off-
diagonal matrix elements of quasiclassical chromoelectric
gluon field Eq. (24) and Low’s soft theorem at small x
Eq. (18) in the dilute regime. It is found that Low’s soft
theorem at small x extends to the regime when the trans-
verse momenta of the soft gluons and the gluon emitting
sources are comparable. Explicit analysis of Low’s soft
theorem toward the dense regime using Eq. (25) requires
modeling of the nuclear wave function for hard gluons in
addition to the obtained dense fields ' ~ O(1/g). In the
current Letter, Yang-Mills equations are solved in powers
of &, with the Lorentz boost parameter ¢ — 0. Interestingly,
the asymptotic symmetry approach to Low’s soft theorem
also involves solving Yang-Mills equations [54]. But it is
carried out in the asymptotically flat space using power
series expansion in terms of 1/r in the limit that the

distance r = \/x* + y* + z> approaches infinity r — oo
[44]. Tt would be interesting to study how these two
approaches are connected, particularly addressing the
topics of infrared safety of S-matrix [54] and color memory
effects [55-57], as well as unraveling the effects of dense
gluons.
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