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The Fermi function F(Z, E) accounts for QED corrections to beta decays that are enhanced at either
small electron velocity g or large nuclear charge Z. For precision applications, the Fermi function must be
combined with other radiative corrections and with scale- and scheme-dependent hadronic matrix elements.
We formulate the Fermi function as a field theory object and present a new factorization formula for QED
radiative corrections to beta decays. We provide new results for the anomalous dimension of the
corresponding effective operator complete through three loops, and resum perturbative logarithms and 7
enhancements with renormalization-group methods. Our results are important for tests of fundamental
physics with precision beta decay and related processes.
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Introduction.—Many precision measurements and new
physics searches involve charged leptons interacting with
nucleons or nuclei. Examples include neutrino scattering to
obtain fundamental neutrino parameters [1-6], muon-to-
electron conversion to search for charged lepton flavor
violation [7-10], and beta decay to measure fundamental
constants [11-23] and search for new physics [24-34]. It is
important to control radiative corrections to these processes
[35-40]. The precision demands of superallowed nuclear
beta decays are particularly stringent. As a consequence of
conserved vector current relations, hadron and nuclear
structure enter as small corrections. Experimental and
nuclear uncertainties are being pushed to the level of
100 ppm [21,41], providing the best determination of
the fundamental Cabibbo-Kobayashi-Maskawa (CKM)
quark mixing parameter |V,,|, and the most stringent
low-energy constraint on scalar currents beyond the stan-
dard model [21]. In this Letter we present new results for
long-distance QED corrections to beta decay [42—44] and
discuss implications for the CKM unitarity discrepancy
[21] and new physics constraints.

QED corrections are dramatically enhanced relative to
naive power counting in the fine structure constant a ~
1/137 for large-Z nuclei and for small-f leptons (Z denotes
the nuclear charge and f the lepton velocity). The Fermi
function [45] in beta decay describes the enhancement
(suppression) for negatively (positively) charged leptons
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propagating in a nuclear Coulomb field. For a nuclear
charge Z and electron energy E it is traditionally defined by
solving the Dirac equation in a pointlike Coulomb field.
The result is then given as [45,46]

F(Z.E) = % T+ 9P @prm), (1)

where n = /1 — (Za)?, & = Za/B, p = VE* — m?, and m
is the electron mass. The quantity r denotes a short distance
regulator identified approximately as the nuclear size [47].
Several questions arise in the application of F(Z,E) to
physical processes. (1) What is the scale ~! and how does
it relate to conventional renormalization in quantum field
theory? (2) How can other radiative corrections be included
systematically? (3) What is the relation between the Fermi
function with Z = 1 and the radiative correction to neutron
beta decay? Answering these questions is important for the
interpretation of precision beta decay experiments. For
example, corrections at order a(Za)? must be included at
the current precision (~3 x 107%) of |V 4| extractions [21].
These corrections require a theoretically self-consistent
treatment of both the Fermi function and other radiative
corrections, but have previously been treated only in a
heuristic ansatz [38,48]. To answer these questions, we
reformulate the Fermi function in effective field theory
(EFT) and study its interplay with subleading radiative
corrections.

Factorization and all-orders matching.—Factorization
arises from the separation of different energy scales involved
in a physical process [49-51]. Nuclear beta decays involve
physics at the weak scale ~100 GeV, the hadronic scale
~1 GeV, the scale of nuclear structure A,,. ~ 100 MeV,
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and the kinematic scales relevant for beta decay £ ~ 1 MeV.
The methods of EFT allow for each scale to be treated
separately and facilitate the calculation of higher-order
radiative corrections. In a sequence of EFTs, the components
of a factorization formula are identified with a correspond-
ing sequence of matching coefficients and a final low-energy
matrix element. In the context of nuclear beta decays, the
long-distance (or outer) radiative corrections can be
computed in the low-energy effective theory, while
|

structure-dependent and short-distance (or inner) radiative
corrections are absorbed into the Wilson coefficient. Real
radiation is straightforwardly included [52].

Consider the corrections to a tree-level contact inter-
action with a relativistic electron in the final state. Ladder
diagrams from a Coulomb potential with source charge
+Ze correct the tree-level amplitude M. with explicit
loop integrals given by (see Ref. [43] for more details)

d°rL, 1 1

- Syeer [ £ 2|

n=0
1 1

(2m)PLt + 22 (L; —p)* —p* —i0

1 1

I —L) + 2 (L —pP—p? =10 (Lyy—L, )2 +2(L,—p-p>—i0
X ﬁ(p)yo(lﬁ - l’l + m)},O(ﬁ - K2 + m) o 7/0(15 - l‘n + m)Mtree' (2)

Integrals are evaluated in dimensional regularization with
D = 3 —2¢ dimensions, and we have included a photon
mass A to regulate infrared divergences [54].

In contrast to the nonrelativistic problem [55], the
relativistic expression (2) is UV divergent beginning at
two-loop order, indicating sensitivity to short-distance
structure. The factorization theorem reads [43]

M = Ms(A/pus) My (p/us, /i) Muov(A pg),  (3)
|

|
counting p~m~ E and where A denotes the scale of
hadronic and nuclear structure. We retain separate factori-
zation scales ug and upy for clarity; conventional single
scale matrix elements are obtained by setting g = uy = p.
After MS renormalization, to all orders in Za, the soft
function is given by M = exp [iélog(us/A)] [56,57]. Our
result for the hard function is new [43], and is given (again
to all orders in Za) by [58]

—i —i -1 0
MH:e<n/2>5+i¢H2F<’7 i) |n—if [Etum |2 ( 2p \v'[L+7%
rn+1) [ 1-ie2V E4+m \[ 1+n\e"uy) 5

where ¢y = Ellog(2p/ps) — el = (1 —1)(/2), ¥° is a
Dirac matrix, and yg =~ 0.577 is the Euler constant.

The leading-in-Z radiative correction to unpolarized
observables from the soft and hard functions is given by

(MuP) = FZ B, s (9

where we define 7' = uye’s. The angle brackets denote
contraction with lepton spinors, My — éMyy’v;, sum
over final state spins, and division by the same expression
in the absence of Coulomb corrections. Note that there is a
finite multiplicative correction relating the MS hard func-
tion to F(Z, E).

Effective operators and anomalous dimension.—The
structure-dependent factor Myy appearing in Eq. (3)
depends on the process of interest. Important examples
are beta decay transitions [A,Z] - [A,Z+ l]e"D, or

E+m m\ 1=9°
E—l—nm(l_lgE) 2 } “)

|
[A,Z+1] - [A,Z]e"v,. Superallowed beta decays are
governed by an EFT consisting of QED for electrons
and heavy charged scalar fields [59-62],

Lo = —C(@7 Ny gl ep(1 = ys)v, + Hee.,  (6)

where gb[yA Z denotes a heavy scalar with electric charge
Z whose momentum fluctuations are expanded about
P = M zo#, with v = (1,0,0,0) in the nuclear rest
frame. For neutron decay, the EFT involves spin-1/2 heavy
fields [59-62],

Lor =N Cor +Car'ys) e (1 =ys)ve +He., (7)
where 7" and h{" denote spin-1/2 heavy fields with
electric charge 1 and 0, respectively. Matching to the EFT
represented by Eq. (6) or Eq. (7), we identify the
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components of Eq. (3) in terms of operator coefficients
and matrix elements: Myy is proportional to (a linear
combination of) C;, while My and My give the hard and
soft contributions to the EFT matrix element. In My, at
each order in a, the leading power of Z is given by the
explicit expression (4), obtained from the amplitudes (2).
In particular, the leading-in-Z anomalous dimension is ob-
tained from the py dependence of Eq. (4), cf. Eq. (9)
below.

We may proceed to analyze the renormalization-group
properties of weak-current operators in the EFT. Radiative
corrections enhanced by large logarithms, L ~ log(A../E),
are determined by the anomalous dimensions of the oper-
ators in (6) and (7), which are spin-structure independent,
i.e., Y4 =7y = yp. Writing

dlogC & fa\"! g, .
— — el nl Zn+l—l
0= dlogp 2.2 a) 7

n=0 i=0
= /0 (Za) + oy (Za) + -+, (8)

we note several interesting all-orders properties: (i) Powers
of Z greater than the power of @ do not appear [63]. (ii) The
leading series involving (Za)" sums to

7O =1/1=(Za)* - 1. 9)

This result is obtained by differentiating Eq. (4) with respect
to py. (iil) At each order in perturbation theory, the leading
and first subleading powers of Z are related [66]:

(1) (0) © ()

Yon—1 = M¥op-1» Yon = 172y (n>1). (10)

When Z = 0, the problem reduces to a heavy-light current

operator. Using our new result for ygl) = 167°(6 — n*/3)
[42] and property (10), the complete result through three-
loop order at arbitrary Z is

_a o, (2N e )
Yo =170 +<4ﬂ> [ 82°Z(Z + 1)+, }

+ (%)3 |:167Z'ZZ(Z+ 1)(6—?) +y§3>], (11)

(n)

n—1°
literature [67]. Our result for y(zl) disagrees with Ref. [39],
which did not include the full set of relevant diagrams at
O(Z%a*) [42]. Note that properties (9) and (10) also
determine the anomalous dimension at order Z*a* and Z3a*.

Renormalization group analysis.—An important advan-
tage of identifying the Fermi function as a field theory object
is the ability to resum large logarithms, ~ log(A,../E), at
high perturbative orders using renormalization-group

where y n =1, 2, 3, are known from the heavy quark

methods. Consider the solution to the renormalization-group
equation,

dlogC:Mda, (12)

p(a)

where a is the MS QED coupling (for one dynamical
electron flavor) and g = da/dlogu = —2a|fya/(4x) +
pra?/(4x)? + - -] [70]. Expanding y and S in powers of
a and Z, then integrating, we obtain a systematic expansion
for the ratio of the renormalized operator coefficient at
different scales, C(uy)/C(uy ). Setting puy ~ A and p; ~ m,
we thus resum large logarithms log(A/m) [74]. Since the
convergence of the series in a is influenced by Z, let us
consider several regimes of Z.

(1) Large Z asymptotics. Consider a large Z nucleus,
counting log?(A/m) ~a~! and Z ~ a~!. For example, we
may consider beta decays of 2!%Pb or >*°U. Through O(a'/?),

og (24

= [ O(Za)L] + |:b0aLL2

(ZO’L)2 ]

2 1 - (Z(XL)Z

(Zap)*(3 = 2(Zay)?)
6(1 — (Za, )2

+ [béa%ﬁ —a Ly (Zaﬁ} ,

(13)

where ay  =a(py ), L=10g(uy /), and by=—py/(2x).
Consider separately the terms in y!) with odd and even
powers of (Za). Using Eq. (10),

m_1 0 o__ —Za 14
yodd 2 a(Z(X) 7 2 l — (Za)z . ( )

The corresponding decay rate corrections involve (less the
known Za? correction) [76]

2
A
5% —a(Za)log—
Clu)| E
Al 3
:alogE E(Za)3+§(Za)5+~~ . (15)

The even series yé\l,)en is determined through three-loop order

by Eq. (11).

(ii) Intermediate Z. Consider a medium Z nucleus,
counting log?(A/m) ~ Z?> ~ a~!. This is relevant for super-
allowed beta decays contributing to |V ,,| extraction, which
range from Z=6 ('%C) to Z =37 ("Rb). Through
O(a’/?), the scale dependence is
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SEmIR:

{ {log il (aH - aL)] + [ZJE? (am — CZL)}

(2) 2. (1)
p Z7y
+ (U ﬂ—;> n=an)+ (S

where ay; = a(uy)/(4r) and the square brackets ac-
count for effects at order «'/2, a!, a®/2, etc.

Achieving permille precision demands proper treatment
of terms through resummed order &% This result (16)
replaces (and disagrees with) logarithmically enhanced

contributions at order Z%a3 in the “heuristic estimate” of

Sirlin and Zucchini [78]. Using our new result for 73" [42]
we compare to this heuristic estimate, and investigate the
convergence of perturbation theory in Fig. 1. Here we fix
uy and compute the product of |C(u;)/C(uy)|* and the
squared operator matrix element at y;, varying y; as an
estimate of perturbative uncertainty [79]. Normalizing to
the leading Fermi function (known analytically to all
orders) this quantity corresponds to the outer radia-
tive correction appearing in the beta decay literature
[cf. Eq. (11) of Supplemental Material [52] ]. We note that
Eq. (11) is in fact sufficient for a resummation of

C(uy)/C(uy) through O(a?), although for practical

1.038 |

1.037 |

1.036

RC

1.035 £

1.034 |

10 20 30 40

FIG. 1. Radiative correction to the beta decay rate as a function
of nuclear charge, normalized to leading Fermi function. RC
denotes the outer radiative correction, 1 + &%, computed for fixed
electron energy, cf. Eq. (11) of Supplemental Material [52]. Red,
blue, and green curves show results correct through resummed
order a'/2, @ and a*/?, respectively. The black curve represents
the central value for Sirlin’s heuristic estimate as implemented in
Ref. [21]. Tllustrative values £ =2 MeV, E,, =5 MeV, A =
100 MeV are used for the electron energy, maximum electron
energy (which enters the one-loop matrix element [35]), and
renormalization scale py = A, respectively. The width of the
curves is given by varying m,/2 < u; < 2E,,. Analytic expres-
sions can be obtained using Eq. (16) [52].

Yo

ﬂ sz/ 1 Z4}/<0>1

e B ARt (TR | S
0

[
applications one would also need currently unknown
operator matrix elements at O(Za?) [80].

(iii) Neutron beta decay. Neutron beta decay corresponds
to the case Z = 0 (in our convention); we therefore define
Vol = 7/5:1_)1. Again counting log?(A/m) ~ a™!, the resum-
mation is [81]

gem)
st Gop) e o

where the first term is of order a!/2, and the second term is
of order a*/2. The complete result, correct through order
a’/2, is obtained using (17) together with the one-loop low-
energy matrix element.

Even after resumming logarithms in the ratio of hadronic
and electron mass scales log(A/m), large coefficients
remain in the perturbative expansion of the hard matrix
element. While the class of amplitudes summed in the
Fermi function are enhanced at small § and large Z, neither
limit holds for neutron beta decay [83]. The large coef-
ficients can instead be traced to an analytic continuation of
the decay amplitude from spacelike to timelike values of
momentum transfers. The enhancements are systematically
resummed by renormalization of the hard factor My in the
factorization formula (3) from negative to positive values of
,u% (cf. Refs. [84,85]), with the result [44]

Mul2, )2 = exp m MuG2OR (18)

where %, = +4p? —i0 and My (u3_) is free of x enhance-
ments. This analysis systematically resums z-enhanced
contributions, and does not rely on a nonrelativistic
approximation.

Discussion.—At the outset of our discussion we posed
three questions, which are now answered. (1) The scale ™!
appearing in the Fermi function (1) is unambiguously
related to a conventional MS subtraction point, cf. Eq. (5).
(2) The Fermi function is identified as the leading-in-Z
contribution to the matrix element from the effective
Lagrangian (6). Other radiative corrections are systemati-
cally computed using the same Lagrangian. (3) Numerically
enhanced contributions in neutron beta decay arise from
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perturbative logarithms |log[(—p? —i0)/p?]| = #, and can
be resummed to all orders. The result (18) differs from the
nonrelativistic Fermi function ansatz [37,69] beginning at
two-loop order.

Our EFT analysis allows us to systematically resum large
perturbative logarithms and to incorporate corrections that
are suppressed by 1/Z or E/A. New results include the
following. (1) New coefficients in the expansion of the
anomalous dimension for beta decay operators. We have
computed the order Z?a? coefficient for the first time [86],
and found a new symmetry linking leading-Z and sub-
leading-Z terms in the perturbative expansion. Using our
new result, and the existing heavy quark effective theory
literature, we show that the first unknown coefficient occurs
at four loops, at order Z%a* [42]. (2) New results for the
large-Z asymptotics of QED radiative corrections to beta
decay. We supply the infinite series of terms of order
a(Za)> ' log(A/E), replacing Wilkinson’s ansatz [77],
and present a new result for the term of order
a(Za)?log(A/E), replacing Sirlin’s heuristic estimate
[38]. We provide the EFT matrix element to all orders in
Za and clarify its relation to the historically employed
Fermi function [43]. (3) An all-orders resummation of
“r-enhanced” terms in neutron beta decay, replacing the
Fermi function ansatz. This substantially improves the
convergence of perturbation theory and is important for
modern applications to neutron beta decay [44].

Each of these results has important implications for
ongoing and near-term precision beta decay programs
[13,16,22,87-102]. Detailed computations are presented
elsewhere [42-44]. Related work on new eikonal identities
for charged current processes is presented in Ref. [64]. The
same formalism applies to any situation involving charged
leptons and nuclei, provided the lepton energy is small
compared to the inverse nuclear radius.

An immediate conclusion of our study is that the existing
estimate for O(Z2a*) corrections is incorrect. Focusing on
the dominant logarithmically enhanced terms, the coeffi-
cient “a” in Sirlin’s heuristic estimate [38,39] changes. For
the 9 transitions with smallest ¢ uncertainty (at or below
permille level), this leads to shifts ranging from 1.1 x 107*
for O to 1.4 x 1073 for >*Co [52], i.e., an order of
magnitude larger than the estimated uncertainty on the
outer radiative correction [21]. We observe that these shifts
are comparable in magnitude to the CKM discrepancy,
IVial® + Vs> + Vs |> = 1 = =0.0015(6) [21], and with
a sign that goes in the direction of resolving the discrep-
ancy. Accounting for these strongly Z-dependent correc-
tions should also impact new physics constraints such as on
scalar currents beyond the standard model [21]. A complete
determination of the long-distance radiative corrections at
the 10~* level will require revisiting the O(Za?) matrix
element in the pointlike EFT considered here; this work is
ongoing. Future work will address factorization at sub-
leading power and investigate the impact on phenomenol-
ogy including hadronic [12,40] and nuclear [15] matching
uncertainties.
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