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Evidence for a stochastic gravitational wave (GW) background, plausibly originating from the merger of
supermassive black holes (SMBHs), is accumulating with observations from pulsar timing arrays. An
outstanding question is how inspiraling SMBHs get past the “final parsec” of separation, where they have a
tendency to stall before GWemission alone can make the binary coalesce. We argue that dynamical friction
from the dark matter (DM) spike surrounding the black holes is sufficient to resolve this puzzle, if the DM
has a self-interaction cross section of order cm2=g. The same effect leads to a softening of the GW spectrum
at low frequencies as suggested by the current data. For collisionless cold DM, the friction deposits so much
energy that the spike is disrupted and cannot bridge the final parsec, while for self-interacting DM, the
isothermal core of the halo can act as a reservoir for the energy liberated from the SMBH orbits. A realistic
velocity dependence, such as generated by the exchange of a massive mediator like a dark photon, is
favored to give a good fit to the GW spectrum while providing a large enough core. A similar velocity
dependence has been advocated for solving the small-scale structure problems of cold DM.
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Introduction.—Nearly 40 yr after its theoretical basis
was established [1], gravitational wave astronomy has
entered a new era with the advent of pulsar timing arrays.
Differential time delays of pulsar signals, consistent with a
stochastic gravitational wave (GW) background at
nanoHertz frequencies, were detected in 2021 by
NANOGrav [2], the Parkes pulsar timing array (PPTA)
[3] and the European pulsar timing array (EPTA) [4]. The
GW interpretation has been reinforced by the ∼3σ evidence
for Hellings-Downs correlations in the NANOGrav’s recent
15-year data analysis [5], and the compatible measurements
by PPTA [6], EPTA [7], and the Chinese pulsar timing
array [8]. A plausible origin for the signal are the mergers
of supermassive black holes (SMBHs) [9–12] across
cosmic time.
One challenge to the SMBH interpretation of the nHz

GW background is that the simplest models (assuming GW
emission is the only source of energy loss) predict that the
timescale for merging once the SMBH separation is of
order 1 pc is larger than a Hubble time; this “final parsec”
problem suggests that the SMBHs would never merge [13].
At larger distances, three-body interactions with stars allow

the SMBH pair to lose energy, “hardening” the binary and
driving the inspiral. It was suggested that axisymmetry of
the galactic halo profile is sufficient to overcome this
problem [14], but this has been debated [15]. Another
possibility is that interactions of the SMBHs with an
accretion disk accelerate the infall [16–18]. The simulations
in [19] show that these astrophysical mechanisms are
generally ineffective to reduce the inspiral time below
several Gyr, adding motivation to look for others.
A less-explored mechanism for accelerating the infall is

the dynamical friction (DF) [20] experienced by the SMBH
pair as it rotates through the surrounding dark matter (DM)
halo. This effect has been studied for ultralight DM [21–27]
and in the context of intermediate- or stellar-mass BH
binaries [28–32]. Black holes accumulate surrounding DM
overdensities, known as “spikes” [33], which can exceed
the galactic DM halo density and enhance the DF damping
the BH orbital motion.
Some effects of collisionless cold dark matter (CDM)

friction were recently considered for SMBH contributions
to PTA signals in Ref. [34]. It was shown that the low-
frequency turnover in the spectrum, suggested by the data,
can be ascribed to DM frictional energy loss, which
dominates over GW losses at intermediate BH separations.
The effect of eccentricity of the SMBH orbits was studied
in Ref. [35]. The impact on the final parsec problem has,
however, not yet been addressed. Here we show that DM
friction drives the binary infall at intermediate separations
(see Fig. 1) and can reduce the inspiral timescale to
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≲1 Gyr, provided that the DM spike is able to absorb the
frictional energy without being disrupted. We argue that
this is possible for self-interacting dark matter (SIDM), but
not for standard CDM.
Self-interacting dark matter (SIDM) has been proposed

to address discrepancies between the predictions of CDM
and observations of galactic structure on small scales,
notably the core versus cusp problem (see Ref. [36] for
a review). We consider a range of velocity-dependent
scattering cross sections, motivated by evidence for scale
dependence of halo cores [37], finding that simple power
laws do not optimally fit the GW signal. However, a broken
power law, as results from a realistic massive force carrier
like a dark photon, is able to reproduce the observations,
including the hint of reduced power at low frequencies. Our
preferred cross section values are compatible with those
favored by small-scale structure.
DM density profiles.—The GW signal from merging

SMBHs depends upon their masses M1 and M2, para-
metrized by q≡M2=M1 ≤ 1, with final SMBH mass
M• ¼ M1ð1þ qÞ. For a given M• at redshift z, we
determine the mean values of the Navarro-Frenk-White
(NFW) [38] halo parameters of the DM density profile
following [39–41], as described in the Supplemental
Material [42]. This provides a starting point for determining
the DM spike around the SMBH.
For CDM, the NFW profile is superseded by the DM

spike contribution at radii r < rsp, with spike radius
rsp ≅ 0.2r2M, where r2M is the radius at which the mass
enclosed by the NFW profile is 2M• [46,47]. For an NFW
halo, r22M ≅ M•=πρsrs, assuming r2M ≪ rs. The spike
profile has the form

ρspðrÞ ¼ ρspðrsp=rÞγ; ð1Þ

where ρsp ¼ ρNFWðrspÞ, and the exponent γ is subject to
astrophysical uncertainties [48–50], including evolution
during the merger [51]. We thus consider γ as a free
parameter, with physically motivated values varying

between 7=3 for an adiabatically grown spike [33] and
1=2 for a spike formed right after a galaxy merger [48]. The
spike can be tapered off by DM annihilations [52,53], but
this will not play a role here.
For SIDM, the galactic halo is flattened within a distance

r1, the radius of the core, due to SI-driven thermalization
[37]. The interaction cross section σ determines r1 by
demanding at least one scattering per DM particle for r <
r1 during the age of the core,

hσvi
m

ρNFWðr1Þtage ∼ 1: ð2Þ

For r < r1, the NFW profile is replaced by an isothermal
one, which satisfies the Poisson equation v20∇2ρ ¼ −4πGρ,
with one boundary condition (b.c.) being regularity at the
origin [37]. Here, v20 is the DM velocity dispersion, which
is constant in the isothermal region [54]. For the other b.c.
of the Poisson equation, we follow Ref. [37], choosing
ρ0ðr1Þ such that the mass enclosed within r1 is the same as
in the original NFW profile. Satisfying both b.c.’s fixes the
value of v20. Technical details about this procedure are given
in the Supplemental Material [42].
As Eq. (2) shows, the self-interaction cross section enters

our results only in the combination hσvitage. Since tage
includes the unknown time that the binary takes to reach a
∼10 pc separation through interactions with the baryonic
environment, we consider it as a nuisance parameter in our
analysis, normalizing to tage ¼ 1 Gyr. It is straightforward
to rescale our results to other values of tage, which could be
predicted in a more detailed analysis including the effects
of stars and gas.
The SIDM halo can be matched to the spike similarly to

CDM. Reference [55] considered several dependences of
the SI cross section on the DM relative velocity v,

hσiðvÞvi ¼ σ0v0ðvref=v0Þa ¼ σ0vrefðvref=v0Þa−1; ð3Þ

with a ¼ 0; 1;…; 4. For example, a ¼ 4 corresponds to
Coulomb scattering, such as mediated by a massless force
carrier, while a ¼ 0 represents isotropic scattering, result-
ing from a contact interaction. The choice of vref in Eq. (3)
is arbitrary; here we take vref ¼ 100 km=s, and quote
values of σ0=m, as is standard in the literature.
Reference [55] identifies the spike radius with the radius

of influence of the final BH: rsp ¼ GM•=v20, so that setting
ρsp ¼ ρ0 in Eq. (1) gives the SIDM spike profile. The mass
of the spike is typically comparable to that of the SMBH
host. The spike density exponent depends on a as
γ ¼ ð3þ aÞ=4. We only consider values of σ0=m large
enough so that rsp ≤ r1. The resulting a ¼ 0 and a ¼ 4

profiles are shown in Fig. 2. For a ¼ 0, the isothermal core
is larger and has a larger v0 ≃ 500 km=s than for a ¼ 4, for
which v0 ≃ 220 km=s. Thus, the spike is steeper and more
extended for a massless mediator.

FIG. 1. Agents driving the SMBH binary hardening versus
separation (bottom axis) or gravitational wave emission fre-
quency (top axis), compared to the bandwidth of current pulsar
timing arrays. Regions correspond to a typical merger of two
3 × 109M⊙ SMBHs at z ¼ 0 within an SIDM spike.
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A more realistic cross section need not have such simple
behavior. Interactions mediated by a massive force carrier,
such as dark photons of mass mγ , behave as a ¼ 0 for
v < vt and as a ¼ 4 for v > vt, with a transition velocity
vt ∼ cmγ=m. Although the DM velocity dispersion in the
core is constant, it starts to rise as v=v0 ∼ 4=11ðrsp=rÞ1=2
within the spike [55] and can enter the a ¼ 4 regime,
thereby increasing γ. We model the spike profile as Eq. (1)
with γ ¼ 3=4 in the outer region and γ ¼ 7=4 in the inner
region where v > vt [56]. These two regimes meet at the
transition radius rt at which v ¼ vt [57]. If vt < v0, the
a ¼ 4 regime is applicable throughout the whole core and
spike. An example is shown in Fig. 2, where it is clear that
the massive mediator interpolates between a ¼ 0 at large
radii and a ¼ 4 in the inner region.
In summary, for either CDM or SIDM, the outer NFW

halo parameters are determined by the BH mass M•, while
the details of the BH spike depend on additional param-
eters: γ for CDM; σ0vref=m and a (or vt for a massive
mediator) for SIDM.
SMBHmerger dynamics.—For simplicity, we assume the

SMBHs to be in a circular orbit with separation R, angular
frequency ω ¼ ðGM•=R3Þ1=2, and that for separations
≲10 pc the orbit decays solely due to GW emission and
dynamical friction with the DM. The power in GWs is
given by Pgw ¼ ð32=5Þq2ð1þ qÞG4=c5ðM1=RÞ5 [58],
while the frictional power loss in the common-envelope
spike is (see Supplemental Material [42])

Pdf ¼ 12πq2
ffiffiffiffiffiffiffiffiffiffiffi
1þ q

p
ðGM1Þ3=2R1=2

×

�
N1ðqÞ
q3

ρsp

�
qR

1þ q

�
þ N2ðqÞρsp

�
R

1þ q

��
; ð4Þ

where N1;2 ¼ 1 for CDM and N1 ¼ N2 ≃ 0.2 for SIDM
and q ¼ 1. RðtÞ is fixed by equating Pdf þ Pgw to the rate
of change of the orbital energy, Ėorb ¼ qGM2

1Ṙ=ð2R2Þ.
Simple analytic solutions forRðtÞ exist when either of the

two loss terms dominate. Since the evolution due to GW
emission is well known, we focus on the dynamical friction.
Defining the characteristic timescale tsp ¼ ðr3sp=GM1Þ1=2
and dimensionless time and radial variables τ ¼ t=tsp, x ¼
R=ð2rspÞ, the equation of motion takes the form dx=dτ ¼
−Bxp, where p ¼ 5=2 − γ and B ¼ fðq; γÞρspr3sp=M1

with fðq; γÞ ¼ 96πq½ð1þ qÞ=2�γþ1=2ðN2 þ N1q−3−γÞ.
The timescale for hardening due to DF is then

tdf ≡ ∂t=∂ lnRjdf ¼ ðtsp=BÞx1−pcrit ; ð5Þ

with critical separation xcrit where DF is weakest within the
DM spike. If γ ≥ 3=2, this occurs at the outer edge,
xcrit ¼ R⋆=ð2rspÞ, where R⋆ is the separation beyond
which hardening by interactions with stars and gas is
efficient; we conservatively take R⋆ ¼ 10 pc. For shallow
spikes with γ < 3=2, DF weakens at small separations; then
xcrit ¼ Rgw=ð2rspÞ, where Rgw is the separation at which
GW emission becomes sufficiently strong to complete the
merger. In the marginal case γ ¼ 3=2, x1−pcrit → lnðR�=RgwÞ.
For SIDM with a massive mediator, xcrit must be evaluated
at the intermediate separation rt at which DM particles have
velocity vt (see Supplemental Material [42].) Using the
GW hardening timescale [58]

tgw ≡ ∂t
∂ lnR

����
gw

¼ 5c5

64G3

ð2RgwÞ4
M3

1qð1þ qÞ ; ð6Þ

we find that Rgw ¼ 0.1–0.2 pc for binaries with M1 ¼
3 × 109M⊙ to merge within 0.1–1 Gyr. We conservatively
set Rgw ¼ 0.1 pc for our numerical evaluations.
For CDM, 12πρspr3sp=M1 ≃ ð1þ qÞ=2 and thus

B ¼ Oð1Þ, since q ≃ 1 for SMBH mergers contributing
most strongly to the stochastic GW background. For
binaries with M1 ≳ 109M⊙, one finds tsp ≃ 2 × 10−3 Gyr.
Since for a shallow spike xcrit ≃ 1.5 × 10−4, it follows that
tdf ≲ 1 Gyr as long as γ ≳ 0.7. One would then conclude
that CDM is able to solve the final parsec problem;
however, the backreaction of the black hole motion on
the spike must be taken into account [59].
The energy lost by the SMBH binary when its orbit

shrinks from R� to Rgw is

ΔEorb ¼ qGM2
1ðR−1

gw − R−1� Þ=2: ð7Þ

FIG. 2. Spike profiles around a SMBH with M• ¼ 6 × 109M⊙
at z ¼ 0. NFW parameters of the host galaxy are rs ≃ 2 Mpc,
ρs ≃ 3 × 1014M⊙=Mpc3, and M200 ≃ 2 × 1016M⊙. A range of
possible CDM spikes is shaded in gray. For SIDM, the blue
(green) line corresponds to a contact interaction (massless
mediator) with σ0=m ¼ 3 cm2=g (30 cm2=g). The black line
represents a massive mediator with σ0=m ¼ 3 cm2=g and a
transition velocity vt ¼ 500 km=s. The age of the core is
100 Myr. Vertical red lines delimit the range for which GW
emission is detectable at current PTAs. The profiles are cut off at
twice the Schwarzschild radius of the BH [55].
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This energy heats the DM particles and should be compared
to the gravitational binding energy of the spike, U, to
estimate whether it can absorb that much energy:

U
G

¼ M•

Z
d3x

ρspðx⃗Þ
jx⃗j þ

Z
d3x1 d3x2

ρspðx⃗1Þρspðx⃗1Þ
2jx⃗1 − x⃗2j

¼ 4πM•ρspr2sp

�
1 − ϵ2−γsp

2 − γsp

�
þ 4π2ρ2spr5spgðγÞ; ð8Þ

where ϵ is the ratio of the Schwarzschild radius to the spike
radius, and gðγ ≲ 2Þ ∼ 3, growing to gð7=3Þ ∼ 20. Because
the mass of the spike is of order M•, the two contributions
are comparable, and they are 4–5 orders of magnitude
smaller than ΔEorb for typical M• ∼ 6 × 109M⊙ contribut-
ing to the GW signal. Hence the CDM spike is completely
disrupted by the DF energy deposited.
This obstacle can be overcome if DM has self-inter-

actions that thermalize and replenish the spike sufficiently
fast. The SIDM dynamical friction timescale follows from
Eq. (5) with rsp ¼ GM•=v20, which depends indirectly upon
σ0=m. For our numerical evaluations, rather than the
timescale we use the inspiral duration resulting from
integrating the equation of motion from R⋆ to Rgw, see
the Supplemental Material [42] for details. Figure 3 (upper)
shows tdf versus σ0=m for a ¼ 0, 1, 2, 3, 4 and for a
massive mediator, for a representative SMBH binary with
the same combined mass and thus the same host DM halo
NFW parameters used in Fig. 2. Larger values of a produce

more pronounced spikes that exert more DF. SIDM yields
sub-Gyr inspiral times for values of σ0=m below an a-
dependent threshold. As σ0=m grows, the isothermal core
becomes larger and less dense, resulting in a weaker spike
that applies less DF on the SMBHs.
The energy injected in the SIDM spike by the BHs heats

and disperses the DM in it, but at the same time the self-
interactions repopulate the spike with DM from the
isothermal core. If this occurs fast enough, the spike
survives the backreaction and continues to harden the
binary. Since we take the spike to be in equilibrium, tdf
should be larger than the SIDM core relaxation timescale
tr ≃ ½ρcðσ=mÞv0�−1 (the mean time between particle colli-
sions), which coincides with tage in Eq. (2). Thus, for our
approximations to be self-consistent, we demand that
tdf ¼ tage, although this technical assumption could be
relaxed in a more general approach.
If large enough, the isothermal core acts as a reservoir

whose total binding energy can be sufficient to absorb the
orbital energy lost by the binary. This puts an a-dependent
lower limit on σ0=m, shown in Fig. 3 (lower). Lower values
of a are favored since they produce larger cores. Combined
with the upper limit from solving the final parsec problem,
there is a range of viable σ0=m values that are listed in the
Supplemental Material [42]. The best-performing model is
the massive mediator, which combines a large core in the
a ¼ 0 regime with a steep spike in the a ¼ 4 phase (see
Fig. 2), and prefers σ0=m ∼Oðcm2=gÞ, as highlighted by
the dotted vertical lines in Fig. 3. The preferred range of SI
cross sections, which is compatible with small-scale struc-
ture constraints [36], can be tightened by studying how GW
emission from the SMBH binaries is modified by the DM.
GW spectrum.—To calculate the total GW energy emit-

ted by a single binary at each frequency, recall that the
frequency of GWs at the source is twice the orbital
frequency,

fs ¼ ω=π ¼ ð2πtspÞ−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ qÞ=2

p
x−3=2; ð9Þ

using the characteristic timescale and dimensionless sep-
aration x ¼ R=ð2rspÞ defined in the previous section. The
differential GW energy spectrum is (see Supplemental
Material [42])

dEgw

dfs
¼ q

6fsx
GM2

1

rsp

Pgw

Pgw þ Pdf
; ð10Þ

where x is understood to be a function of fs via Eq. (9). GW
emission finishes when the two BH horizons merge at a
separation Rmin ¼ 2GM1ð1þ qÞ, resulting in a sharp cutoff
of the spectrum at high frequency. The GW signal produced
by a population of cosmological SMHB mergers is
described by the characteristic strain [60,61]

FIG. 3. Upper: Time for SIDM dynamical friction to bring the
SMBH separation below 0.1 pc where GW emission dominates,
versus SI cross section. Lower: Ratio of orbital energy trans-
mitted by the binary to the DM spike via dynamical friction, to
the gravitational binding energy of the SIDM isothermal core.
Colors identify different velocity dependence of σðvÞ, the black
line corresponding to a massive mediator with vt ¼ 500 km=s.
Shaded regions are disfavored and dotted lines delineate the
viable range for the massive mediator.
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h2cðfÞ ¼
4G
πc2f

Z
dzdMdq

d3n
dzdMdq

dEgw

dfs
; ð11Þ

where f ¼ fs=ð1þ zÞ is the frequency of the GW at the
detection point.
The NANOGrav analysis [10] includes a phenomeno-

logical parameter for the total hardening timescale. Its
posterior distribution is peaked at the lower bound of the
range considered, 0.1 Gyr, signaling a preference for fast
coalescence, with a 1σ region extending to a few Gyr. We
therefore approximate the inspiral as being instantaneous
compared to the Hubble time, and explore values of tage in
the 10 Myr–1 Gyr range. This is consistent with Fig. 3,
which shows that DF from the DM spike can yield a sub-
Gyr merger time for typical SMBHs from separations as
large as 10 pc, beyond which interactions with stars and gas
are assumed to be effective. We neglect possible effects of
ambient stars or gas on the GW waveform within the PTA
frequency range, to clearly illustrate the effects of DM.
The parametrization of d3n, described in the

Supplemental Material [42], is based on Ref. [62], used
by NANOGrav [10] and EPTA [11]. We expect the astro-
physical parameters determining it to be largely unchanged
by DM effects, except for the overall normalization of the
signal that is sensitive to the hardening timescale. We
therefore fix them to the best-fit values found by Ref. [10]
and allow only the normalization parameter ψ0 to vary.
We extract central hc values and upper and lower error

bars for the first five NANOGrav [5], ten PPTA [6], and six
EPTA [11] frequency bins, by fitting two one-sided
Gaussians to the probability distributions represented by
the violin plots; see the Supplemental Material [42]. From
these, χ2 values are calculated for model predictions using
Eq. (11). The characteristic strain spectrum for the best-
fitting model in each category is shown in Fig. 4. The best
fits among them give χ2 ≲ 15, which is lower than the
expected ∼21 due to correlations between the different
frequency bins in the data [63]. The normalization is treated
as a nuisance parameter, and for our best-fitting models is
ψ0 ∼ −2.5. This is significantly smaller than that found in
the fiducial NANOGrav analysis [10] and better matches
astrophysical expectations [62,64], but the conclusion may
vary when the finite duration of the mergers is taken into
account.
As is visible in Fig. 4, the presence of DM improves the

fit by softening the gravitational wave spectrum at low
frequencies, where energy is being lost to DF rather than
emitted in GWs. Although a CDM spike with γ ≃ 1.5
appears to give a good fit, the destructive backreaction
undermines this result. SIDM with a single power-law
velocity dependent cross section can only produce a
moderate softening due to the requirement of having a
large enough isothermal core to survive backreaction. The
minimum χ2 value within the viable σ0=m range can be
found in the Supplemental Material [42] for these models.

SIDM with a massive mediator is the only model among
the ones studied that can simultaneously absorb the DF heat
and produce a noticeable softening in the GW spectrum. As
shown in Fig. 5 as a function of the two free parameters of
the model, we find good fits to the PTA data, compatible
with merging well within 0.1 Gyr, for vt ∼ 300–600 km=s
and σ0=m ∼ 2.5–25 cm2=g ð100 Myr=tageÞ. Recall that we
impose tage ¼ tdf as given by the colored dashed contours
in Fig. 5.

FIG. 4. Selected characteristic strain spectra compared to PTA
data. The SIDM model corresponds to the black star in Fig. 5, for
which tdf ¼ 100 Myr.

FIG. 5. Contours of χ2 from the fit to the characteristic strain
spectra of NANOGrav [10], PPTA [6], and EPTA [11], for a
SIDM model with a massive mediator, in the plane of vt (velocity
at which the SI transitions from contactlike to long-range) versus
interaction cross section per DM mass at 100 km=s. In the gray
shaded region, the orbital energy lost by SMBHs with equal 3 ×
109M⊙ masses at z ¼ 0 is larger than the gravitational binding
energy of the SIDM core. Dashed lines show contours of the DF
timescale, assuming tage ¼ tdf .
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Conclusions.—Despite astrophysical uncertainties about
their detailed nature, there is no doubt that dark matter
spikes exist around supermassive black hole binaries, and
thus contribute to the dynamical friction accelerating the
decay of their orbit. We have shown that well-motivated
models of velocity-dependent self-interacting dark matter
have two correlated and desirable effects: robustly resolv-
ing the long-standing final parsec problem, thus allowing
GW emission to finish the inspiral process, and softening
the GW strain spectrum at low frequencies, matching the
feature hinted at by PTA data. In contrast, collisionless
CDM spikes are incapable of absorbing the frictional heat
and are destroyed by the merger.
It is encouraging that the properties of the self-interaction

cross section favored by the PTA signal is compatible with
what was already proposed to solve the small-scale structure
problems of CDM. In particular, the requiredmagnitude and
broken power law velocity dependence can reconcile the
different cross sectionvalues needed to explain observations
of galaxy and galactic cluster core sizes [37].
Our preliminary study opens theway to using gravitational

wave signals from supermassive black hole mergers as a
probe of dark matter microphysics. Ways to sharpen the
predictions include accounting for the finite duration of the
inspiral in an improved statistical analysis, using a more
realistic velocity dependence for the SIDM scattering cross
section, and performing numerical simulations to validate the
analytical calculations for the backreactionon theDMprofile.
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