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Strongly interacting massive particles 7 have been advocated as prominent dark matter candidates when
they regulate their relic abundance through odd-numbered 3z — 27 annihilation. We show that successful
freeze-out may also be achieved through even-numbered interactions XX — 7z once bound states X among
the particles of the low-energy spectrum exist. In addition, X-formation hosts the potential of also
catalyzing odd-numbered 37 — 27 annihilation processes, turning them into effective two-body processes
nX — nz. Bound states are often a natural consequence of strongly interacting theories. We calculate the
dark matter freeze-out and comment on the cosmic viability and possible extensions. Candidate theories
can encompass confining sectors without a mass gap, glueball dark matter, or ¢> and ¢* theories with

strong Yukawa or self-interactions.
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Introduction.—The several decades-long efforts to detect
dark matter (DM) nongravitationally have, to a significant
degree, been fueled by a relic density argument: the
couplings of DM to the standard model (SM) that allow
for phenomenological exploration also successfully gen-
erate the DM abundance in the early Universe through
thermal two-body annihilation of DM into SM states. As
has been realized more recently, when the link between DM
and SM becomes too weak, DM may still regulate its
abundance through 3 — 2 DM-only processes [1]; also
[2-4]. This offers a pathway of DM as a thermal relic even
when being partially secluded from the SM. The odd-
numbered 3 — 2 reaction is naturally realized through the
Wess-Zumino-Witten (WZW) five-point interaction of a
strongly interacting dark sector [5]. The possibility of a DM
number-depleting process that proceeds without participa-
tion of additional degrees of freedom is hence very
attractive and has led to a flurry of further exploration,
see Refs. [6-28] among others.

In this Letter, we show that bound states X = [zz| among
strongly interacting massive particles (SIMPs), denoted as
7, impact relic abundance predictions, potentially altering
the conventional understanding of the “SIMP mechanism.”
In particular, X may lead to a catalysis of freeze-out
reactions by adding new channels
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catalyzed 3 — 2annihilation: 7 +X - 7 +x, (la)

catalyzed4 — 2 annihilation: X+ X - 7+ .  (1b)
The last two are effective 2 — 2 processes and compete
with the free 37 — 27 and 47 — 27 counterpart reactions
in depleting the overall DM mass density. Moreover,
whereas 37 — 2z and (la) are related through the same
underlying odd-numbered interaction, the final process
XX — zx can be entirely due to even-numbered inter-
actions, such as the four-point self-interaction. This
releases a requirement on the interaction structure of the
theory and opens the door to a SIMP mechanism without
relying on anomaly-mediated interactions.

Of course, the prospect of catalyzed reactions (la) and
(1b) taking place requires X to be part of the low-energy
spectrum. Once the theory allows for the existence of
sufficiently long-lived X, their formation is guaranteed
through the radiationless exoergic process

guaranteed X formation: 7+ 7 +7 -7+ X. (2)

This reaction may also be mediated through even-num-
bered interactions, and in its effective strength, it is not
suppressed relative to the standard 3 — 2 process. Hence, X
may form efficiently, and it shows that already for models
of SIMPs in isolation, the role of bound states calls to be
studied; see Fig. 1 for illustration.

Exemplary SIMP model—To allow for a paralleling
exposition close to the original papers on the SIMP-
mechanism [1,5], we shall consider the low-energy
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FIG. 1. X-formation; X-assisted annihilation via two 4-point
interactions; catalyzed 3 — 2 annihilation.

effective theory of a=1,...,N, massive pseudo-
Goldstone bosons 7, as the DM candidates emerging from
a confining dark non-Abelian gauge group of N, fermion
fields. The dynamics discussed is not exclusive to this
choice and further possibilities will be commented on.

In the construction of the chiral Lagrangian, z, are
written as fluctuations of the orientation of the chiral
condensate ), X = e™/xXyei™ /s, with 7=, z,T"
where 7" are the N, broken generators of the flavor
group with normalization Tr[T¢T”] = §% /2. Expanding
in terms of X yields the canonically normalized kinetic
terms, masses, and even-numbered interactions of .
Considering a flavor-degenerate quark mass matrix M
with entries m, their universal mass is given by
m2 = +2u3m/f%; f, is the decay constant, and the plus
(minus) sign applies to Sp(2N,) [SU(N,) or SO(Ny)]
residual flavor symmetry. Interactions are given by

even 1 mlzr
L£even 5 —3—f]2TTr([7r, 0,7)[r, 0n]) + S—ﬁTr[”4] (3)

plus higher order terms O(z%/f%). Odd-numbered inter-
actions in form of a nonvanishing WZW term are only
present for symmetry-breaking pattern with coset spaces
with nontrivial fifth homotopy groups [29]. The leading
order WZW Lagrangian then reads,

odd __ 2NC
int 5215

" Tr(70,70,70,70, ). (4)

In the picture of strongly interacting theories, X would be
a “meson molecule” or “tetraquark” of mass my = 2m, —
Eg and Ep > 0. For the exposition of our ideas, we assume
a shallow bound molecule with x = Ez/m, ~ 0.1 so that it
can be treated as a nonrelativistic bound state [30]. This
points to a theory with m/A <1 where A ~2xzf, [31].
Theories with m/A < 1 such as for light quarks in QCD
have a mass-gap whereas for m/A > 1, the lowest lying
states are expected to be gluonia. The general ideas
presented here also apply to deeper bound systems, but
their treatment requires advanced field theoretical tools,
greatly complicating matters. Even if we are far from the
chiral limit, using (3) and (4) allows for a most direct
comparison with the original SIMP idea. In the following,

we shall take an Sp(2N.) gauge theory (N.=2) for
concreteness with Ny, =2 fundamental Dirac fermions.
After chiral symmetry breaking, the vacuum alignment is
Xy = E, where E is the unitized invariant matrix of the
remaining Sp(4) flavor symmetry group. A detailed study
of this choice is presented in [32] (see also previous lattice
studies [33,34]) and there are works studying the existence
of X in such scenarios, e.g., [35-38]. Another strongly
interacting option is taking m/A > 1 with glueball DM
[13,39-41] and to consider their bound states [42]. This is
left for future work [43].

Bound state-assisted SIMP annihilation.—Before a
detailed analysis, simple estimates may convince us that
bound state formation and X-assisted annihilation are both
efficient and may even supersede odd-numbered inter-
actions. The parametric ratio of rates of X formation to
odd-numbered annihilation reads,

F37r—>/rX _ <637[—>7[X7}2> ~ |W(O)|2f72z )C2~ (5)
<63JT—>271U2> mg "

F3ﬂ—>2ﬂ

Here (c;0?) are the thermally averaged collision integrals of
the respective processes. The dimensionful factor that
relates both “cross sections” is the square of the bound
state wave function at the origin |y (0)|*; xf = (m,/T¢)* ~
400 is an enhancement factor that accounts for the different
velocity scalings of rates, D wave for 3z — 2z and S wave
for 3z — zX, at nonrelativistic freeze-out temperature
Ty ~m,/20. Taking as an estimate |y (0)> = 1/a3 with
the Bohr radius az = 2/(aym,) given in terms of the dark
strong coupling constant @, = O(1) shows that the ratio in
(5) easily exceeds unity on account of m,/f, = O(1) in
strongly interacting theories [44].

We may also convince ourselves that X-assisted anni-
hilation competes with its free counterpart. Naive dimen-
sional analysis suggests that, for a pair of z particles, it is
more likely for them to meet as constituents of a bound
state than as free particles,

nX|W§O)|2 ~ 2,\/§ﬂ3/2x?/26KXf |V/(O3)|2 ’ (6)
mﬂ

T

where we used nonrelativistic Maxwell-Boltzmann statis-

tics for n, and ny. Note that 2v/27°/ 2x?/ 2~ 10% for
x¢ = 20. Thus, the ratio in (6) may easily exceed unity
and suggests on general grounds that XX — 7z dominates
over 4z — 2x, and that zX — 7z dominates over 37 — 27
when odd-numbered interactions are present. This is what
we mean by “catalysis.”

Cross sections.—We now calculate the relevant cross
sections from (3) and (4) and first consider the X-formation
cross section (63, ,xv?) [46]. In the approximation that we
are working in, the amplitude for a bound state process is
obtained from the free amplitude as follows. Following the
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notation of [47] and calling (ky, k>, k3|7 {...}|B1. P2, B3)
the matrix-element of 3z — 37z with respective incoming

and outgoing momenta p; and /?i, the amplitude for the
bound state formation 37 — zX is obtained from

V2Mx [ &G <1¥ K
2 1

G G| T By, . Ba V().
o, | @n) 4 ~+q.k3|T1{...}|p1. P> P3>W(Q)

(7)

Here, K is the three-momentum of X; i(g) is the Fourier
transform (§) = [ d*Xy(¥)e~4* of the wave function
that is a solution to the nonrelativistic Schrédinger equation
with confining potential V(r), where r = |X| is the sepa-
ration of the constituent SIMPs.

On general grounds, many terms contribute to the
integral in (7). They can be classified by the power of
the Cartesian components of ¢; that enter through the
matrix element, enforcing a selection rule on w(X).
Decomposing the latter into angular and radial parts,
w(X) = Y, ()R(r), constant terms (g;)° yield for the
integral (X = 0) which is only nonvanishing for S states
£ =0 where R(0) = +/4z|y(0)| #0. This is our most
important case, as it concerns the ground state of X.
Terms proportional to g; yield the derivative of the radial
wave function at the origin, R'(0) = dR/dr|,_, so the
lowest contributing angular momentum state is P wave
with £ = 1. We will encounter this case for the WZW
interaction below. Finally, terms quadratic in ¢; yield
nominally divergent integrals in (7), probing the short
distance behavior of the theory. In dimensional regulari-
zation one may show that V2R(0) = —m,EzR(0) holds
[50,51]. Since we take Ep < m,, this becomes subleading
in processes involving S states, and we are hence allowed to
neglect such contributions.

For the bound state formation process 37 — nX, there
are then various diagrams to consider. During nonrelativ-
istic freeze-out, the dominant processes are f- and u-
channel type diagrams of the sort depicted in Fig. 1 where
two 4-point interactions are connected via a SIMP propa-
gator. The denominators of the propagators are enhanced
by a matching kinematic condition k*> —m2 < —Egm,,.
This renders other diagrams irrelevant. The cross section

is then given by
N 57041 R%(0) <%> 3/2 (8)
T 1310720v372 f5 \Ep)

<O-3ﬂ—>JTX v >

The prefactor depends on the gauge group and symmetry
breaking pattern and is averaged all possible incoming and
summed over all outgoing flavor combinations so that
n3(03,_,xv?) yields the total number change per time. In
obtaining the result, we used a nonrelativistic expansion,
assuming that the typical incoming kinetic energy satisfies

m,(v*)/2 < Eg. This is equivalent to demanding T; < Ej.
The thermal average over a Maxwell-Boltzmann ensemble
was taken in the final step. When comparing with (5) we
observe an additional enhancement by a factor of
(m,/Eg)*? in the ratio of rates relative to the WZW-
mediated 37 — 27 annihilation. Detailed calculations of all
cross sections are provided in the Supplemental Material
[46] to this Letter.

Similarly, we may proceed with the calculation of the
annihilation cross section for XX — zz. A general com-
putation would be a formidable challenge, but we may
again profit from the imposed selection rules, focusing on
S-wave initial bound states. There are six ¢- and u-channel
diagrams, which become related in the limit that we neglect
the internal motion of the constituents. The final result
reads

2529757 R¥0)
T 424673280135 8

©)

<0XX—>zmv>

where we have again summed over all flavor combinations.
Finally, when considering odd-numbered 3 — 2 inter-
actions enabled by (4), we obtain the cross section for
the related zX — 7z process as

VENEmE pn o (10)

<6ﬂX—>rm'U> :w P
Importantly, the process requires X to be in a P-wave state
Xp with 2 = 1.

Abundance evolution.—We are now in a position to solve
the evolution equations for the two populations, free 7 and
X. Their respective total comoving number densities,
normalized to the total entropy density s, are given by
Y, x = n,x/s, where s is the total entropy density of the
Universe and a sum over all flavors is implicit. We assume
that kinetic equilibrium with SM is maintained; we develop
this in the next section. At high temperatures (small x), z
and X follow their equilibrium distributions, Y, y = Y%,
due to fast number-changing processes. Their chemical
decoupling happens at x; ~20 when n%(Gyy_v)/n,~
H(x;). Subsequently, considering only even-numbered
interactions, assuming dominance of XX — zz over the
free 47 — 2z counterpart and neglecting the inverse
process, a particularly simple form of the Boltzmann
equation is found for the combination Y, + 2Yy [52],
d(Yn+2YX) :_2<GXX—>mrU>Y§(S(x) (x>x1). (11)

dx xH(x)

The immediate evolution that ensues for x > x; is non-
trivial because bound state formation 37 <> zX is still
operative. This maintains a detailed balance between the X
and 7 populations,
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Y2yy N my \ 32 s(x
where N, =5 and Ny = (N,+1)N,/2 =15 are the
possible flavor combinations. Together, (12) and (11)
determine the evolution of Y, and Yy for as long as their
detailed balance holds until bound state formation freezes
out at x, > x; when 'y, .y = n2{cs,_,xv?) = H(x,).

Using (12) in (11) with Yy <Y, and neglecting
dYy/dx, the Boltzmann equation becomes one for
dY ,/dx that can be integrated. To leading order in x;/x,
we obtain the following solution,

256V/27% 92 mMp (0 xxnet) N}
N 6075v/5x4 Ni
X [8(kx, ) *Ei(2kx,)
— €22 (3 + 2kxy + 26205 + 43x3)],  (13)

Y7 (x2)

where Ei is the exponential integral function and M p is the
reduced Planck mass and g, are the effective degrees of
freedom at x,. This approximation works for xx; 2 1,
which is congruent with assuming Ep > T at chemical
decoupling. In writing the solution, we have also taken
Y;3(x;) < Y;3(x,). To within a factor of 2, we may then
put the solution in suggestive form,

Qeven 02 (200 k3 bn/GeV  m, > 1/3 "

e*  (oxxop¥)/m, GeV

This is a central result. First, note that the relic density
depends on x,, i.e., the moment of freeze-out of bound state
formation, and not x;. Second, we observe a strong
dependence on k, and with x, typically between 50 to
100, k = 0.1 suggests sub-GeV DM with cm?/gram self-
interactions—in the same ballpark as the odd-numbered
SIMP case. Finally, when compared to ordinary 2 — 2
freeze-out, the inverse dependence on the annihilation cross
section is softened by the cubic root.

The top panel of Fig. 2 shows the full numerical solution
for Y, and Yy as a function of x for the parameters given in
the caption. The evolution contains three steps as discussed
above. First, chemical decoupling happens at x; ~ 20 when
XX <> nn freezes out. Both X and 7z develop a chemical
potential and keep a detailed balance via 37z <> zX until
X, =~ 115. For x > x, free z have reached their relic density
value while Yy keeps decreasing further, as the rate of
XX — zzm with respect to ny is still larger than the Hubble
rate, ny(6yx—:v) > H(x,). The evolution of Yy is shown
in the bottom panel. Figure 3 shows that with bound states,
even-numbered interactions can achieve the observed DM
abundance with bn/GeV-scale self-scattering and reach
m, > GeV with perturbative couplings [53].

Odd-numbered case.—We now turn our attention to the
scenario when we are additionally afforded odd-numbered

my =0.2 GeV, mx/fr =5, k =4kp = 0.1; aé‘lo/m" = 0.2 bn/GeV
v 8 ; | —— T — =

Txxonn/H x107° =-=-= ]
Darorx/H x 1077 == -~

— 3
Trxposnr/H x 107% ===
Tarosnx/H x107° - ---

10~9 ;odd—numbered‘

E bound states :

10 100
x=mg/T

FIG. 2. Evolution of the DM abundance Y, +2Yy ~ Y, for
my =02 GeV, m,/f, =5, ks =4xp = 0.1, R(0) = 0.3m;/°,
and dR(0)/dr = 0.06m}'*. Thin solid and dotted lines show the
equilibrium and detailed balance abundances. Top: even-num-
bered case where XX annihilation freezes out at x; ~?20 (left
vertical line) and bound-state formation freezes out at x, ~ 115
(right vertical line); corresponding rates normalized to H are
shown as labeled. Middle: odd-numbered WZW interactions
included. Xp annihilation freezes out comparatively later (left
vertical line), maintaining longer chemical equilibrium. Free
4 - 2 and 3 — 2 freeze-out are shown for comparison in the
top and middle panel. Bottom: associated bound state abundances
with matching colors. For the choice of parameters, the DM abun-
dance is reached for the odd case; using instead R(0) = 1.4m,3,/ 2
yields the DM abundance for the even case.

interactions. As calculated in (10), the efficiency of zXp —
zz entirely hinges on the availability Xp, which must be
present in the low energy spectrum. Since the path to
collisional excitation is open, one may consider the detailed
balancing relation ny,/ny = 3 exp[—|k — kp|x] as an esti-
mate for the number density ny, of excited states; kp =
Ep/m, with Ep being the P-wave binding energy. As we
shall see now, the impact of bound states X can also be
substantial. Even with the bottleneck of P-wave states for
WZW interactions, #Xp — zz supersede the free 3z — 2z
scenario, and is generally stronger than XX — 7.
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FIG. 3. Contours of observed DM abundance in the even-
numbered case for x = 0.1 and R(O)/m,S,/2 =0.3, 1, 3, respec-
tively. The colored region (dotted line) shows the DM self-
scattering constraint 65° > 2(0.2) bn/GeV. The free 47 — 2z

counterpart would require m,/f, > 4z for m, > 1 MeV.

For the odd-numbered case, the chemical decoupling
happens when ny,(6,x,-z,0) =~ H(x;). For x > x,, the
right-hand side of (11) is replaced by —s(6,x,-.,0)Y.Yx,/
(xH). Since Yy,/Yx, and thus the rate of zXp — 7z,
decrease exponentially for x > x;, Y, already freezes out
at x;. If 37 - 7zX decouples later, x, > x;, (12) allows

us to estimate the yield from ny! (6,x,—..:0)/H (1)~

(YaH?/Y2%(x,). This gives

5/4 —KkpX; | -3 1/2
did:oz(ﬂ) <e 1077 b/ Gev) . (15)

20 <6n'XP—>rm'U>/m7r

The middle panel of Fig. 2 shows the full numerical
freeze-out solution. In comparison with the even-numbered
case, the stronger 7#Xp — zz reaction maintains longer
chemical equilibrium. At the same time, with p-wave states
diminishing more rapidly with temperature, there is no
distinct intermediate phase, and freeze-out happens in one
step [unless considering large values for dR(0)/dr]. Also
shown is the standard SIMP scenario through free 3 — 2
reactions, and we observe an order of magnitude smaller
freeze-out yield for the chosen set of parameters when X is
considered (catalysis). This softens the notorious tension
between maximum permissible elastic scattering cross
section and relic density requirement in SIMP models
[54], and for the shown case, both requirements are indeed
satisfied. The leading order elastic scattering cross section
is 65°/m, = 0.2 bn/GeV, receiving higher order correc-
tions in the chiral expansion [54] as well as from the bound
state in the spectrum. For the latter, we may estimate an
S-wave scattering length of the order 1/(xgm2)'/? [55],
leading to resonant-induced 6o /m, ~ 1/(kgm3). For m, =
0.2 GeV and «g ~ 0.1 adopted here, it suggests an elastic
scattering in the same ballpark and below bn/GeV.

Within the exemplary scenario of pseudo-Goldstone
bosons making X, we may also comment on the influence
of additional low-lying states, such as p mesons of mass

m, < 2m,. Additional annihilation channels become avail-
able, such as 37 — np* — 7z [20] or 37 — zp [28]. For the
parameter region of interest and unless one considers a
finely-tuned resonance region m, ~ 2m,, we find that these
processes are generally subleading to the X-mediated ones
and we are allowed to neglect them.

Coupling to SM and longevity of X.—As is pertinent to
all SIMP scenarios that freeze out through self-depletion,
kinetic equilibrium with radiation must be maintained to
achieve a cold DM scenario. An elastic scattering process
zSM; — zSM; with rate ['qvq = (6,5mC)n; > H, which
brings SM and dark sector into kinetic equilibrium
during freeze-out, generally also enables 7z — SM,;SM,;
annihilation. The SIMP mechanism then requires
[Caon = 1z {0anv) < H, where o,,, is the cross section
for 7z — SM;SM,. On the account of n;/n, > 1, where
n; is the number density of a relativistic SM species, both
conditions are generically satisfied [1]. In the current
context, interactions of z with SM may also destabilize
X through X = [zz] — SM;SM; and we must ensure that
for the decay rate I'y < H holds until after freeze-out.

Assuming ¢,,,v=~ const. and noting that |y/(0)|>» has
units of particle flux, we may estimate the induced decay
width of X as Ty ~ |w(0)[>(6,m?), Where (6,,,0) is the
ar — SM,;SM; annihilation cross section. The longevity
requirement I'y/H < 1 thereby translates into an upper
limit on the annihilation cross section,

(16)

2 MeV?
Camn? < 1073 pb x‘z( M ) ©

100 MeV ) |w(0)*

In the simplest cases, such as contact interactions through a
heavy mediator, elastic and annihilation cross sections are
additionally related and in the same ballpark, o,qmc~
Camn¥- We may then use the bound in (16) to estimate
the implied ceiling on the elastic scattering rate,

13

Izsm <1_06< m, )3 MeV3 (17)

H ~ x3 \100 MeV/ |y (0)*
This can be easily satisfied at freeze-out for |y(0)| < my/>.
We hence conclude that it is possible to retain kinetic
equilibrium while maintaining sufficient longevity of X and
paired with sub-Hubble two-body annihilation. Therefore,
the model-building requirements for coupling the dark
sector to the SM are not escalated compared to the standard
SIMP mechanism, and one may use the options already
entertained in the original work [1].

Finally, additional X formation and breakup reactions
may open when introducing couplings to SM. It is
important to note that the detailed balancing condition
(12) between X and 7—being a Saha equation—remains
unaltered. If the new processes dominate over 37 < 7X,
(12) retains its validity longer, x, will be larger, and the
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relic density smaller. Hence, if anything, the introduction of
SM interactions harbor the potential to make X-assisted
freeze-out even more efficient, adding a level of richness,
without jeopardizing the overall picture.

Conclusions.—Bound-state-assisted self-depletion offers
a novel approach to DM relic density generation. It
supports an even-numbered relic SIMP mechanism and
enhances odd-numbered counterparts. Both are realized in
strongly interacting theories. A broader study of the many
aspects mentioned in this Letter, as well as the exploration
of other particle-physics realizations giving rise to X, such
as glueballs or strong Yukawa forces, will be the subject of
upcoming work [43].

J. P. thanks M. Pospelov for a useful discussion on QCD-
like theories. This work was supported by the Research
Network Quantum Aspects of Spacetime (TURIS) and by
the FWF Austrian Science Fund research teams
grant STRONG-DM (FG1). Funded/co-funded by the
European Union (ERC, NLO-DM, 101044443).

*chuxiaoyong@ucas.ac.cn
"josef.pradler@oeaw.ac.at
[11 Y. Hochberg, E. Kuflik, T. Volansky, and J. G. Wacker,
Phys. Rev. Lett. 113, 171301 (2014).
[2] A.D. Dolgov, Yad. Fiz. 31, 1522 (1980), https://inspirehep
.net/literature/158147.
[3] E. D. Carlson, M. E. Machacek, and L. J. Hall, Astrophys. J.
398, 43 (1992).
[4] A. A.de Laix, R. J. Scherrer, and R. K. Schaefer, Astrophys.
J. 452, 495 (1995).
[5]1 Y. Hochberg, E. Kuflik, H. Murayama, T. Volansky, and
J. G. Wacker, Phys. Rev. Lett. 115, 021301 (2015).
[6] Y. Hochberg, E. Kuflik, and H. Murayama, J. High Energy
Phys. 05 (2016) 090.
[7]1 E. Kuflik, M. Perelstein, Nicolas Rey-Le Lorier, and Y.-D.
Tsai, Phys. Rev. Lett. 116, 221302 (2016).
[8] N. Bernal, C. Garcia-Cely, and R. Rosenfeld, J. Cosmol.
Astropart. Phys. 04 (2015) 012.
[9] N. Bernal and X. Chu, J. Cosmol. Astropart. Phys. 01
(2016) 006.
[10] N. Bernal, X. Chu, C. Garcia-Cely, T. Hambye, and B.
Zaldivar, J. Cosmol. Astropart. Phys. 03 (2016) 018.
[11] S.-M. Choi and H.M. Lee, J. High Energy Phys. 09
(2015) 063.
[12] S.-M. Choi and H. M. Lee, Phys. Lett. B 758, 47 (2016).
[13] A. Soni and Y. Zhang, Phys. Rev. D 93, 115025 (2016).
[14] A. Kamada, M. Yamada, T. T. Yanagida, and K. Yonekura,
Phys. Rev. D 94, 055035 (2016).
[15] N. Bernal, X. Chu, and J. Pradler, Phys. Rev. D 95, 115023
(2017).
[16] J. M. Cline, H. Liu, T. R. Slatyer, and W. Xue, Phys. Rev. D
96, 083521 (2017).
[17] S.-M. Choi, H. M. Lee, and M.-S. Seo, J. High Energy Phys.
04 (2017) 154.

[18] E. Kuflik, M. Perelstein, N. R.-L. Lorier, and Y.-D. Tsai,
J. High Energy Phys. 08 (2017) 078.

[19] M. Heikinheimo, K. Langable, and K. Tuominen, Phys.
Rev. D 97, 095040 (2018).

[20] S.-M. Choi, H. M. Lee, P. Ko, and A. Natale, Phys. Rev. D
98, 015034 (2018).

[21] Y. Hochberg, E. Kuflik, R. McGehee, H. Murayama, and K.
Schutz, Phys. Rev. D 98, 115031 (2018).

[22] N. Bernal, X. Chu, S. Kulkarni, and J. Pradler, Phys. Rev. D
101, 055044 (2020).

[23] S.-M. Choi, H. M. Lee, Y. Mambrini, and M. Pierre, J. High
Energy Phys. 07 (2019) 049.

[24] A. Katz, E. Salvioni, and B. Shakya, J. High Energy Phys.
10 (2020) 049.

[25] J. Smirnov and J. F. Beacom, Phys. Rev. Lett. 125, 131301
(2020).

[26] C.-Y. Xing and S.-H. Zhu, Phys. Rev. Lett. 127, 061101
(2021).

[27] P. Braat and M. Postma, J. High Energy Phys. 03
(2023) 216.

[28] E. Bernreuther, N. Hemme, F. Kahlhoefer, and S. Kulkarni,
arXiv:2311.17157.

[29] E. Witten, Nucl. Phys. B223, 422 (1983).

[30] K. Petraki, M. Postma, and M. Wiechers, J. High Energy
Phys. 06 (2015) 128.

[31] H. Georgi, Phys. Lett. B 298, 187 (1993).

[32] S. Kulkarni, A. Maas, S. Mee, M. Nikolic, J. Pradler, and F.
Zierler, SciPost Phys. 14, 044 (2023).

[33] E. Bennett, D. K. Hong, J.-W. Lee, C.J.D. Lin, B. Lucini,
M. Piai, and D. Vadacchino, J. High Energy Phys. 03
(2018) 185.

[34] E. Bennett, D. K. Hong, J.-W. Lee, C.J.D. Lin, B. Lucini,
M. Piai, and D. Vadacchino, J. High Energy Phys. 12
(2019) 053.

[35] S. Zouzou, B. Silvestre-Brac, C. Gignoux, and J.M.
Richard, Z. Phys. C 30, 457 (1986).

[36] W. Heupel, G. Eichmann, and C. S. Fischer, Phys. Lett. B
718, 545 (2012).

[37] A. Czarnecki, B. Leng, and M. B. Voloshin, Phys. Lett. B
778, 233 (2018).

[38] D. Samart, X. Chu, and J. Pradler (to be published).

[39] A.E. Faraggi and M. Pospelov, Astropart. Phys. 16, 451
(2002).

[40] N. Yamanaka, H. lida, A. Nakamura, and M. Wakayama,
Phys. Lett. B 813, 136056 (2021).

[41] N. Yamanaka, H. lida, A. Nakamura, and M. Wakayama,
Phys. Rev. D 102, 054507 (2020).

[42] F. Giacosa, A. Pilloni, and E. Trotti, Eur. Phys. J. C 82, 487
(2022).

[43] X. Chu and J. Pradler (to be published).

[44] Alternatively, considering a spherical well
V(r) = =Vo0(r — ry), setting Vo ~3.16m, and ry = m;",
results in a binding energy Ez = 0.1m,, and yields R(0) =
Vaz|y(0)| ~mY?* [45].

[45] R. Mahbubani, M. Redi, and A. Tesi, J. Cosmol. Astropart.
Phys. 02 (2021) 039.

[46] See  Supplemental Material at  http:/link.aps.org/
supplemental/10.1103/PhysRevLett.133.021003 for de-
tailed calculation of interaction rates, which includes
Refs. [5,30,47-49].

021003-6


https://doi.org/10.1103/PhysRevLett.113.171301
https://inspirehep.net/literature/158147
https://inspirehep.net/literature/158147
https://doi.org/10.1086/171833
https://doi.org/10.1086/171833
https://doi.org/10.1086/176322
https://doi.org/10.1086/176322
https://doi.org/10.1103/PhysRevLett.115.021301
https://doi.org/10.1007/JHEP05(2016)090
https://doi.org/10.1007/JHEP05(2016)090
https://doi.org/10.1103/PhysRevLett.116.221302
https://doi.org/10.1088/1475-7516/2015/04/012
https://doi.org/10.1088/1475-7516/2015/04/012
https://doi.org/10.1088/1475-7516/2016/01/006
https://doi.org/10.1088/1475-7516/2016/01/006
https://doi.org/10.1088/1475-7516/2016/03/018
https://doi.org/10.1007/JHEP09(2015)063
https://doi.org/10.1007/JHEP09(2015)063
https://doi.org/10.1016/j.physletb.2016.04.055
https://doi.org/10.1103/PhysRevD.93.115025
https://doi.org/10.1103/PhysRevD.94.055035
https://doi.org/10.1103/PhysRevD.95.115023
https://doi.org/10.1103/PhysRevD.95.115023
https://doi.org/10.1103/PhysRevD.96.083521
https://doi.org/10.1103/PhysRevD.96.083521
https://doi.org/10.1007/JHEP04(2017)154
https://doi.org/10.1007/JHEP04(2017)154
https://doi.org/10.1007/JHEP08(2017)078
https://doi.org/10.1103/PhysRevD.97.095040
https://doi.org/10.1103/PhysRevD.97.095040
https://doi.org/10.1103/PhysRevD.98.015034
https://doi.org/10.1103/PhysRevD.98.015034
https://doi.org/10.1103/PhysRevD.98.115031
https://doi.org/10.1103/PhysRevD.101.055044
https://doi.org/10.1103/PhysRevD.101.055044
https://doi.org/10.1007/JHEP07(2019)049
https://doi.org/10.1007/JHEP07(2019)049
https://doi.org/10.1007/JHEP10(2020)049
https://doi.org/10.1007/JHEP10(2020)049
https://doi.org/10.1103/PhysRevLett.125.131301
https://doi.org/10.1103/PhysRevLett.125.131301
https://doi.org/10.1103/PhysRevLett.127.061101
https://doi.org/10.1103/PhysRevLett.127.061101
https://doi.org/10.1007/JHEP03(2023)216
https://doi.org/10.1007/JHEP03(2023)216
https://arXiv.org/abs/2311.17157
https://doi.org/10.1016/0550-3213(83)90063-9
https://doi.org/10.1007/JHEP06(2015)128
https://doi.org/10.1007/JHEP06(2015)128
https://doi.org/10.1016/0370-2693(93)91728-6
https://doi.org/10.21468/SciPostPhys.14.3.044
https://doi.org/10.1007/JHEP03(2018)185
https://doi.org/10.1007/JHEP03(2018)185
https://doi.org/10.1007/JHEP12(2019)053
https://doi.org/10.1007/JHEP12(2019)053
https://doi.org/10.1007/BF01557611
https://doi.org/10.1016/j.physletb.2012.11.009
https://doi.org/10.1016/j.physletb.2012.11.009
https://doi.org/10.1016/j.physletb.2018.01.034
https://doi.org/10.1016/j.physletb.2018.01.034
https://doi.org/10.1016/S0927-6505(01)00121-9
https://doi.org/10.1016/S0927-6505(01)00121-9
https://doi.org/10.1016/j.physletb.2020.136056
https://doi.org/10.1103/PhysRevD.102.054507
https://doi.org/10.1140/epjc/s10052-022-10403-z
https://doi.org/10.1140/epjc/s10052-022-10403-z
https://doi.org/10.1088/1475-7516/2021/02/039
https://doi.org/10.1088/1475-7516/2021/02/039
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.021003
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.021003
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.021003
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.021003
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.021003
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.021003
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.021003

PHYSICAL REVIEW LETTERS 133, 021003 (2024)

[47] M.E. Peskin and D.V. Schroeder, An Introduction to
Quantum Field Theory (Addison-Wesley, Reading, USA,
1995).

[48] S. Bhattacharya, P. Ghosh, and S. Verma, J. Cosmol.
Astropart. Phys. 01 (2020) 040.

[49] A. Kamada, S. Kobayashi, and T. Kuwahara, J. High Energy
Phys. 02 (2023) 217.

[50] N. Brambilla, D. Eiras, A. Pineda, J. Soto, and A. Vairo,
Phys. Rev. D 67, 034018 (2003).

[51] S. Biondini and V. Shtabovenko, J. High Energy Phys. 03
(2022) 172.

[52] The approximate evolution of the overall mass density in the
dark sector is ppy =~ (Y, + 2Yx)m,s up to corrections
O(EB/ mn’)'

[53] A comparison with the free 4z — 2z and 37 — 2z
freeze-out, as well as the parameter scan varying x and
for the odd-numbered case, are given in the Supplemental
Material [46].

[54] M. Hansen, K. Langable, and F. Sannino, Phys. Rev. D 92,
075036 (2015).

[55] E. Braaten and H. W. Hammer, Phys. Rev. D 88, 063511
(2013).

021003-7


https://doi.org/10.1088/1475-7516/2020/01/040
https://doi.org/10.1088/1475-7516/2020/01/040
https://doi.org/10.1007/JHEP02(2023)217
https://doi.org/10.1007/JHEP02(2023)217
https://doi.org/10.1103/PhysRevD.67.034018
https://doi.org/10.1007/JHEP03(2022)172
https://doi.org/10.1007/JHEP03(2022)172
https://doi.org/10.1103/PhysRevD.92.075036
https://doi.org/10.1103/PhysRevD.92.075036
https://doi.org/10.1103/PhysRevD.88.063511
https://doi.org/10.1103/PhysRevD.88.063511

