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Recent experiments have realized steady-state electrical injection of interlayer excitons in electron-hole
bilayers subject to a large bias voltage. In the ideal case in which interlayer tunneling is negligibly weak, the
system is in quasiequilibrium with a reduced effective band gap. Interlayer tunneling introduces a current
and drives the system out of equilibrium. In this work we derive a nonequilibrium field theory description
of interlayer excitons in biased electron-hole bilayers. In the large bias limit, we find that p-wave interlayer
tunneling reduces the effective band gap and increases the effective temperature for intervalley excitons.
We discuss possible experimental implications for InAs=GaSb quantum wells and transition metal
dichalcogenide bilayers.
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Introduction.—Excitons are bosonic bound states of
conduction band electrons and valence band holes in
semiconductors. The possibility of Bose-Einstein conden-
sation of excitons was first proposed [1,2] over sixty years
ago. It was later realized [3] that condensation of interlayer
excitons in bilayer two-dimensional systems has striking
experimental consequences including counterflow super-
fluidity and Josephson-like tunneling peaks [4,5].
Equilibrium interlayer exciton condensation has been
experimentally established in quantum Hall bilayers [6–
10]. Equilibrium exciton condensation in the absence of a
magnetic field has been theoretically studied in a number of
contexts [11–19], but has so far remained elusive exper-
imentally in conventional semiconductor systems despite
much effort [20–24].
Group-VI transition metal dichalcogenides (TMDs) with

chemical formulaMX2 (whereM ¼ Mo, Wand X ¼ S, Se,
Te) are a class of two-dimensional semiconductors that host
strongly bound excitons [25–29] and can be stacked in
various combinations. When two TMD layers are stacked,
electrons from one layer and holes from the other layer
form interlayer excitons that are strongly bound even with
thin insulating barriers separating the electron and hole
layers. Interlayer excitons in TMD bilayers have long
lifetimes and electrically tunable properties [30–33]. If
separate contacts are made on the electron and hole layers
[24,34–37], the chemical potentials of carriers in the two
layers are controlled separately, and their difference, the
bias voltage, controls the exciton chemical potential
[38,39]. When the exciton chemical potential exceeds
the lowest bound state energy of electron-hole pairs,
interlayer excitons are electrically injected into the bilayer
system and undergo Bose-Einstein condensation (BEC) at

low enough temperatures. Excitonic insulating states in
TMD bilayers have been established in recent experiments
by compressibility measurements [34,35] and drag mea-
surements [36,37].
If tunneling between layers is negligible, the potential

difference required to maintain a nonzero steady state
exciton density can be gauged away, so the system is
equivalent to an equilibrium electron-hole bilayer with a
reduced effective band gap. Nonzero interlayer tunneling
introduces a tunneling current [24,38] that drives the
system out of equilibrium, leading to new physics [40]
different from that of driven-dissipative condensates [41–
45]. In this Letter we present a microscopic theory of the
nonequilibrium exciton condensate based on a Keldysh
nonequilibrium field theory [42,46–48] that includes the
effects of both a bias voltage and interlayer tunneling.
In TMD bilayers, because the conduction and valence

band extrema are located at the �K valleys, the functional
form of interlayer tunneling depends on the local stacking
registry [49–52]. In this Letter we focus on the exper-
imentally relevant case of angle-aligned TMD homobi-
layers in which interlayer tunneling is uniform in space, and
assume in our explicit calculations p-wave interlayer
tunneling that applies to most of the high-symmetry
stacking registries of TMDs as well as InAs=GaSb quantum
wells [53–55]. Different from s-wave tunneling, p-wave
interlayer tunneling produces a potential landscape that is
second order in the phase angle of the exciton field, leading
when no bias voltage is applied to a second-order
Josephson effect [56] that breaks the interlayer phase
symmetry down to Z2 from U(1). We find that in the
large bias limit, the system is described by an effective
action in which interlayer U(1) phase symmetry is
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effectively restored, but p-wave interlayer tunneling leads
to a reduced effective band gap and an increased effective
temperature for intervalley excitons.
Model.—We consider an electron layer and a hole layer

separated by a weakly conducting barrier as shown in
Fig. 1. Experimentally the system is controlled in two
ways: by tuning the top or bottom gate potential difference
(fundamentally an equilibrium effect) and by connecting
the electron and hole layers to reservoirs held at different
chemical potentials, enabling injection, and removal of
carriers. The system is described by the Hamiltonian
H ¼ H0 þHt þHC, where

H0 ¼
X
τbk

ξbka
†
τbkaτbk ð1Þ

describes the kinetic energy of conduction band electrons
and valence band holes. Here τ ¼ � is the valley index and
b ¼ c, v is the band (layer) index. ξck ¼ k2=2m�

e þ Eg=2
and ξvk ¼ −k2=2m�

h − Eg=2 describe the dispersion of the
conduction and valence bands, where m�

e and m�
h are the

effective masses of electrons and holes and Eg is the band
gap that can be tuned by a perpendicular electric field
produced by the difference between top and bottom gate
voltages. The next term in the Hamiltonian

Ht ¼
X
τk

tτka
†
τckaτvk þ H:c: ð2Þ

describes interlayer tunneling arising from hybridization of
electron and hole wave functions in the two layers. A
nonzero tτk explicitly breaks the U(1) symmetry of the
model associated with charge conservation in each layer.
The momentum and valley dependence of tτk depends on
symmetries of the system and is crucial for our upcoming

results. Formost of the high-symmetry stacking registries of
angle-aligned TMD homobilayers, direct tunneling is for-
bidden by rotational symmetry [50,51], leading to p-wave
interlayer tunneling

tτk ¼ vtðτkx þ ikyÞ: ð3Þ

This form of interlayer tunneling also applies to InAs=GaSb
quantum wells [53–55], in which case τ is the spin index. In
this Letter we focus on p-wave interlayer tunneling and
briefly discuss other forms of interlayer tunneling at the end.
The Coulomb interaction term

HC ¼ 1

2A

X
bb0ττ0

X
kk0q

Vbb0 ðqÞa†τb;kþqa
†
τ0b0;k0−qaτ0b0k0aτbk; ð4Þ

where A is the system area, distinguishes intralayer (b ¼ b0)
and interlayer (b ≠ b0) interactions but neglects intervalley
scattering due to the large momentum transfer required.
Electron-hole exchange interactions [57–61] are also
neglected due to the suppression of current matrix elements
between electrons and holes in different layers.
By tuning the electrochemical potential of the electron

layer μc ¼ eVe near the bottom of the conduction band and
the hole layer μv ¼ −eVh near the top of the valence band,
electrons and holes are injected into the system and form
interlayer excitons. The chemical potential of interlayer
excitons μx ¼ μc − μv ¼ eðVe þ VhÞ is set by the bias
voltage between two layers.
Keldysh action.—We derive a nonequilibrium field

theory that describes a biased electron-hole bilayer with
interlayer tunneling based on the Keldysh formalism
[42,46–48], outlining here the procedure to obtain the
Keldysh action and presenting the main results, with
detailed derivations left for the Supplemental Material
[62]. We express the model as a path integral along a
closed time pathC that starts from the distant past, proceeds
to the distant future, and then returns to the starting point.
The generating function is

Z ¼ Tr

�
ρ0T C exp

�
−i

Z
C
dtHðtÞ

��
=Trðρ0Þ; ð5Þ

where T C is the contour ordering operator along C, and ρ0
is the density matrix of the system in the distant past which
we take as the equilibrium distribution of decoupled
electron and hole layers: ρ0 ¼ e−ðH0−μcNc−μvNvÞ=T , where
Nb ¼

P
τk a

†
τbkaτbk is the number of electrons in each layer.

For notational convenience Eq. (5) is written for a closed
system; coupling to leads is included in the theory as the
imaginary (dissipative) part of inverse Green’s functions as
detailed in the Supplemental Material [62]. To derive a
theory of excitons, we perform a Hubbard-Stratonovich
transformation of interlayer electron-hole interactions and
introduce the electron-hole pairing fields Δττ0

kq , where k and

FIG. 1. An electrically controlled electron-hole bilayer. A
negative voltage −Ve and a positive voltage þVh are applied
on the electron and hole layers, respectively, to inject electrons
and holes into the system. The chemical potential of interlayer
excitons μx ¼ μc − μv ¼ eðVe þ VhÞ is set by the bias voltage
between layers. The bottom gate is grounded, and the top gate
voltage Vtg produces a perpendicular electric field that tunes the
band gap. The gray regions represent dielectric layers.
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q are, respectively, the relative momentum and center-of-
mass momentum of an electron-hole pair, and τ; τ0 are the
valley indices of electrons and holes. A nonzero value of Δ
reflects spontaneous breaking of interlayer U(1) symmetry
associated with formation of the exciton condensate. The k
dependence of the pairing fields is irrelevant to the low-
energy physics we discuss and is eliminated by projecting
the Δ fields onto the 1s-exciton basis by defining

Δττ0
kq ¼ 1

A

X
k0
Vcvðk − k0Þφk0Φττ0

q ; ð6Þ

where φk is the 1s-exciton wave function that is the lowest-
energy solution of the eigenvalue equation

k2

2m
φk −

1

A

X
k0
Vcvðk − k0Þφk0 ¼ −Ebφk: ð7Þ

Here, m ¼ m�
em�

h=ðm�
e þm�

hÞ is the reduced mass of an
electron-hole pair and the exciton binding energy Eb is
defined as the absolute value of the 1s-exciton energy. The
1s-exciton fields Φ have two valley indices, one for
electrons and the other for holes, and we express them

in terms of a four-component spinor ðΦμÞ defined as
Φττ0 ¼ ðPμ Φμτμ=

ffiffiffi
2

p Þττ0 , where τ0 and τ1;2;3 are the 2 × 2

identity and Pauli matrices in valley space [15]. In this
notation Φ0, Φ3 are intravalley exciton fields and Φ1, Φ2

are intervalley exciton fields. Integrating out the fermion
fields, we obtain an effective action in terms of the 1s-
exciton fields Φ. Following the convention widely used in
the literature on Keldysh field theory [42,46–48], we
transform the forward (þ) and backward (−) branches of
the Φ fields into the classical (c) and quantum (q) fields
defined as

�Φc

Φq

�
¼ 1ffiffiffi

2
p

�
Φþ þΦ−

Φþ −Φ−

�
: ð8Þ

The generating function is now expressed as the functional
integral

Z ¼
Z

D½Φq;Φc�eiS½Φq;Φc�: ð9Þ

Expanding the action in powers of Φ and in powers of
interlayer tunneling we find the leading term

S0½Φ̄;Φ� ¼ 1

A

X
q

Z
dω
2π

Tr

��
ω−

q2

2M
−EgþEbþ iγ

�
Φq†

q ðωÞΦc
qðωÞþ c:c:þ igðω−μxÞcoth

ω−μx
2T

Φq†
q ðωÞΦq

qðωÞ
�
; ð10Þ

which describes free excitons with energy Eg − Eb þ
q2=2M (where the exciton mass M ¼ m�

e þm�
h) and

chemical potential μx at temperature T. While the quadratic
coefficients take the stated form only in the dilute exciton
regime (BEC regime) jEg − Eb − μxj ≪ Eb and in the
frequency range jω − μxj ≪ Eb, the overall form of
Eq. (10) is general and we expect that our qualitative
results apply to a larger parameter regime. The imaginary
coefficients γ and g describe coupling of excitons to leads.
Fluctuation-dissipation theorem implies γ ¼ gðω − μxÞ. In

the absence of interlayer tunneling, the bias voltage μx can
be absorbed into ω and the system is equivalent to an
unbiased bilayer with a reduced band gap Eg − Eb − μx.
Excitons spontaneously form and undergo BEC at low
enough temperatures when Eg − Eb < μx. Below the tran-
sition the exciton fields have semiclassical solutions of the
form ΦcðtÞ ¼ jΦcje−iμxt with amplitude determined by the
ratio of quadratic and quartic coefficients of the action.
P-wave interlayer tunneling gives rise to a second-order

Josephson action of the form

SJ½Φ̄;Φ� ¼ 1

A

X
i¼1;2

X
q

Z
dω
2π

	
−cJΦ

q;i
−qð−ωÞΦc;i

q ðωÞ − cJΦc;i
−qð−ωÞΦq;i

q ðωÞ þ igJΦ
q;i
−qð−ωÞΦq;i

q ðωÞ þ c:c:


; ð11Þ

in which the intervalley exciton fields Φ1, Φ2 at frequency
ω are coupled to those at frequency −ω. Because of this
coupling, the bias voltage μx cannot be absorbed into ω and
the system is out of equilibrium as shown in the Supple-
mental Material [62]. Diagrammatic representations of S0
and SJ are shown in Figs. 2(a) and 2(b).
If interlayer tunneling is s wave, a first-order Josephson

term proportional to Φqðω ¼ 0Þ exists. Second-order terms

of the form Φð−ωÞΦðωÞ also exist and the coefficients are
equal for all valley components. For p-wave interlayer
tunneling (3), in contrast, angular momentum conservation
implies that first-order Josephson terms vanish and that
second-order terms are nonzero only for intervalley exciton
fields Φ1, Φ2. The second-order Josephson action (11)
produces an energy landscape with explicit dependence on
the phase angle θ ¼ argΦ of the form EJ ∼ cos 2θ that
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breaks the U(1) phase symmetry down toZ2. The interlayer
tunneling current satisfies the second-order Josephson
relation I ∼ sin 2θ [56]. For an unbiased electron-hole
bilayer below the BEC transition, the exciton fields are
static and the system picks one of the two preferred phase
angles that differ by π as the ground state implying Ising-
type phase transitions of the exciton fields. Because the
Josephson action (11) involves only intervalley exciton
fields, intervalley excitons are energetically favored over
intravalley excitons by pinning the phase at one of the two
preferred phase angles, in agreement with mean-field
theory results in the context of InAs=GaSb quantum wells
[54,55].
Large bias limit.—In the absence of interlayer tunneling,

the phase of the exciton field rotates at a constant frequency
ω ¼ μx. Interlayer tunneling leads to a potential landscape
that explicitly breaks the U(1) phase symmetry. The inter-
play between the U(1) symmetry breaking term that traps
the phase of the condensate and the bias voltage that drives
a rotating phase gives rise to interesting nonequilibrium
physics that is different from previous work on driven-
dissipative condensates [41–45]. For small bias voltage μx,
the exciton condensate is a static one with its phase trapped
at one of the potential minima. Above a threshold bias
voltage μx ∼ cJ the condensate becomes a dynamical one
with rotating phase. The transition from static to dynamical
condensates is schematically shown in Fig. 3. If the bias
voltage is much larger than the Josephson energy scale cJ,
the phase-dependent energy landscape is swept rapidly by
the rotating fields at approximately constant frequency
ω ≈ μx. Instead of Josephson effects, the Josephson action
produces an average effect on the exciton fields and U(1)
symmetry is effectively restored.

To make the above statement more precise, we note that
weak interlayer tunneling (cJ ≪ μx) acts as a small
perturbation that does not significantly affect the frequency
of phase rotation. Thus the physically active fields are
Φðω ≈ μxÞ with a frequency range determined by cJ. The
Josephson action SJ couples the physically active fields
Φðω ≈ μxÞ to the frozen degrees of freedom Φð−ω ≈ −μxÞ.
Since the Φð−ωÞ fields are trivially gapped, we can
integrate them out at the quadratic level and obtain an
effective action for the ΦðωÞ fields:

S1½Φ̄;Φ� ¼ 1

A

X
i¼1;2

X
q

Z
dω
2π

	
εΦ̄q;i

q ðωÞΦc;i
q ðωÞ þ c:c:þ iλΦ̄q;i

q ðωÞΦq;i
q ðωÞ
; ð12Þ

where the ω integral is defined over the small frequency
range jω − μxj≲ cJ. Equation (12) suggests that interlayer
tunneling produces an extra contribution to both the c-q
and q-q quadratic terms for intervalley exciton fields. The

c-q coefficient ε > 0 is an effective decrease of the
band gap (or enhancement of the exciton binding energy),
while the q-q coefficient λ implies an effective increase
of temperature δT ¼ λ=2g. An order-of-magnitude estimate

FIG. 3. Schematic phase diagram of a biased electron-hole
bilayer with interlayer tunneling. Eg is the interlayer band gap, Eb
is the binding energy of interlayer excitons, and μx is the bias
voltage. The system is out of equilibrium when μx ≠ 0. The blue
region represents the region in which exciton condensation
occurs, and the color scale represents the strength of excitonic
coherence. As the exciton density increases, the condensate
undergoes a BEC-BCS crossover [63,64] and then a Mott
transition [65–68] to an electron-hole plasma. The hatched area
represents the large-bias BEC regime in which our theory applies.
Inset: schematic plot of exciton density nx as μx increases along
the red arrow. The solid and dashed curves are the nx–μx curves
with and without interlayer tunneling, respectively. μ0 ¼ Eg − Eb

is the threshold bias voltage for injection of excitons in the
absence of interlayer tunneling, μc and nc are the critical bias
voltage and critical density for the occurrence of BKT transition,
and μ00, μ

0
c, and n0c are the corresponding quantities in the presence

of interlayer tunneling.

FIG. 2. Diagrammatic representations of the effective exciton
action (a),(b) and an electron-hole scattering process due to
interlayer tunneling (c). The solid and dotted curves represent
fermion and boson fields, respectively, the crosses represent
interlayer tunneling, and the wavy line represents Coulomb
interaction. Panels (a) and (b), respectively, represent the free
exciton action S0 and Josephson action SJ .
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of the coefficients yields ε ∼ ðmv2t Þ2E3
b=μxE

3
g and

δT ∼ ðmv2t Þ2E5
b=μxE

5
g.

Physically the action (12) originates from the electron-
hole scattering process illustrated by the diagram in
Fig. 2(c), where an electron and a hole tunnel to the other
layer, scatter by interlayer Coulomb potential, and then
tunnel back to their original layers. Such scattering process
enhances the effective electron-hole interactions and
increases the exciton binding energy. For s-wave excitons
with p-wave interlayer tunneling, the net contribution is
nonzero only when the electron and hole are from opposite
valleys so that angular momentum is conserved in the
scattering process. Another equivalent point of view [40]
is that p-wave interlayer tunneling leads to a Pondermotive
force that favors intervalley excitons in the large-bias and
low-density limit. This process breaks the degeneracy
between intravalley and intervalley excitons and lowers
the degeneracy of the ground state manifold either from
S1 × S3 to S1 × S1 or from S1 × S2 × S2 to S1 × Z2, depend-
ing on the sign of the exchange quartic term [15] (see
Supplemental Material [62]). Because of the repulsion
between intravalley and intervalley excitons, the ground
state consists of only intervalley excitons evenwhen the bias
voltage is above the threshold value for intravalley excitons.
The effective temperature increase that shows up as an

extra contribution to the q-q coefficient is physically a
fluctuating force on the intervalley exciton fields and
breaks the fluctuation-dissipation theorem. In our case it
is the Φð−ωÞ fields that act as an extra fluctuating force on
the ΦðωÞ fields, with coupling strength proportional to
interlayer tunneling amplitude. The effective temperature
Teff ¼ T þ δT is the temperature that controls the thermal
distribution of intervalley excitons, and is the one that
relates response to correlation functions of intervalley
exciton fields. The emergence of an effective temperature
is common in the Keldysh field theory analysis of driven-
dissipative systems [43–45,69,70].
Nonequilibrium effects.—The binding energy of inter-

layer excitons in few-layer hBN separated TMD bilayers is
typically Eb ∼ 100 meV and decreases with the interlayer
distanced. The band gapEg ∼ 1 eV is an order ofmagnitude
larger than Eb, but can be tuned by a displacement field
produced by the difference between top and bottom gate
voltages. Altogether, the ratio δT=ε ∼ ðEb=EgÞ2 ∼ 0.01 is a
small number, which seems to suggest that the increase of
effective temperature is a negligible effect.
A finer look at the nonequilibrium effects unveils that,

despite the small Eb=Eg ratio, the nonequilibrium dissipa-
tive term δT can be as important as the ε term. To see this, we
sketch in the inset of Fig. 3 the density of intervalley excitons
nx as a function of the bias voltage μx. The gap reduction for
intervalley exciton discussed above shifts the nx–μx curve to
the left by δμ0 ¼ ε. Exciton condensation occurs when the
temperature is below the Berezinskii-Kosterlitz-Thouless
(BKT) transition temperature [14,71–73]

TBKT ≈ 1.3
nx
M

; ð13Þ

withM the exciton mass and nx the exciton density. In other
words, the critical exciton density for the occurrence of
BKT transition at temperatureT isnc ≈MT=1.3. Because of
the effective temperature increase, the critical density
increases by δnc ≈MδT=1.3. Since the nx–μx curve is
approximately linear at small exciton densities, with the
slope approximately given by [15,38] the geometric capaci-
tance C ¼ e2∂nx=∂μx ≈ ϵ=d of the bilayer, the critical bias
voltage in the presence of interlayer tunneling decreases by

δμc ¼ δμ0 −
e2

C
δnc ≈ ε −

Me2d
1.3ϵ

δT: ð14Þ

For a TMD bilayer with a few-layer hBN dielectric spacer,
M ≈me, d ≈ 2 nm, ϵ ≈ 5ϵ0 (here me is the free electron
mass and ϵ0 is the vaccum permittivity), we estimate the
prefactor of δT in Eq. (14) to be around 73. Since ε and δT
also differ by 2 orders of magnitude, the expression in
Eq. (14) can be either positive or negative in realistic
systems, and its sign can be tuned by a displacement field
that changes the ratio Eb=Eg.
Discussion.—We have shown in this Letter that when

interlayer tunneling takes the p-wave form (3), the degen-
eracy between intravalley and intervalley excitons is lifted.
If a large bias voltage is applied between the electron and
hole layers, the U(1) symmetry breaking caused by
interlayer tunneling is averaged out by the fast rotating
exciton fields. The main effects of interlayer tunneling are
the reduction of effective band gap and increase of effective
temperature for intervalley excitons.
The assumption of p-wave interlayer tunneling (3) is

crucial for our results and deserves further discussion.
Our theory applies to InAs=GaSb quantum wells and
angle-aligned TMD homobilayers with four of the six
high-symmetry stackings (Rh

h; R
X
h ;H

h
h, and HX

h [50,51]),
interlayer tunneling is p wave and our theory is directly
applicable. When interlayer tunneling is s wave (e.g., TMD
homobilayers with RM

h or HM
h stacking), a nonzero first-

order Josephson term (∝ Φðω ¼ 0Þ) exists for intravalley
excitons, leading to nonzero static exciton density even
before the condensation transition occurs. While the
tunneling-induced static excitons are not coupled to the
high-frequency exciton fields at quadratic level, electro-
static repulsion between excitons leads to an effective gap
increase for excitons in both valleys.
For TMD heterobilayers or homobilayers with a nonzero

twist angle, the two layers form a moiré pattern with
spatially varying local stacking registry. A proper treatment
of general TMD bilayers needs to take account of the
momentum shift between conduction and valence bands
[49,52,74,75] and is left for future work. Excitonic coher-
ence between shifted bands leads to density wave states that
break translational symmetry [55,76,77]. In a simple

PHYSICAL REVIEW LETTERS 132, 266001 (2024)

266001-5



intuitive picture, excitons in a moiré potential are localized
near one of the high-symmetry stacking sites [52,78], and
the effects of interlayer tunneling are determined by the
local stacking registry.
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