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We perform a simultaneous global analysis of hadron fragmentation functions (FFs) to various charged
hadrons (π�, K�, and p=p̄) at next-to-leading order in QCD. The world data include results from electron-
positron single-inclusive annihilation, semi-inclusive deep inelastic scattering, as well as proton-proton
collisions including jet fragmentation measurements for the first time, which lead to strong constraints on
the gluon fragmentations. By carefully selecting hadron kinematics to ensure the validity of QCD
factorization and the convergence of perturbative calculations, we achieve a satisfying best fit with
χ2=d:o:f: ¼ 0.90. The total momentum of u, d quarks and gluon carried by light charged hadrons have been
determined precisely, urging precision determinations of FFs to neutral hadrons for a test of fundamental
sum rules in QCD fragmentation.
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Introduction.—Single inclusive hadron production has
been extensively measured in electron-positron single-
inclusive annihilation (SIA), semi-inclusive deep inelastic
scattering (SIDIS), as well as proton-proton collisions (pp)
with the collision energy ranging from

ffiffiffi
s

p ¼ 2.23 GeV at
BEPCII [1] to

ffiffiffi
s

p ¼ 13 TeV at the Large Hadron Collider
[2]. Such processes can be factorized in terms of the hadron
fragmentation functions (FFs) within the framework of
factorization theorem of quantum chromodynamics (QCD)
[3]. The FFs are crucial for comprehending color confine-
ment in QCD, as can be dated back to [4,5]. They not only
represent the transition of quarks and gluons into color
singlet hadrons, but also play a vital role in accurately
probing the internal nucleon structure and the transport

properties of partons inside quark-gluon plasma created in
heavy ion collisions [6,7]. Analogous to parton distribution
functions (PDFs), the fundamental properties of FFs are
rooted in their physical interpretation as number densities
and the associated sum rules, with renewed interest
regarding the validity of these properties [8,9].
Because of their nonperturbative nature and the com-

plexity involved in defining all out states, FFs cannot be
computed and their fundamental properties cannot be
justified from first principle of QCD. Therefore, it is of
paramount importance to rigorously determine the FFs
through analyses of worldwide data. Significant efforts
have been dedicated to the phenomenological extractions
utilizing various data samples, see, e.g., DSS [10], HKNS
[11], AKK [12], SGK [13], NNFF [14], MAPFF [15], and
JAM [16]. In this Letter, we present novel results on FFs
for light charged hadrons, specifically π�, K�, and p=p̄,
from a simultaneous determination at next-to-leading order
(NLO) in QCD using global datasets of SIA, SIDIS,
and pp collisions. A stringent selection criterion has
been implemented on the kinematics of the fragmentation
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processes to ensure the validity of leading twist collinear
factorization and the associated perturbative calculations of
QCD. Additionally, we have incorporated residual theory
uncertainties into the analysis together with various
improvements on implementations of numerical calcula-
tions. To the best of our knowledge, our Letter represents
the first joint global analysis of FFs, and also marks the first
inclusion of jet fragmentation measurements, for light
charged hadrons. The comprehensive analysis provides a
state-of-the-art determination of FFs, allowing for a test on
the fundamental law of momentum sum rule.
Theoretical setup and data characteristics.—The global

analysis of FFs requires a parametrization form at the initial
scale Q0. We take the following form for a parton i
fragments to a charged hadron h,

zDh
i ðz;Q0Þ ¼ zα

h
i ð1 − zÞβhi exp

�Xm
n¼0

ahi;nð
ffiffiffi
z

p Þn
�
; ð1Þ

which is positively defined, and fα; β; ang are free param-
eters to be determined. The Q0 is set to be 5 GeV and a
zero-mass scheme is utilized for heavy quarks with active
quark flavors nf ¼ 5. The isospin or flavor asymmetry is
allowed for light quark fragmentation. For instance, we
assume Dπþ

u and Dπþ
d̄

have the same shape but independent

normalization, similar for DKþ
u and DKþ

s̄ . The degree of
polynomials m has been increased till no significant
improvements of fit are observed, with the final values
varying from 0 to 2 depending on the flavors of parton and
hadron. The total number of free parameters is 63 for πþ,
Kþ, and p together.
The FFs are evolved to higher scales using two-loop

timelike splitting kernels [17] implemented in HOPPET
[18], to maintain consistency with the NLO analysis.
Theoretical calculations of the differential cross sections
are carried out at NLO in QCD with the FMNLO program
[19], which are accelerated with the interpolation grid and
fast convolution algorithms. For calculations involving
initial hadrons, CT14 NLO PDFs [20] are used with
αSðMZÞ ¼ 0.118 [21]. The impacts of using alternative
PDFs are small in general (see Supplemental Material
[22].) The central values of the renormalization and
fragmentation scales (μR;0 and μD;0) are set to the mo-
mentum transfer Q for both SIA and SIDIS. In the case of
pp collisions, the central values of the factorization scale
(μF;0) and renormalization scale are set to half of the sum of
the transverse mass of all final state particles. The frag-
mentation scale is set to the transverse momentum of the
leading parton for inclusive hadron production, and to the
transverse momentum of the jet multiplied by the jet cone
size for fragmentation inside jet [23]. Theoretical un-
certainties are included in the covariance matrix of χ2

calculations, and are assumed to be fully correlated among
points in each subset of the data. These uncertainties are

estimated by the half width of the envelope of theoretical
predictions of the 9 scale combinations of μF=μF;0 ¼
μR=μR;0 ¼ f1=2; 1; 2g and μD=μD;0 ¼ f1=2; 1; 2g. We note
FFs to pions at next-to-next-to-leading order (NNLO) are
available in [24,25] based on analyses of SIA and SIDIS
data, though gluon FFs are less constrained due to absence
of data from pp collisions. An extension of our analysis
to NNLO is ongoing, given the available perturbative
ingredients.
We consider datasets from SIA, SIDIS, and pp collisions

as listed in Table I. In particular, the measurements on
unidentified and identified charged hadron production from
fragmentation inside inclusive and Z=γ tagged jets by
CMS, ATLAS, and LHCb [2,26–32] are incorporated for
the first time. Additionally, we include inclusive hadron
production measurements from ALICE [33–35] and STAR
[36], and consider only ratios of inclusive cross sections of
different charged hadrons or of different collision energies
to minimize the impact of normalization uncertainties. For
SIA, we incorporate a comprehensive set of data from
TASSO, TPC below the Z pole [37,38], from OPAL,
ALEPH, DELPHI, and SLD at the Z pole [39–42], and
from OPAL and DELPHI above the Z pole [43,44]. For

TABLE I. The number of data points, χ2, and χ2=Npt for the
global datasets, groups of data from pp collisions, from SIA, and
from SIDIS, and individual experiments. Datasets for production
of unidentified charged hadrons are marked with a dagger.

Experiments Npt χ2 χ2=Npt

ATLAS jets † 446 350.8 0.79
ATLAS Z=γ þ jet † 15 31.8 2.12
CMS Z=γ þ jet † 15 17.3 1.15
LHCb Z þ jet 20 30.6 1.53
ALICE inc. hadron 147 150.6 1.02
STAR inc. hadron 60 42.2 0.70

pp sum 703 623.3 0.89

TASSO 8 7.0 0.88
TPC 12 11.6 0.97
OPAL 20 16.3 0.81
OPAL (202 GeV) † 17 24.2 1.42
ALEPH 42 31.4 0.75
DELPHI 78 36.4 0.47
DELPHI (189 GeV) 9 15.3 1.70
SLD 198 211.6 1.07

SIA sum 384 353.8 0.92

H1 † 16 12.5 0.78
H1 (asy.) † 14 12.2 0.87
ZEUS † 32 65.5 2.05
COMPASS (06I) 124 107.3 0.87
COMPASS (16p) 97 56.8 0.59

SIDIS sum 283 254.4 0.90

Global total 1370 1231.5 0.90
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SIDIS, we utilize data on the total rate and charge
asymmetry of production of unidentified charged hadrons
from H1 and ZEUS at high Q2 [45–47]. They are
accompanied by measurements on production of identified
charged hadrons from COMPASS at relatively low Q2 with
isoscalar (06I) or proton (16p) targets [48–50], only for the
two subsets with largest Bjorken-x and the highest inelas-
ticity. The impact of inclusion of COMPASS datasets with
even lower Q2 values are also studied (see Supplemental
Material [22]). In our analysis it is assumed that the
measured cross sections on unidentified charged hadrons
are a combination of charged pion, kaon, and proton, while
the residual contribution is negligible.
Strict selection criteria are applied to the kinematics of

data points. Specifically, we exclusively select data points
corresponding to momentum fractions z > 0.01 at leading
order except for single inclusive hadron production in
pp collisions. Additionally, it is required that pT;hðEhÞ >
4 GeV for data from pp collisions (SIA and SIDIS) except
for COMPASS where theQ value can be as low as 3.7 GeV,
with the hadron energy being measured in the Breit frame
for SIDIS.
All the aforementioned data can be categorized into 138

subsets based on the range of jet pT for jet fragmentation,
Q2 for SIDIS, and collision energy for inclusive hadron
production at pp collisions and SIA. As an illustrative
example, we present the z coverage for all subsets of the
ATLAS jet fragmentation measurements after the kinematic
selections in Fig. 1, together with flavor decomposition of
the jet. They include different pT bins from the inclusive jet
production at 7 and 5.02 TeV, as well as from both the
central and forward jet in dijet production at 13 TeV. It is
clearly shown that the gluon fragmentation is dominant for
jet production at low-pT , e.g., 200 GeV, and at small
rapidity. This highlights the strong constraints from jet
fragmentation on the gluon FFs.
The fit.—The log-likelihood functions χ2 are calculated

for each subset using predictions from the prescribed theory
and the covariance matrices constructed from both exper-
imental and theoretical uncertainties. A best fit for the
parameters of the FFs is determined by minimizing the total
χ2 using the MINUIT program [51]. In Table I, we provide
a summary of various results demonstrating the quality of
the best fit. The global χ2 is 1231.5 units for a total of 1370
data points, indicating overall good agreement between
theory and data. The χ2=Npt values are all below 1 for
groups of data of pp collisions, SIA, and SIDIS.
To assess the agreement for each of the 138 subsets, we

utilize an effective Gaussian variable

SE ¼ ð18NptÞ3=2
18Npt þ 1

�
6

6 − lnðχ2=NptÞ
−
9Npt − 1

9Npt

�
; ð2Þ

which ideally follows a normal distribution if Npt is not too
small [52]. The majority of the subsets (132 out of 138)

have SE values smaller than 2, indicating good agreement.
The histogram of SE for all subsets in our best-fit closely
resembles a Gaussian distribution, but with a mean of -0.33
and a standard deviation of 1.43. The deviation from the
standard normal distribution suggests a potential under-
estimation of experimental or theoretical uncertainties by
an average factor of 1.43. This motivates a choice of
tolerance of Δχ2 ¼ 1.432 ≈ 2 in our estimation of uncer-
tainties of the FFs using the Hessian method [52].
Resulting FFs.—Our newly obtained NLO FFs

are compared to those from NNFF1.0 [53] and DSS
[10,54,55] for u, d, s quark, and gluon at Q ¼ 5 GeV in
Fig. 2. For simplicity, we only show the FFs summed over
charges for pions, kaons, and protons from top to bottom
insets. Reasonable agreement can be observed between our
results and DSS for FFs of u and d quarks to π�, and of u
quark to K�. However, large discrepancies are found for
FFs to protons and for FFs of gluon to all three charged
hadrons. Our results show an uncertainty of 3%, 4%, and
8% for FFs of gluon to π� at z ¼ 0.05, 0.1, and 0.3,
respectively, which are significantly improved compared
with NNFFs. The uncertainties are about 4%, 4%, and 7%
for FFs of u quark to π�, K�, and p=p̄ at z ¼ 0.3. The high
precision of gluon FFs is mostly due to the data of jet
fragmentation at the LHC. Furthermore, the newly included
data on proton production from SIDIS and pp collisions

FIG. 1. Coverage on the momentum fraction z for all subsets of
the ATLAS jet fragmentation measurements [30–32] after the
kinematic selections. The left end of the bar indicates the lower
limit of z of the subset and the width of each colored region
represents the relative portion of jet flavors, including jets from u,
d quarks, gluon, and other partons, shown in linear scale.
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lead to better flavor separation and thus the differences
observed for FFs to protons.
Fundamental sum rules of FFs arise from their number

density interpretation and have been pointed out to be
problematic by Rogers and Collins in Ref. [8]. It is of
critical importance to check from a data-driven analysis
whether these fundamental properties of FFs are valid. That
is especially the case for the momentum sum rule of FFs,

X
h

Z
1

0

dzzDh
i ðz;QÞ ¼ 1; ð3Þ

due to the suppression of small-z contributions. The above
momentum sum rule, summed over all hadrons, was
approved for each specific flavor of quark and gluon.
We first calculate the total momentum fraction hzihi ¼R

1
zmin

dzzDh
i ðz;QÞ of parton i carried by hadron h for zmin <

z < 1 at initial scale Q ¼ 5 GeV, where the choice of the
lower limit zmin is 0.01 for g, u, and d quarks, and 0.088 for
s, c, and b quarks, based on the kinematic coverage of
relevant data. The final results of hzihi for light quarks and
gluon including Hessian uncertainties are shown in
Table II. It shows that the three charged hadrons carry
approximately 53% to 50% of the momentum of u, d
quarks and gluon. Our analysis reveals a preference for
larger FFs of s quark to π�, with each carrying about 16%
of the total momentum of s quark. One possible reason is
because the SIA measurements on spectrum of π� also

include feed-down contributions from short-lived strange
hadrons [42].
The total momentum carried by different sets of hadrons

as functions of zmin forQ ¼ 5 (left) and 100 GeV (right) are
shown in Fig. 3. The vertical dashed lines show the lower
limit of z as constrained by data for g, u, d, and s quark
fragmentation, respectively. One can see from the top-left
figure that hzihi¼g;u;d for light charged hadrons reach to a
saturation region within the current experimental coverage
in contrast to the strange quark. A reliable test of momen-
tum sum rule also requires FFs to neutral hadrons deter-
mined at similar precision which are not yet available.
Alternatively, one can calculate ratios of energies carried
by all hadrons and by light charged hadrons as functions
of zmin using PYTHIA8 [56] simulations of qq̄ and gg

FIG. 2. Comparison of our NLO fragmentation functions to
those from NNFFs and DSS at Q ¼ 5 GeV. The estimated
uncertainties of FFs are also shown for NNFFs and for our fit.
For π� and p=p̄ the left (right) panel shows results for u and
d (s and g). For K� the left (right) panel shows results for u and
s (d and g).

TABLE II. Total momentum of the partons, including g, u, d,
and s quarks, carried by various charged hadrons in the
fragmentations.

hzihi gðz > 0.01Þ uðz > 0.01Þ dðz > 0.01Þ sðz > 0.088Þ
πþ 0.200þ0.008

−0.008 0.262þ0.017
−0.016 0.128þ0.020

−0.019 0.161þ0.013
−0.013

Kþ 0.018þ0.004
−0.003 0.058þ0.005

−0.004 0.019þ0.004
−0.004 0.015þ0.002

−0.002
p 0.035þ0.006

−0.005 0.044þ0.004
−0.004 0.022þ0.002

−0.002 0.015þ0.002
−0.002

π− 0.200þ0.008
−0.008 0.128þ0.020

−0.019 0.299þ0.054
−0.049 0.161þ0.013

−0.013
K− 0.018þ0.004

−0.003 0.019þ0.004
−0.004 0.019þ0.004

−0.004 0.205þ0.014
−0.013

p̄ 0.035þ0.006
−0.005 0.019þ0.003

−0.003 0.019þ0.003
−0.003 0.015þ0.002

−0.002

Sum 0.507þ0.014
−0.013 0.531þ0.015

−0.013 0.506þ0.042
−0.037 0.572þ0.029

−0.028

FIG. 3. Total momentum of the partons, including g, u, d, and s
quarks, carried by light charged hadrons and all hadrons in the
fragmentations, as functions of zmin. See the text for details.
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production in eþe− collisions at 200 GeV. We can estimate
total momentum of FFs to all hadrons by applying the
scaling factors derived from PYTHIA8, as shown in the lower
panel of Fig. 3. The central values are slightly lower than 1
for u, d quarks and gluon when extrapolated into small-zmin
region. That is consistent with the momentum sum rule
considering the shown uncertainty and additional uncer-
tainties from the scaling factors. For strange quarks the
values can be well above 1 due to both the ambiguity
mentioned earlier and the limited coverage of data. We have
tested with more flexible parametrization forms of strange
quark FFs or with scaling factors derived at lower energies
or from PYTHIA6 [57], and found the changes of momentum
sum for strange quark are small comparing to the shown
Hessian uncertainties. We leave detailed investigations of
this anomaly for a future publication.
Conclusions.—In summary, we present a joint determi-

nation of FFs for charged hadrons from a global analysis at
NLO in QCD, which are essential for programs at the
upcoming electron-ion colliders [58,59]. Our analysis
demonstrates good agreement between our best-fit predic-
tions and various measurements in SIA, SIDIS, and pp
collisions. Notably, we have included measurements on jet
fragmentation at the LHC into the global analysis, resulting
in strong constraints on the gluon FFs. Comparing our
results with previous determinations, we find significant
differences, in the fragmentation to protons and also for FFs
of nonconstituent quarks and gluon to charged pions.
Additionally, we provide results on the total momentum
of partons carried by various charged hadrons, and find that
they are much larger for strange quarks than for up and
down quarks, which is potentially inconsistent with the
momentum sum rule.
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